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Grothendieck toposes as generalized spaces?
Classifying topos S[T] = "space of models of T"
- but depends on choice of elementary topos S.
For some T, can use any S with nno.
Show how construction S[T] can be fibred over 2-category of S's.

Vickers:

"Arithmetic universes and classifying
toposes” (arXiv) YaMCATS Feb 2017



Grothendieck topos = generalized point-free space

Ungeneralized: locale X Generalized: topos X |
Frame = algebraic theory of ~ Grothendieck topos = algebraic theory of
opens sheaves (local homeomorphisms)

X -> Sierpinski $ X->{sets} | o
Lattice, finite A\, arbitrary V/ Category, finite limits, arbitrary collr_nlts
Map = function (backwards) Map = functor (backwards) preserving
preserving those those |

~ geometric morphism
. T %3
X-> X -> {sets}
o x |-> fibre
——




Presentations: Geometric theories

generators = signature: sorts, functions, predicates

relations = axioms

CP\C’C—{ oo .)C—,\) l-/"/LP ()C—D---%y;)
Ungeneralized: propositional formulae built with AN = 3
No sorts,

signature just propositional symbols Generalized: predicate

Present frame by generators and  Grothendieck topos generated
relations: using finite limits, arbitrary colimits

Lindenbaum algebra "making axioms hold"

= formulae modulo equivalence = classitying topos -  {~ EW,J

Injection of generators gives
generic model of theory.



Example: "space of sets" (object classifier)

Theory @ one sort, nothing else.

Classifying topos &QXE(D,_) {r Oy &e’t}

Conceptually object = continuous map {sets} -> {sets}
Continuity is (at least) functorial + preserves filtered colimits
Hence functor {finite sets} -> {sets}

Generic model is the subcategory inclusion Inc: Fin -> Set



Example: "space of pointed sets"

Theory @Rt one sort X, one constant x: 1 -> X.
Classifying topos S@b {@, th = [F"“/sebl/ e
In slice category: 1 becomes Inc, Inc becomes Inc x Inc

Generic model is Inc with

] s \nwe x \ac
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g
1 in slice \J\\1 /L Inc in slice
ln
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Suppose you don't like Set?
O

Replace with your favourite elementary topos S. (2
Needs nno N. K

Fin becomes internal category in S.

. | Ao
Finite functions , A . IQ n=40, ..., n-1
f:m->n FCV\‘ (:LV\,,:' { }
cod

Classifying topos becomes | 6,;@] - EF WA )g)

- category of internal diagrams on Fin
_ %
(f: m ->n, x in X(m)) A = A X(n) = fibre over n

X(f)(x) In X(n) \L
&—u/\ Lo M

Other classifier iIs slice, as before.

1_.I




Roles of S

(1) Supply infinities for infinite disjunctions:
get theories T geometric over S.

(2) Classifying topos built over S: geometric morphism g BV] ’?&
Suppose T has disjunctions all countable

It's geometric over any S with nno.

But different choices of S give different classifying toposes.

2._.
ldea: describe construction fibred ovqf category of S's,
describe change of base along geometric morphisms.

_ O-cells: elementary toposes with nno
l OPN 1-cells: geometric morphisms
= 2-cells: natural iIsomorphisms



Indexed categories

F(X) is fibre over X

f* = F(f): F(Y) -> F(X) is
reindexing along f: X ->Y

In general, pseudofunctor -

F(f;g) only iIsomorphic to
F(f) o F(Q).

Need coherence conditions.

Fibrations
- Grothendieck construction

Bundle fibres together
to make total category C.

object - (X In B, X In F(X))%
hism - (f,
morphism - (f, u) x__u?j\,:) e
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{
1]

)
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Composite of: . _ S y
vertical (Id X, u) ¥
- f part is identity

cartesian (f, Id_{f*y}) A cartesian lifting
- U partis iso of ftoy.



Abstract essence of cartesianness of f

For all g, for all h_, there is unique h:
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Indexedi:ategories ?

op © 47
ARy A
F(X) is fibre over X

f* = F(f): F(Y) -> F(X) is
reindexing along f: X ->Y

- 7

In general, pseudpfunctor -

F(f;g) only iIsomorphic to
F(f) o F(Q).
&

Need coherence conditions:

2 _
ZFibrations
- Grothendieck construction

Won't try to explain coherence
conditions for indexed 2-categories.

Instead go straight to 2-fibrations.
Buckley "Fibred 2-categories and

bicategories"
- following Hermida, Bakovic



Cartesian 1-cells

Strong version for 2-categories Weak version for bicategories

For all g, for all h_, there is unique h: For all g, for all h_, there is/w@e h:

. ‘K SSEIaN
. .

Z.. — ' > ?Cﬁ\ Z - %, = 'PC?)\
. \ °
Sy > Y h >
S f 2P0 F -

| need both, even though | only have 2-functors between 2-categories.

For 2-cells: basically look at P_xy: C(x,y) -> B(P(x), P(y))



Grothendieck toposes over S

g classifies some T (over S) iff p iIs bounded geometric morphism

1 \\/ FAinE YBnEICTnE AxFC B

GTop(S): 0-cell = bounded g.m. to S. /_\f
7 A

1-cell = triangle with iso in it.

2-cell = n.t. pasting correctly with isos.
Vo “/
Reindexing along f_: S' -> S: ? F e

pseudopullback \/ %Z_; 76
Ty gl
5



In fibred form GTop
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1-cell cartesian Iiff it's a pseudoullback square
2-cell cartesian if upstairs n.t. is iso

DY

2-fibration In
bicategorical
(weak) sense



Models of T Z —> Z- I\/\oo\:[r

category of models of T in E

Reindexing j;_ . g’ — £ Z’ ﬁ Z;

geometric morphism 5.*

z ' MAT <= Z, Mo T
ey §
2-functor TB'POP > CCXE

«

cOd
(’rbpw> © Minor annoyance:
Standard treatment expects
contravariance on both 1-cells (op)
and 2-cells (co).




Strictness Vickers: | o
"Sketches for arithmetic universes"

. . . rXIv
T = "sketch for arithmetic universes" (@rxiv)
- interpretable in any elementary topos with nno

Have strict or non-strict models
- depending on interpretation of pullbacks etc.
- (canonical or arbitrary?)

Also T a "context"
- built so every non-strict model has a canonical strict isomorph

E-Mod-T Is strict models.

Reindexing first makes a non-strict model
(f* doesn't preserve structure on the nose)
then takes strict isomorph.

E |-> E-Mod-T is strict indexation over Top”op
- 2-functor Top”op -> Cat



Grothendieck construction qu\

Top-T A itﬁm M
co e M
©) .

Extend to GTop. Base toposes S don't interact with models M.

éfro?{ - o
Split 2-fibration
co (in 2-category sense)

y

\r
(g'\/'oP



Classifying toposes Classifying topos

‘// Generic model

Fix S. Classifier (S[T],G) Is representing object for

Indexed category o
C%Tov (%S v ——-—> Cokz

GTon (B)(%, &&r)\ —> Z-N T

§ — fy*e
IS an equivalence

(full, faithful, essentially surjective).

Hence: classifying topos describes models everywhere (all E).
Hence: it represents "space of models of T".



GTop (g, HEY) —> E-NT v (E [\13 3% A= )C*(r

$ e-»—>§e

| | I-cell, uulﬂﬁj-*_é"
O- ce,\& 08- (Cﬂ’op(%ﬂ /
NN 3G (D >(2>[ﬂ 6)
A q*w\ CWJVQSL



GTop B)(E, ;m\—%gyﬂr \‘f W )L 3 G in A
Ience entially surjective). ot ¥ )C)Pﬁ S =LG
[ q'@ (£ <) —> (&ﬁr}&\ crres e
fla0 i d:S WW\W\C& A
(CTop DTY (CE,N), R[T), &)



Fibration representable: GTop@)TY

W |
o~ (2[r1,6) éﬁP“\\“

™ representing object

NN 3G (D@6
RN C]Lu@ CowrtRS A

G G = BEDE) ackson,
o E's mied e
(CTop BTY (N, R[T],ED)



What if S varies?

0 - s CO\
(6Top-TY E@&TY | Lice
R L L>$ \\r ove(
(6T oﬁco k(Gf(o%(&)}j &

X l / ¥} (a@(qsew\h\e.
py &

Want good behaviour under change of base f: S' -> S:

classifiers transform by pseudopullback.



"Local representability” for P over Q (&‘QF-’\T\“

P \f%l P& S (Q?(Q.&QV\)\’JL\O(Q, F((sé’ro?\w
. $uﬁ>o$a -. R |

(% UT})(;} ( QP(QQQ_V\‘\"\VB o&jg&,yy( ?& Toby
T P
PN - (BT ,6) over ks
oIS AN Wi fegrck o PQ
1 \hewn <Z ) I\\S (‘Q(>(‘€$QV\{‘\LVL3 o\gj ek :Slo( P&/

Theorem If T is an AU context, then P is locally representable over Q.

"Classifiers exist and are preserved by pseudopullback."



More generally —Ir - T_\ "extension of contexts"
o

‘((4 e t& ’[r\ %%b\ ".‘W
o P\, oS0l wod&)s 0 L (educ OJ’ N
& e M T, =M

(szlen N\ $¢ SQOVV\QSW\L E\I\QOf\/ T/[\/\ oj»tds

Theorem PSQU‘A\OFU\ b&c,(g DV\ & W\SEO('M§
&[T /M Ao )5 [T /M



Example Joyal and Tierney

- .
theory of frame pr ntation .
\@ eory of frame presentations Vickers:

U theory of frame presentation The double powerlocale
\ and exponentiation

+ point of corresponding locale

g [T /)] = Topos of sheswes So(
nternal )mexa Fedwy w4
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Conclusions

For a geometric theory T that comes from an AU context:

"Space of models" as classifying topos S[T] is not well defined -
depends on choice of base topos S.

Can fibre it over 2-category of possible S's.
Well behaved under change of base - pseudopullback of classifiers.

However: alternative lesson is that the AU workings already provide a

good notion of "space of models".

Context T presents AU<T>, analogous to the Grothendieck topos S[T],
but without depending on choice of S.



