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0+;:1 97: G/N:1 !1:/1;:1"

$" M:/2:91*? G/@*?

\: 802231*[: 7:1: 97: !1*+?*!3G *;:38 /A @:/2:91*? G/@*? 3+; 9/!/8 97:/1D 9739 N:
873GG 08:" ./1 A0GG:1 1:A:1:+?:84 8:: 6/7+89/+: WiiY 3+; ,3VV3* 3+; c:D:8 WiiYZ
A/1 3+/97:1 *+91/;0?9*/+ A/1 ?/2!09:1 8?*:+9*898 8:: ./0123+ 3+; U*?V:18 W%gY"

< @:/2:91*? 97:/1D *8 !1:8:+9:; JD T

s 8/198
s !1*2*9*L: !1:;*?39: 3+; A0+?9*/+ 8D2J/G84 :3?7 N*97 3+ 31*9D 8!:?*AD*+@ 97:

+02J:1 3+; 8/198 /A *98 31@02:+98 3+; =A/1 3 A0+?9*/+> 97: 8/19 /A *98 1:80G9
s 3Q*/28 /A 97: A/12 )  * 4 N7:1: ) 3+; *  31: @:/2:91*? A/120G384

?/+8910?9:; 08*+@ 97: !1*2*9*L: 8D2J/G84 8/19:; L31*3JG:8 3+; 97:
@:/2:91*? ?/++:?9*L:8 + =3+; true>4  =*+?G0;*+@ *+A*+*9: ;*8`0+?9*/+8>4 m
=8/19:;> 3+; '"

H/9: 97: 8!:?*3G ?38: /A 3 !1/!/8*9*/+3G 97:/1D4 *":" /+: N*97 +/ 8/198" T7:
/+GD !1*2*9*L: 8D2J/G8 31: 97: +0GG31D !1:;*?39:8 =!1/!/8*9*/+8>4 97:1: ?3+ J: +/
L31*3JG:84 3+; m 3+; ' 73L: +/ 1/G: 9/ !G3D" C0?7 3 !1:8:+939*/+ *8 :Q3?9GD 3
!1:8:+939*/+ /A 3 A132:"

Formulas as sets
T7: ?10?*3G *+90*9*/+ *8 9739 3 formula *8 3 !3132:91*[:; set4 97: !3132:9:1 J:*+@ 3
2/;:G" ^+ /97:1 N/1;84 A/1 3 @*L:+ 97:/1D 97:1: *8 3 !3*1*+@ ,/;:G8 × ./120G38 #
C:98" ^9 !3*18 3 2/;:G , N*97 3 A/120G3 ) 9/ @*L: 97: extent /A ) *+ ,4 97: 8:9 /A
N3D8 *+ N7*?7 97: A1:: L31*3JG:8 /A ) ?3+ J: *+893+9*39:; *+ , 9/ 23V: ) 910:"

\: N1*9: 97*8 :Q9:+9 38 l,q)o =97: +/939*/+ N38 80@@:89:; JD E*13?P8 W)iY
J138 3+; V:98>" T7*8 ?3+ J: 97/0@79 /A 38 lQ & , q )=Q>o4 97/0@7 Q *8 1:3GGD 3
L:?9/1 /A 3GG 97: A1:: L31*3JG:8 *+ )4 8/ 9739 l,q)o *8 3 8:9 /A 90!G:8 /A :G:2:+98 /A
97: 3!!1/!1*39: ?311*:18 /A ," =c:2:2J:1 9739 97: 97:/1D 23D J: 23+D&8/19:;">



U^Ib_cCd M_e,_Tc^I TO_ec^_C <HE E<T<f<C_C

i

< A/120G3 N*97 no A1:: L31*3JG:8 738 3+ :Q9:+9 9739 *8 3 80J8:9 /A ,X4 N7*?7 *8
3 8*+@G:9/+ 8:9 l]o" IG388*?3GGD4 :*97:1 , 839*8A*:8 97: A/120G34 *+ N7*?7 ?38: 97:
:Q9:+9 *8 3GG /A l]o4 /1 *9 ;/:8+P94 3+; 97: :Q9:+9 *8 t" <G8/4 3 8/19 ?3+ J:
1:!1:8:+9:; JD 97: A/120G3 QmQZ l,qQmQo *8 97: ?311*:1 /A , A/1 97: 8/19 /A Q"

./1 J/97 2/;:G8 3+; A/120G384 N: 73L: 3 +/9*/+ /A 2/1!7*82 3+; 97: !3*1*+@
l,q)o *8 A0+?9/1*3G *+ J/97 31@02:+98"

./1 2/;:G84 97: 2/1!7*828 31: 7/2/2/1!7*828 *+ 3+ /JL*/08 8:+8: =N*97
A0+?9*/+8 23!!*+@ ?311*:18 9/ ?311*:184 3+; !1:8:1L*+@ 97: /!:139*/+8 3+;
!1:;*?39:8>" T7:+ A/1 3 7/2/2/1!7*82 A1/2 , 9/ H N: @:9 A/1 :3?7 ) 3
?/11:8!/+;*+@ A0+?9*/+ A1/2 l,q)o 9/ lHq)o because ) is geometric.]  =T/ 8:: 3+
:Q32!G: N7:1: 97*8 J1:3V8 ;/N+ A/1 +/+&@:/2:91*? A/120G384 ?/+8*;:1 ) ,
%D"=QuD m DuQ> *+ 97: 97:/1D /A 2/+/*;8" T7*8 8939:8 9739 Q *8 ?:+913G =?/2209:8
N*97 3GG /97:1 :G:2:+98>4 8/ l,q)o *8 97: ?:+91: /A ,Z J09 7/2/2/1!7*828 /A
2/+/*;8 ;/ +/9 +:?:8831*GD 23! ?:+91:8 9/ ?:+91:8">

./1 A/120G384 /+?: N: 73L: 3@1::; 9739 97:D 31: 8:984 97: 2/1!7*828 87/0G;
J: A0+?9*/+8Z 97: *;:3 *8 9/ 08: 97:*1 @13!78" ^A )=Q> 3+; *=D> 31: A/120G38 =Q 3+; D
7:1: 23D J: L:?9/18 /A L31*3JG:8>4 97:+ 3 A0+?9*/+ A1/2 ) 9/ * *8 3 A/120G3 -=Q4D>
839*8AD*+@ T

s -=Q4 D>  )=Q> + *=D> =) 3+; * 31: 97: 8/01?: 3+; 931@:9 /A
->

s -=Q4 D> + -=Q4 Dv>  D m Dv =8*+@G:&L3G0:;+:88>
s )=Q>  'D" -=Q4 D> =9/93G*9D>

\7:+ N: !3132:91*[: JD =93V: :Q9:+98 *+> 3 2/;:G ,4 97:8: ?/+;*9*/+8 :+801: 9739
l,q-o *8 97: @13!7 /A 3 A0+?9*/+ A1/2 l,q)o 9/ l,q*o"

T7: ?39:@/1D /A A/120G384 97: syntactic category /A 97: 97:/1D4 738 38 /J`:?98
97: A/120G38 =3?903GGD4 A/120G38 2/;0G/ 1:G3J:GG*+@ /A L31*3JG:8> 3+; 38
2/1!7*828 97: A0+?9*/+ A/120G38 =3?903GGD 2/;0G/ !1/L3JG: :p0*L3G:+?:>"

f:?308: 97: A/120G38 31: !3132:91*[:; 8:984 /+: ?3+ *23@*+: 3!!GD*+@ 8:9
?/+8910?9*/+8 9/ 97:24 80?7 38 !1/;0?984 :p03G*[:184 0+*/+84 :9?" C/2: /A 97:8:
?3+ J: ;/+: `089 08*+@ 97: G/@*?3G ?/++:?9*L:8" ./1 *+893+?:4 I319:8*3+ !1/;0?9 3+;
*+9:18:?9*/+ ?3+ J/97 J: ?/+8910?9:; 08*+@ ?/+`0+?9*/+d

l,q)=Q>o . l,q)=Q>o m l,q)=Q> + )=Q>o
l,q)=Q>o × l,q)=Q>o m l,q)=Q> + )=D>o

] T7*8 3G8/ 7/G;8 N7:+ *+A*+*9: ?/+`0+?9*/+8 31: 08:; *+ 97: ?/+8910?9*/+ /A )4 97/0@7 N: 873+P9

08: 97*8"



U^Ib_cCd M_e,_Tc^I TO_ec^_C <HE E<T<f<C_C

%

e97:18 ?3+ +/9" C/2:4 80?7 38 ?/2!G:2:+98 3+; A0+?9*/+ 8!3?:84 31: :88:+9*3GGD
+/+&@:/2:91*?" f09 8/2:4 +/93JGD ;*8`/*+9 0+*/+4 31: @:/2:91*? *+ AG3L/01 3+; ?3+
J: 3;;:;" ^+ 97: +:Q9 8:?9*/+4 N: 873GG ;:8?1*J: 2/1: !1:?*8:GD4 97/0@7 *+
?39:@/1*?3G 9:1284 N739 31: R@:/2:91*? 8:9 ?/+8910?9*/+8S"

<G97/0@7 97: 8D+93?9*? ?39:@/1D ;/:8 +/9 ?/+93*+ 3GG 97: @:/2:91*? 8:9 97:/1D4
*98 G/@*?3G 8910?901: *8 L:1D ?/+L:+*:+9 A/1 1:38/+*+@ N*97" T7*8 *8 *GG089139:; *+ /01
23*+ T7:/1:284 '"( 3+; )"$4 N7:1: *+ /1;:1 9/ *+9:1!1:9 ?:193*+ @:/2:91*? 97:/1*:8
*+ 9:128 /A /97:1 /+:84 *9 80AA*?:8 9/ ;:A*+: A0+?9/18 *+9/ 97: 8D+93?9*? ?39:@/1D"

“Giraud frames”
,3VV3* 3+; c:D:8 WiiY 08: 97: !7138: RM*130; 9/!/8:8S 9:2!/131*GD 38 3
;:8?1*!9*/+ /A ?39:@/1*:8 E 839*8AD*+@ 97: A/GG/N*+@ ?/+;*9*/+8 =8:: 6/7+89/+: WiiY
!" (i A/1 2/1: ;:93*G8> T

s E 738 3GG A*+*9: G*2*98
s E 738 3GG 823GG ?/G*2*984 3+; 97:D 31: 0+*L:183G =!1:8:1L:; 0+;:1 !0GGJ3?V>
s I/!1/;0?98 *+ E 31: ;*8`/*+94 *":" 97: *+`:?9*/+8 !0GG J3?V !3*1N*8: 9/ 97:

*+*9*3G /J`:?9 t
s _!*2/1!7*828 /09 /A 3+ /J`:?9 31: :p0*L3G:+9 9/ R:p0*L3G:+?: 1:G39*/+8S /+

9739 /J`:?9

s E *8 G/?3GGD 823GG4 *":" :3?7 R7/2&8:9S *8 *+;::; 3 8:9
s E 738 3 8:9 /A @:+:139/184 *":" 3 8:9 G /A /J`:?98 80?7 9739 *A A 3+; @ 31:

;*89*+?9 2/1!7*828 A1/2 j 9/ k4 97:+ 97:1: *8 8/2: 7d M # j N*97 M *+ G
80?7 9739 7ZA / 7Z@

T7: G389 9N/ ?/+;*9*/+8 31: 8*[: ?/+;*9*/+84 +::;:; 9/ ?/+8910?9 3 823GG 8*9:
A/1 N7*?7 97: M*130; 9/!/8 ?3+ J: 97: ?39:@/1D /A 87:3L:8" T7: A*189 A/01 31: 97:
?39:@/1*?3G :2J/;*2:+9 /A R@:/2:91*? 8:9 97:/1DSd 8/ 97: ?/+8910?9*/+8 N3+9:; 31:
A*+*9: G*2*98 =N7*?7 ?3+ 3G1:3;D J: ;/+: JD G/@*?4 *+ 97: 8D+93?9*? ?39:@/1D>4 3+; 3GG
823GG ?/G*2*98 =N7*?7 ?3++/9>"

,3VV3* 3+; c:D:8 08: 97:*1 9:12 RM*130; 9/!/8S /+GD N7*G: 97:D 31: !1/L*+@
M*130;P8 97:/1:24 9739 M*130; 9/!/8:8 3+; =M1/97:+;*:?V> 9/!/8:8 31: 97: 832: T
97: ?/1/GG31D 9/ 97*84 9739 :L:1D M*130; 9/!/8 *8 3+ :G:2:+931D 9/!/84 *8 8/2:N739
1:231V3JG:4 A/1 +/N7:1: *+ 97: ;:A*+*9*/+ 31: 2:+9*/+:; I319:8*3+ ?G/8:;+:88 /1
80J/J`:?9 ?G388*A*:18"

B:9 08 91D 9/ @*L: 3 2/1: !:123+:+9 08:A0G+:88 9/ 97: +/9*/+ /A M*130; 9/!/8
JD 23V*+@ 97: 832: ;*89*+?9*/+ 38 97:1: *8 J:9N::+ A132:8 3+; G/?3G:8d 97:
2/1!7*828 @/ *+ /!!/8*9: ;*1:?9*/+8" \: 97:1:A/1: 1:+32: M*130; 9/!/8:8 38
Giraud frames: ?39:@/1*:8 E  839*8AD*+@ 97: ?/+;*9*/+8 @*L:+ 3J/L:" <
7/2/2/1!7*82 /A M*130; A132:8 N*GG 97:+ J: 3 A0+?9/1 9739 !1:8:1L:8 97*8



U^Ib_cCd M_e,_Tc^I TO_ec^_C <HE E<T<f<C_C

F

@:/2:91*? 8910?901: /A A*+*9: G*2*98 3+; 3GG ?/G*2*98Z /14 1397:14 G:9 08 :Q!1:88 97:
!1:8:1L39*/+ /A ?/G*2*98 JD 97: !/88:88*/+ /A 3 1*@79 3;`/*+94 8/ 9739 3
7/2/2/1!7*82�/A M*130; A132:8 A1/2 E 9/ F *8 3+ 3;`/*+9 !3*1 =A]4�A]>4 A]d E #
F 3+; A]d F # E 80?7 9739 A] !1:8:1L:8 A*+*9: G*2*98" A] =97: inverse image> *8 97:
!1*231D !3194 97: 8910?901:&!1:8:1L*+@ A0+?9/14 3+; *+ A3?9 N: 873GG /A9:+ 93GV 38
97/0@7 A] is 97: M*130; A132: 7/2/2/1!7*82"

H/9: 9739 97:8: 7/2/2/1!7*828 ;/ +/9 +:?:8831*GD !1:8:1L: /97:1 8910?901: /A
:G:2:+931D 9/!/8:84 80?7 38 :Q!/+:+9*3G8 3+; 80J/J`:?9 ?G388*A*:18" <+ :Q3?9
3+3G/@0: =97: !1/!/8*9*/+3G ?38:> *8 N*97 A132:8d A132:8 31:4 38 *9 73!!:+84
?/2!G:9: O:D9*+@ 3G@:J1384 J09 A132: 7/2/2/1!7*828 31: /+GD 1:p0*1:; 9/
!1:8:1L: `/*+8 3+; A*+*9: 2::98 3+; ;/ +/9 +:?:8831*GD !1:8:1L: 97: O:D9*+@ 311/N"

H/N 3 G/?3G: *8 3 A132: R!1:9:+;*+@ 9/ J: 3 9/!/G/@*?3G 8!3?:S4 3+; 97*8
!1:9:+?: *8 23*+93*+:; *+ !319 JD 97: 2/1!7*82 1:L:183G" T7: 832: ?3+ J: ;/+:
N*97 9/!/8:8" M1/97:+;*:?V 83D8 9739 3 9/!/8 *8 3 @:+:13G*[:; 9/!/G/@*?3G 8!3?:"
,/1: !1:?*8:GD4 3 9/!/8 *8 3 @:+:13G*[:; locale, 3+; *+ 3 ;*1:?9GD @:+:13G*[:; N3D *9
9// !1:9:+;8 9/ J: 3 8!3?:4 *98 R8!3?:S /A 2/;:G8 T 9/ 3*; 97: !1:9:+?:4 97: 8:9&
97:/1:9*? 2/;:G8 31: ?3GG:; points /A 97: 9/!/8" T7: 1:38/+ 9739 97*8 ?3+ /+GD J: 3
!1:9:+?: *8 9739 N: ;/ +/9 *;:+9*AD 9/!/8:8 /+ 97: 2:1: @1/0+;8 9739 97:D 73L: 97:
832: 8!3?: /A !/*+98 T A/1 *+893+?:4 8/2: +/+&91*L*3G 9/!/8:8 ;/+P9 73L: 3+D
!/*+98 39 3GG" <@3*+4 9/ 23*+93*+ 97: !1:9:+?:4 97: 3!!1/!1*39: 2/1!7*828 J:9N::+
9/!/8:84 97: geometric morphisms, 31: ;:A*+:; 9/ J: 7/2/2/1!7*828 /A M*130;
A132:84 J09 *+ 97: /!!/8*9: ;*1:?9*/+" \: ?3+ +/N 83D N*97 !1:?*8*/+ 9739 9/!/8:8
=3+; @:/2:91*? 2/1!7*828> 31: 9/ G/?3G:8 38 M*130; A132:8 =3+; 7/2/2/1!7*828>
31: 9/ A132:8"

The classifying topos
B:9 08 A*189 1:?3GG 97: ;:A*+*9*/+ /A 97: ?G388*AD*+@ 9/!/84 3+; 97:+ 91D 9/ :G0?*;39: *9"

B:9 TT J: 3 @:/2:91*? 97:/1D" < 9/!/8 SWTTY *8 3 classifying topos A/1 TT *AA T

s SWTTY 738 3 8!:?*A*:; 2/;:G /A TT4 97: generic 2/;:G4 3+;
s *A E *8 3+D /97:1 9/!/8 N*97 3 2/;:G /A TT4 97:+ 97:1: *8 3 0+*p0: =0! 9/

:p0*L3G:+?:> @:/2:91*? 2/1!7*82 A A1/2 E 9/ SWTTY 80?7 9739 A] 23!8 97:

@:+:1*? 2/;:G 9/ 97: @*L:+ 2/;:G *+ E.

Fact Every geometric theory has a classifying topos (unique up to equivalence).
Proof C:: ,3VV3* 3+; c:D:8 WiiY" =6/7+89/+: WiiY @*L:8 3 !1//A A/1 ?/7:1:+9
97:/1*:84 *":" @:/2:91*? 97:/1*:8 *+ N7*?7 +/ *+A*+*9: ;*8`0+?9*/+8 31: 08:; *+ 97:
3Q*/28>" YY

SWTTY *8 9/ J: 97: M*130; A132: A1::GD @:+:139:; JD 97: !1*2*9*L:8 /A TT =38 8:98
3+; A0+?9*/+8> 80J`:?9 9/ 97: 1:G39*/+8 :Q!1:88:; *+ 97: 3Q*/28 *+ TT" T/ 83D 9739



U^Ib_cCd M_e,_Tc^I TO_ec^_C <HE E<T<f<C_C

(X

N: 73L: *+9:1!1:9:; 97: !1*2*9*L:8 *+ SWTT Y =8/198 38 /J`:?984 !1:;*?39:8 38
80J/J`:?98 /A !1/;0?98 /A 8/19 /J`:?984 A0+?9*/+8 38 2/1!7*828> 3+; 839*8A*:; 97:
3Q*/28 *8 !1:?*8:GD 9/ 83D 9739 N: 73L: 3 2/;:G /A TT *+ SWTTY" T/ 83D 9739 97*8 *8
;/+: A1::GD *8 9/ *2!GD 3 0+*L:183G !1/!:19D4 9739 *A N: 73L: 3 2/;:G /A TT *+ 3+D
/97:1 M*130; A132: E,  97:+ 97:1: *8 3 0+*p0: =0! 9/ :p0*L3G:+?: 7:1:>
7/2/2/1!7*82 A1/2 SWTTY 9/ E 9739 !1:8:1L:8 97: @:+:139/184 3+; *+ 97: G3+@03@:
/A 9/!/8:8 3+; @:/2:91*? 2/1!7*828 97*8 *8 38 8939:; *+ 97: E:A*+*9*/+"

2.1 Flat functors and Diaconescu’s Theorem
I/+8*;:1 3 ;/23*+ E" < !/*+9 *8 3+ *;:3G /A E4 J09 *9 ?3+ J: L*:N:; 3+/97:1 N3Dd
*9 *8 3 A0+?9*/+ A A1/2 E 9/ $$ m 0=l]o>4 23!!*+@ 8 9/ l]o *AA 8 *8 *+ 97: *;:3G4 3+;
97*8 A0+?9*/+ *8 3+9*9/+: 3+; 839*8A*:8

l]o m lA=0>d 0 & Eo
A=8> . A=9> m lA=0>d 8  04 9  0o =84 9 & E>

T7: A*189 /A 97:8: 83D8 9739 97:1: *8 8/2: 0 80?7 9739 ] & A=0>4 *":" 97: *;:3G *8 +/+&
:2!9D" T7: 8:?/+; 83D8 9739 *A ] & A=8> 3+; ] & A=9>4 *":" 8 3+; 9 31: J/97 *+ 97:
*;:3G4 97:+ 97:D 73L: 8/2: 0!!:1 J/0+; *+ 97: *;:3Gd *+ /97:1 N/1;84 97: *;:3G *8
;*1:?9:;"

T7:8: 913+8G39: ;*1:?9GD *+9/ 97: G/?3G*? !1:8:+939*/+ /A !E =8:: U*?V:18 WFXYZ
0J=C> *8 97: 8:9 /A 0!!:1 J/0+;8 /A C>d

!E m .1 1 "l8o =8 & E> q 8&C "l8o m 0&0J=C> "l0o  =C 2A*+ E> 3

8/ 9739 97: !/*+98 /A 97: G/?3G: 31: :Q3?9GD 97: *;:3G8 /A E"
e01 3*2 +/N *8 L:1D p0*?VGD 9/ !1:8:+9 97: ?39:@/1*?3G L:18*/+ /A 97*8 *;:3"

T71/0@7/09 97*8 ;*8?088*/+4 G:9 E J: 3 823GG ?39:@/1D"
.*1894 97: ind-completion, ^+;&E4 *8 97: 3+3G/@0: /A 97: *;:3G ?/2!G:9*/+ /A 3

!/8:9" < L:1D @//; 3??/0+9 *8 @*L:+ *+ 6/7+89/+: W%$Y" ^98 /J`:?98 31: A*G9:1:;
;*3@1328 *+ E4 ?/+8*;:1:; 38 A/123G 1:!1:8:+939*L:8 /A 97:*1 ?/G*2*98" T7:
2/1!7*828 31: ;:A*+:; J:9N::+ 97: ;*3@1328 *+ 80?7 3 N3D 38 9/ 1:!1:8:+9
2/1!7*828 J:9N::+ ?/G*2*98"

H/N 97: k/+:;3 :2J:;;*+@ A1/2 E *+9/ SE/! =N7:1: S *8 97: ?39:@/1D /A
8:98> :Q9:+;8 9/ ^+;&E 3+; *+ A3?9 @*L:8 3+ :p0*L3G:+?: J:9N::+ ^+;&E 3+; 3 A0GG
80J?39:@/1D /A SE/!" 6/7+89/+: ;:8?1*J:8 97*8 38 97: ?39:@/1D /A RA*G9:1:; ?/G*2*98
/A 1:!1:8:+93JG: A0+?9/18S4 J09 9739 *8 A/1 97: 83V: /A 9:?7+*?3G 8*2!G*?*9D" T7:1: *8
3+ 3G9:1+39*L: ?7313?9:1*[39*/+ =8:: 6/7+89/+: WiiY> /A 97:8: A0+?9/18 38 flat.

Definition 2.1
=*> B:9 M J: 3 ?39:@/1D" M *8 filtered *AA :L:1D A*+*9: ;*3@132 *+ M 738 3

?/?/+: /L:1 *94 *":"
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((

s M *8 +/+:2!9D"
s M*L:+ 3+D 9N/ /J`:?98 j 3+; k *+ M4 97:1: ?3+ J: A/0+; 3 97*1;
/J`:?9 w 3+; 2/1!7*828 Ad k # w4 @d k # w"
s M*L:+ 9N/ 2/1!7*828 A4 @d j #  k4 97:1: ?3+ J: A/0+; 3 97*1;
2/1!7*82 7d k # w N*97 AZ7 m @Z7"

=**> B:9 E J: 3 ?39:@/1D4 3+; G:9 .d E/! # S J: 3 A0+?9/1"
T7: Grothendieck construction /+ .4 M1/97 .4 *8 97: ?39:@/1D *+ N7*?7

s 3+ /J`:?9 *8 3 !3*1 =Q4 j> N7:1: j *8 3+ /J`:?9 /A E 3+; Q & .=j>
s 3 2/1!7*82 A1/2 =Q4 j> 9/ =D4 k> *8 3 2/1!7*82 Ad j # k *+ E
80?7 9739 Q m .=A>=D>

. *8 flat *AA M1/97 . *8 A*G9:1:;"

Example 2.2 B:9 E J: 3 !/8:9" T7:+ AG39 A0+?9/18 .d E/! # S 31: :p0*L3G:+9 9/
*;:3G8 /A E"
Proof B:9 . J: AG39" .*1894 +/9: 9739 .=j> *8 3 8*+@G:9/+ A/1 3GG j *+ E4 A/1 80!!/8:
Q4 D & .=j>" I/+8*;:1 97: /J`:?98 =Q4 j> 3+; =D4 j> *+ M1/97 ." fD AG39+:884
97:1: *8 3+ /J`:?9 =[4 w> 3+; 2/1!7*828 A 3+; @ A1/2 =Q4 j> 3+; =D4 j>
1:8!:?9*L:GD 9/ =[4 w>" f09 N: 2089 73L: A m @ *+ E4 8/ 97:+ Q m .=A>=[> m .=@>=[>
m D" B:9 ^ J: 97: 8:9 /A j *+ E 80?7 9739 .=j> / t" <@3*+ JD AG39+:884 *9 A/GG/N8
9739 ^ *8 3+ *;:3G" YY

T7: +:Q9 89:! *8 9/ /J8:1L: 9739 flatness is geometric.

Definition 2.3 T7: @:/2:91*? 97:/1D .G39=E> 738 T

8/198d A/1 :3?7 /J`:?9 j /A E4 3 ?/11:8!/+;*+@ 8/19
A0+?9*/+8d A/1 :3?7 2/1!7*82 Ad j # k *+ E4 3 ?/11:8!/+;*+@ A0+?9*/+

Ad k # j
3Q*/28d  ^;=Q> m Q

 =AZ@>=[> m A=@=[>> =Ad j # k4 @d k # w *+ E>
 j&E 'Qdj" Q m Q
 w&E l'[dw" =Q m A=[> + D m @=[>>d Ad j # w4 @d k # w *+ Eo

A=D> m @=D>  w&E l'[dw" =D m 7=[>>d 7d k # w4 AZ7 m @Z7o
=A4 @d j # k *+ E>

< 2/;:G /A .G39=E> *+ S *8 !1:?*8:GD 3 AG39 A0+?9/1 A1/2 E/! 9/ S" T7: /J`:?9
!319 *8 ;:8?1*J:; JD 97: ?311*:184 3+; 97: 2/1!7*82 !319 JD 97: *+9:1!1:939*/+ /A 97:
A0+?9*/+8" T7: A*189 9N/ 3Q*/28 83D 9739 *9 *8 3 =?/+913L31*3+9> A0+?9/14 3+; 97:
1:23*+*+@ 971:: 9739 *9 *8 AG39"

Theorem 2.4 =E*3?/+:8?0P8 T7:/1:2>
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Let D be a small category. Then the classifying topos for Flat(D) is SD.
The generic model is the Yoneda embedding of D contravariantly into SD.

Proof ^+ /97:1 N/1;84 A/1 3+D 9/!/8 . 97:1: *8 3+ :p0*L3G:+?: J:9N::+ 2/;:G8 /A
.G39=E> *+ . 3+; @:/2:91*? 2/1!7*828 A1/2 . 9/ SE" T7*8 *8 T7:/1:2 )"') *+
6/7+89/+: WiiY" T/ 8:: N7D4 A*189 +/9: 9739 6/7+89/+: ?/L:18 +/9 `089
M1/97:+;*:?V 9/!/8:8 J09 2/1: @:+:13GGD 9/!/8:8 R;:A*+:; /L:1S 3+ :G:2:+931D
9/!/8 _" \: 31: *+9:1:89:; *+ 97: ?38: N7:1: _ m S4 97: ?39:@/1D /A 8:98" T7:
@:/2:91*? 2/1!7*82 Ad . # S 738 A/1 *98 *+L:18: *23@: !319 97: A0+?9/1 A]d S # _
9739 23!8 3 8:9 j 9/ 97: ?/!1/;0?9 *+ . /A qjq ?/!*:8 /A (Z A] 23!8 97: 823GG
?39:@/1D E4 3+ *+9:1+3G ?39:@/1D *+ S4 9/ 3+ *+9:1+3G ?39:@/1D A]E *+ ." H/N
6/7+89/+: 87/N8 9739 @:/2:91*? 2/1!7*828 A1/2 . 9/ SE 31: :p0*L3G:+9 9/ RAG39
*+9:1+3G !1:87:3L:8 /+ A]ES4 8/ 97:1: *8 3 @3!d N: /0@79 9/ 87/N 9739 AG39 *+9:1+3G
!1:87:3L:8 /+ A]E4 N7*?7 31: ;:A*+:; ?39:@/1*?3GGD4 31: :p0*L3G:+9 9/ 97: 2/;:G8
*+ . /A .G39=E>4 N7*?7 31: ;:A*+:; 2/1: *+ G/@*?3G 9:128"

T7*8 *8 3 @3! /A :Q!/8*9*/+ 1397:1 973+ /A 1:3G 2397:239*?8" < ;:L:G/!2:+9 /A
9/!/8 97:/1D 08*+@ 97: ,*9?7:GG&fh+3J/0 G3+@03@: N/0G; +39013GGD ;:A*+: 97: AG39
*+9:1+3G !1:87:3L:8 *+ 9:128 8*2*G31 9/ E:A*+*9*/+ $"'" 6/7+89/+: 9//V 3
;:G*J:139:GD ?39:@/1*?3G 3!!1/3?74 3+; !1:8:+9:; 97: R/JL*/08S ?39:@/1*?3G
A/123G*[39*/+ /A 97: G/@*?3G *;:38" H/+:97:G:884 /+?: 97: 91:392:+98 T G/@*?3G 3+;
?39:@/1*?3G T 73L: ;*L:1@:; *9 8::28 3 +/+&91*L*3G :Q:1?*8: 9/ 87/N 9739
?/11:8!/+;*+@ !/*+98 /+ 97:2 31: @:+0*+:GD :p0*L3G:+9"

T7: J38*? 91*?V 7:1: *8 9739 J:?308: ?/!1/;0?98 31: !1:8:1L:; JD !0GGJ3?V *+ 3
9/!/84 3+; J:?308: N: 31: *+9:1:89:; *+ AG39 *+9:1+3G !1:87:3L:8 /L:1 97: ?39:@/1D
A]E N7/8: /J`:?9 3+; 2/1!7*82 A32*G*:8 31: ?/!/N:18 /A (4 97: /J`:?98 08:; *+
97: ?/018: /A ;:A*+*+@ RAG39 *+9:1+3G !1:87:3L:8S ?3+ J: ;:?/2!/8:; 38 ?/!1/;0?98
*+;:Q:; JD 8910?901:8 A1/2 97: :Q9:1+3G ?39:@/1D E" =c:?3GG 3G8/ 9739 *+ 3 M*130;
A132: ?/G*2*98 31: 0+*L:183G4 *":" !1:8:1L:; JD !0GGJ3?V"> YY

2.2 Geometric logic as observational logic
^+ <J1328VD W%iY 3+; U*?V:18 W%FY4 *9 *8 31@0:; 9739 ;*8`0+?9*/+ 3+; A*+*931D
?/+`0+?9*/+4 97: ?/++:?9*L:8 /A !1/!/8*9*/+3G @:/2:91*? G/@*?4 73L: /J8:1L39*/+3G
?/+9:+9 *+ 9739 /J8:1L3J*G*9D /A !1/!:19*:8 *8 !1:8:1L:; JD 97:8: ?/++:?9*L:8" T7:
+/9*/+ /A R/J8:1L3J*G*9DS *8 +/9 A/123GGD ;:A*+:;4 J09 *9 *8 *+9:+;:; 9/ ?3!901: 97:8:
9N/ *;:38d

s positivity: *A 3+ /J8:1L3JG: !1/!:19D 7/G;84 97:+ *9 *8 !/88*JG: 9/ /J8:1L: *9Z
J09 *A *9 A3*G84 97:1: +::; +/9 J: 3+D N3D /A :L:1 ;*8?/L:1*+@ 9739"

s serendipity: /+: *8 9/G; 7/N 9/ V+/N *+ 1:91/8!:?9 N7:+ /+: 738 /J8:1L:;
8/2:97*+@4 J09 +/9 3+D 2:97/; 9739P8 @0313+9::; 9/ 1:80G9 *+ 97:
/J8:1L39*/+ N7:+:L:1 !/88*JG:"
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=C:1:+;*!*9D !:173!8 1:!1:8:+98 97: ;*89*+?9*/+ J:9N::+ 97*8 +/9*/+ /A
/J8:1L3J*G*9D 3+; 8:2*&;:?*;3J*G*9D"> \: N*87 7:1: 9/ :Q9:+; 97:8: *+90*9*/+8 9/
A0GG !1:;*?39: @:/2:91*? G/@*?" <G97/0@7 97*8 8:?9*/+ *8 +:?:8831*GD *+A/123G4 N:
7/!: 9739 *9 7:G!8 9/ 3+8N:1 97: p0:89*/+ R\739 08: *8 @:/2:91*? G/@*? *+ 97: 1:3G
N/1G;xS

^+ 97: A132:N/1V /09G*+:; 3J/L:4 l,q)o =N7:+ ) *8 3 !1/!/8*9*/+> *8 3 80J8:9
/A 97: 8*+@G:9/+ l]o" O:+?: /J8:1L*+@ ) *8 :p0*L3G:+9 9/ ;*8?/L:1*+@ 3+ :G:2:+9 /A
97*8 80J8:9" \: 87/0G; G*V: 9/ :Q9:+; 97*8 9/ !1:;*?39: G/@*? JD 97: +/9*/+ /A
R3!!1:7:+;*+@S :G:2:+98 /A 97: 8:98 l,q)o =A/1 @:+:13G )>4 *":" /J8:1L*+@ 97:
:Q*89:+?: /A :G:2:+98 3+; 2/1:/L:1 @:99*+@ 8/2: V*+; /A @138! /+ 97:2 8/ 9739
97:D ?3+ J: 1:G39:; 9/ /97:18" \: 3G8/ N3+9 9/ J: 3JG: 9/ /J8:1L: :p03G*9D J:9N::+
:G:2:+984 97/0@7 97*8 *8 3+ intensional :p03G*9D T 9N/ 9N*+ :G:2:+98 23D J:
*+;*89*+@0*873JG: *+ 3GG 1:8!:?984 J09 89*GG +/9 :p03G"

\: 97:1:A/1: !1/!/8: 97: *;:3 /A R/J8:1L3J*G*9D 8:9S4 8!:?*A*:; JD 9N/
2:97/;8 =J/97 *+9:1!1:9:; !/8*9*L:GD 3+; 8:1:+;*!*9/08GD>d

s 7/N 9/ 3!!1:7:+; :G:2:+98 /A *9
s 7/N 9/ /J8:1L: :p03G*9D J:9N::+ 9N/ :G:2:+98 /A *9

_p03G*9D =*":" !/88*J*G*9D /A /J8:1L*+@ :p03G*9D> 2089 J: 3+ :p0*L3G:+?: 1:G39*/+"
T7*8 *;:3 *8 3?903GGD +/9 L:1D ;*AA:1:+9 A1/2 f*87/!P8 =f*87/! 3+; f1*;@:8

W%gY> 3??/0+9 /A 8:98 38 R97: 9/93G*9D /A 3GG 2397:239*?3G /J`:?98 ?/+8910?9:; *+
3??/1;3+?: N*97 ?:193*+ 1:p0*1:2:+98 y :+;/N:; N*97 3 J*+31D 1:G39*/+ m /A
equality,S 97/0@7 *+ @:+:13G*[*+@ R?/+8910?9*/+S 9/ R3!!1:7:+8*/+S =/+: ?3+
!G308*JGD 3!!1:7:+; 3+ :G:2:+9 JD ?/+8910?9*+@ *94 97/0@7 +/9 +:?:8831*GD 97:
/97:1 N3D 1/0+;> N: 31: 91D*+@ 9/ J: 2/1: +:0913G 3J/09 97: !7D8*?3G 1:3G*9D"

C*2*G31GD4 N: ;1/! f*87/!P8 ?/+8910?9*/+3G /1 /!:139*/+3G *2!/19 A1/2 97:
+/9*/+ /A A0+?9*/+"]  < A0+?9*/+ Ad j # k *8 8*2!GD *98 @13!74 3 80J8:9 /A j×k4 3
1:91/8!:?9*L: N3D /A /J8:1L*+@ 9739 A/1 9N/ :G:2:+98 Q 3+; D N: 73L: RDmA=Q>S"
=T/ 3!!1:7:+; 3+ :G:2:+9 /A A D/0 3!!1:7:+; 3 !3*1 =Q4D> 3+; /J8:1L: 9739
RDmA=Q>SZ 9/ /J8:1L: 9739 =Q4D> m =Qv4Dv> D/0 /J8:1L: 9739 Q m Qv 3+; D m Dv" \:
873GG !1:8:1L: 97: p0/9:8 1/0+; RDmA=Q>S 9/ 23V: *9 !G3*+ 9739 97*8 *8 +/9 3+
*+893+?: /A 97: 97: :p03G*9D /J8:1L39*/+"> eA ?/018:4 97*8 2:97/; 2089 J:
:Q9:+8*/+3G =N*97 1:8!:?9 9/ m>4 8*+@G:&L3G0:; 3+; 9/93G4 97/0@7 97:8: 31: 2399:18
A/1 !1//A 1397:1 973+ /J8:1L39*/+"

^9 *8 +/N !/88*JG: 9/ `089*AD 97: A*189 A/01 ?/+;*9*/+8 *+ 97: ;:A*+*9*/+ /A
M*130; A132: *+ 9:128 /A /J8:1L3J*G*9D 8:984 9/ 1:38/+ *+A/123GGD 9739 /J8:1L3J*G*9D

] ./1 97*8 1:38/+4 N: J:G*:L: 9739 @:/2:91*? G/@*? 738 3 1/G: 9/ !G3D *+ specification /A ?/2!09:1

!1/@1328"
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8:98 31: !1:8:1L:; 0+;:1 A*+*9: G*2*98 3+; 823GG ?/G*2*98 3+; 9739 97:D 839*8AD 97:
!1/!:19*:8 1:G39*+@ 97:8:"

./1 *+893+?:4 ?/+8*;:1 7/N /+: ?/0G; ?/+8910?9 97: :p03G*[:1 /A 9N/ A0+?9*/+8
A4 @d j # k" \: 2089 ;:8?1*J: 97: :p03G*[:1 _4 97: A0+?9*/+ 7d _ # j4 3+; 97:
2:;*39*+@ A0+?9*/+8 38 /J8:1L3J*G*9D 8:984 3+; N: 2089 3G8/ !1/L: 9739 97:8:
839*8AD 97: 1*@79 !1/!:19*:8"

T/ 3!!1:7:+; 3+ :G:2:+9 /A _4 3!!1:7:+; :G:2:+98 Q 3+; D /A j 3+; k4 3+;
/J8:1L: 9739 RDmA=Q>S 3+; RDm@=Q>S" T/ /J8:1L: 9739 =Q4D> m =Qv4Dv>4 `089 /J8:1L:
9739 Q m Qv =97/0@7 *9 N*GG A/GG/N A1/2 8*+@G:&L3G0:;+:88 /A A 3+; @ 9739 *9 *8 97:+
!/88*JG: 9/ /J8:1L: 9739 D m Dv>"

T/ /J8:1L: =73L*+@ 3!!1:7:+;:; Qv4 Q 3+; D> 9739 RQvm7=Q4 D>S4 /J8:1L: 9739
Qv m Q" e+: ?3+ 97:+ !1/L: 9739 7 *8 3 A0+?9*/+" ,/1:/L:14 7ZA m 7Z@d A/1 80!!/8: *9
*8 !/88*JG: 9/ /J8:1L: RDvm=7ZA>=Q4D>S" T7: ?/+8910?9*/+ /A ?/2!/8*9: A0+?9*/+8 *8
9739 9/ /J8:1L: R?m=)Z*>=3>S D/0 2089 3!!1:7:+; 8/2: J 3+; /J8:1L: 9739
R?m*=J>S 3+; RJm)=3>S" ^+ /01 ?38:4 97:1:A/1:4 *9 *8 !/88*JG: 9/ 3!!1:7:+; 8/2: Qv
3+; /J8:1L: 9739 RDvmA=Qv>S 3+; Qv m Q" f09 =Q4D> & _4 8/ N: 3G1:3;D V+/N 9739
RDmA=Q>S 3+; RDm@=Q>S" fD :Q9:+8*/+3G*9D 3+; 8*+@G:&L3G0:;+:88 /A A4 *9 *8 !/88*JG:
9/ /J8:1L: 9739 Dv m D 3+; 7:+?: JD :Q9:+8*/+3G*9D /A @ 9739 RDvm@=Qv>S" ^9 A/GG/N8
9739 *9 *8 !/88*JG: 9/ /J8:1L: 9739 RDvm=7Z@>=Q4D>S" fD 8D22:91D *9 A/GG/N8 9739 *9P8
!/88*JG: 9/ /J8:1L: RDvm=7ZA>=Q4D>S *AA *9P8 !/88*JG: 9/ /J8:1L: RDvm=7Z@>=Q4D>S4
*":" 7ZA m 7Z@"

H/N 80!!/8: N: 73L: 3 A0+?9*/+ Vd w # j 80?7 9739 VZA m VZ@" \: N3+9 9/
?/+8910?9 97: 2:;*39*+@ A0+?9*/+ Vvd w # _ 80?7 9739 V m VvZ7" =H/9: 9739 97:8:
:p03G*9*:8 J:9N::+ A0+?9*/+8 31: +/9 97:28:GL:8 /J8:1L3JG:4 8*+?: 97:D 1:G39: 8:984
+/9 :G:2:+98"> T/ /J8:1L: 9739 R=Q4D>mVv=[>S4 /J8:1L: 9739 RQmV=[>S" <@3*+4 /+:
?3+ !1/L: 9739 Vv *8 3 A0+?9*/+4 9739 V m VvZ74 3+; 9739 Vv *8 97: 0+*p0: 80?7"

\: 873GG +/9 @*L: 97: ;:93*G8 /A 97: 1:89 /A 97: !1//A8 +::;:;4 J09 1:891*?9
/018:GL:8 9/ ;:8?1*J*+@ 97: ?/+8910?9*/+8 /A !1/;0?984 ?/!1/;0?98 3+;
?/:p03G*[:18"

Products: T/ 3!!1:7:+; 3+ :G:2:+9 /A j×k4 3!!1:7:+; 3 !3*1 =Q4D> /A :G:2:+98
A1/2 j 3+; k" T/ /J8:1L: 9739 =Q4D> m =Qv4Dv>4 /J8:1L: 9739 Q m Qv 3+; D m Dv"
T7: !1/`:?9*/+8 3+; 2:;*39*+@ A0+?9*/+8 31: 3GG /JL*/08" =H/9: 3G8/ 97: +0GG31D
!1/;0?9 (d 9/ 3!!1:7:+; 3+ :G:2:+9 /A *9 /1 9/ /J8:1L: 9N/ :G:2:+98 :p03G D/0
+::; ;/ +/97*+@" O:+?: *9 738 3 8*+@G: :G:2:+9 9739 :Q*898 /A *98 /N+ 3??/1;">

Coproducts, j m 4&5 j4d H/9: 9739 5 *8 +/9 3+ /J8:1L3J*G*9D 8:94 J09 3+
/1;*+31D ;*8?1:9: 8:9 *+ N7*?7 :p03G*9D 3+; *+:p03G*9D 31: !:1A:?9GD V+/N+" T/
3!!1:7:+; 3+ :G:2:+9 =Q44> /A j4 3!!1:7:+; 3+ :G:2:+9 Q /A j4 A/1 8/2: 4" T/
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/J8:1L: =Q44> m =D44>4 /J8:1L: 9739 Q m D *+ j4Z *A 4 / µ 97:+ 9/ /J8:1L: 9739
=Q44> m =D4µ> *8 *2!/88*JG:"

Coequalizers: B:9 A4 @d j #  k J: 9N/ A0+?9*/+8" \: N*87 9/ ?/+8910?9 97:
?/:p03G*[:1 7d k # I" T/ 3!!1:7:+; 3+ :G:2:+9 /A I4 `089 3!!1:7:+; 3+ :G:2:+9
/A k" T/ /J8:1L: 9739 D m Dv *+ I4 3!!1:7:+; :G:2:+98 DX4 D(4 y4 D+ /A k 3+;
:G:2:+98 Q(4 y4 Q+ /A j4 /J8:1L: 9739 D m DX 3+; Dv m D+4 3+; A/1 :3?7 * =( 6 *
6�+> /J8:1L: :*97:1 9739 RD*T(mA=Q*>S 3+; RD*m@=Q*>S /1 9739 RD*T(m@=Q*>S 3+;
RD*mA=Q*>S"

T7: 97:8*84 97:+4 *8 9739 @:/2:91*? 97:/1*:8 ?3+ J: 839*8A3?9/1*GD 08:; 9/
A/123G*[: *+A/123G =/1 1:3G&N/1G;> 8910?901:8 9739 8::2 9/ ?/+93*+ 97: *+@1:;*:+98
/A /J8:1L3J*G*9D 8:98" _3?7 8/19 N*GG 97:+ 1:!1:8:+9 =/1 J: *+9:1!1:9:; *+ 3 1:3G&
N/1G; 2/;:G 38> 3+ /J8:1L3J*G*9D 8:94 :3?7 !1:;*?39: 8D2J/G 3+ /J8:1L3J*G*9D
80J8:9 /A 3 !1/;0?9 /A 8/19 8:984 3+; :3?7 A0+?9*/+ 8D2J/G 3 A0+?9*/+ 38 ;:8?1*J:;
3J/L:" T7: 3Q*/28 T *+?G0;*+@ 3Q*/28 9/ 8!:?*AD A0+?9*/+7//; /A A0+?9*/+8 T N*GG
J: ?/+8913*+98 /+ 97: 3;2*88*JG: 2/;:G84 `089*A*3JG: /+ !7D8*?3G @1/0+;8 A/1 97:
!7D8*?3G 2/;:G8 9739 N: 73L: *+ 2*+;" T7:D 31: +/9 *+ 97:28:GL:8 /J8:1L3JG:"

T7: ?G388*AD*+@ 9/!/8 N*GG ?/+93*+ +/9 /+GD 97: /J8:1L3J*G*9D 8:98 8!:?*A*:; *+
97: 97:/1D !1:8:+939*/+ =97: @:+:1*? 2/;:G>4 J09 3G8/ 3GG /97:18 9739 ?3+ J: ;:1*L:;
08*+@ G*2*98 3+; ?/G*2*98 38 ;:8?1*J:; 3J/L:"

T7: 1:23*+;:1 /A 97*8 !3!:1 399:2!98 9/ 3!!GD 97:8: *+90*9*/+8 9/ ;393J38:8"
T7: *;:3 *8 9739 people *+ 97: 1:3G N/1G; ?3+ J: ?/+8*;:1:; 3+ /J8:1L3J*G*9D 8:9" T/
3!!1:7:+; 3 !:18/+4 D/0 93V: 3 A*12 @138! /A 7*8 /1 7:1 ?/GG31 3+; 83D RP<GG/4
P3GG/4 P3GG/4 N739P8 @/*+@ /+ P:1:4 97:+xS T/ 87/N 9739 9N/ 3!!1:7:+;:; !:/!G:
31: :p03G4 D/0 91D 9/ V+/?V 97:*1 7:3;8 9/@:97:1 3+; ;*8?/L:1 9739 D/0 ?3+P9" ^+ 97:
:Q32!G:8 ;:3G9 N*974 97: /+GD /97:1 !1*2*9*L: /J8:1L3J*G*9D 8:98 31: 80J8:98 /A 97*84
3+; !1/!/8*9*/+3G /J8:1L39*/+8" T7:1: 31: +/ /J8:1L39*/+8 /97:1 973+ :p03G*9D 9/
1:G39: ;*AA:1:+9 !:/!G:" T7*8 *8 1397:1 3 8*2!G: ?38:4 J09 N: 7/!: 9739 97: 832:
*+90*9*/+8 ?3+ J: 08:; *+ /97:1 ?/+9:Q984 3+; *+ !319*?0G31 A/1 8!:?*AD*+@ 8/A9N31:
8D89:28"

'" T7: G/N:1 J3@;/23*+

Theorem 3.1 Let D be a domain. Then the theory Flat (BL(D)) is equivalent to
the single-sorted theory T presented by:

predicates: a(x) (a & !D)
axioms: a(x)  b(x) (a 6 b in !D)

a&S a(x)  ( a&S a)(x) (S 2fin !D)
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( a&S a)(x)  a&S a(x) (S 2 !D)

Proof \: 2089 87/N 9739 SfB=E> =97: ?G388*AD*+@ 9/!/8 /A .G39 =fB=E>>4 JD
E*3?/+:8?0> *8 :p0*L3G:+9 9/ SWTY4 A*+;*+@ 3 2/;:G /A :3?7 97:/1D *+ 97: /97:1P8
?G388*AD*+@ 9/!/8 *+ /1;:1 9/ ;:8?1*J: 97: @:/2:91*? 2/1!7*828 J:9N::+ 97:2"

.*1894 N: ;:8?1*J: 3 AG39 A0+?9/1 . A1/2 fB=E>/! 9/ SWTY" T7*8 309/239*?3GGD
:Q9:+;8 9/ 3 M*130; A132: 7/2/2/1!7*82 .d SfB=E> # SWTY =*":" 3 @:/2:91*?
2/1!7*82 A1/2 SWTY 9/ SfB=E>Z . *8 97: *+L:18: *23@: !319>"

B:9 j J: 3+ /J`:?9 /A fB=E>4 3 A*+*9: J3@ /A 9/V:+8 /A E" T7:+

.=j> m Q&j ="qQq>=Q>

\: 31: 38802*+@ 7:1: 9739 97: 89/?V /A :G:2:+98 A1/2 N7*?7 97: J38: 8:98 /A 97:
J3@8 31: A/12:; *8 3?903GGD the same as 97: 89/?V /A L31*3JG:8 08:; *+ 97: G/@*?" ^A
Q & j 97:+ qQq *8 3 9/V:+ /A E4 3+; "qQq *8 97: ?/11:8!/+;*+@ /!:+" H/9: 9739
J:?308: 97: /J`:?98 /A 97: 8D+93?9*? ?39:@/1D =A/120G38> 31: ;:A*+:; /+GD 0! 9/
1:+32*+@ /A L31*3JG:84 N: 23D 3GN3D8 1:+32: 97: J38: :G:2:+98 /A J3@8 9/ :+801:
9739 J38: 8:98 31: ;*8`/*+9"

B:9 Ad j # k J: 3 2/1!7*82 *+ fB=E>4 *":" 3 1:A*+:2:+9Z JD 1:+32*+@4 N:
?3+ 38802: 9739 j 3+; k 31: ;*8`/*+9" T7:+ .=A> *8 97: A0+?9*/+ A/120G3

.=j> + .=k> + Q&j =Q m A=Q>>

H/9: 9739 RA=Q>S 7:1: *8 +/9 3 ?/2!/8*9: 9:124 J09 3+ 3?903G L31*3JG:" T7:
1:A*+:2:+9 A 23!8 L31*3JG:8 9/ L31*3JG:8" <G8/4 J:?308: qQq  qA=Q>q4 97*8 A/120G3 *8
:p0*L3G:+9 9/ .=k> + Q&j =Q m A=Q>>"

T7: *;:+9*9D 2/1!7*82 *8 23!!:; 9/ 97: *;:+9*9D A0+?9*/+" <8 A/1
?/2!/8*9*/+4 80!!/8: 3G8/ 9739 @d k #  w *+ fB=E>" T7:+ .=A> .=@> *8
'y"=.=A>+.=@>>Z N7:+ 97*8 *8 :Q!3+;:; 38 3 G/@*?3G A/120G34 *9 *8 :38*GD 87/N+ 9/
J: :p0*L3G:+9 9/ .=AZ@>"

H:Q94 N: 2089 !1/L: AG39+:88" T7: A*189 AG39+:88 3Q*/24 A/GG/N8 A1/2 97:
:38*GD L:1*A*:;  'xd .=t>" x m x N7:1: t *8 97: :2!9D J3@" =T7: J/G; A3?: x
1:!1:8:+98 97: T :2!9D T L:?9/1 /A A1:: L31*3JG:8 *+ .=t>">

./1 97: 8:?/+; AG39+:88 3Q*/24 G:9 j 3+; k J: J3@8 /A 9/V:+8 N*97 ;*8`/*+9
J38: 8:98 3+; G:9 w J: 3 ;*8`/*+9 0+*/+ /A j 3+; k N*97 *+`:?9*/+8 Ad j #  w4
@d�k�# w" \: ?3+ 38802: w *8 ;*8`/*+9 A1/2 j 3+; k 3+; N1*9: Qv m A=Q>4 Dv m
@=D>" T7:+ *9 80AA*?:8 9/ 87/N 9739 *+ SWTY4

.=j> + .=k>  'zd .=w>" =x m A=z> + y m @=z>>

./1 97: 97*1; AG39+:88 3Q*/24 G:9 j 3+; k J: ;*8`/*+9 J3@8 /A 9/V:+84 N*97
1:A*+:2:+98 A4 @d j #  k" T7: G:A9 73+; 8*;: /A 97: 3Q*/2 *8 *+9:1!1:9:; 38
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'x"=.=A> + .=@>>4 N7*?7 *8 :p0*L3G:+9 9/ .=k> + Q&j A=Q> m @=Q>" B:9 z J: 97:
:p0*L3G:+?: 1:G39*/+ /+ k @:+:139:; JD 97: !3*18 A=Q> z @=Q> =Q & j>4 3+; G:9 wX J:
k{zd 38 3 8:94 97*8 *8 97: ?/:p03G*[:1 /A A 3+; @" I7//8: 3 1:!1:8:+939*L: :G:2:+9 /A
:3?7 :p0*L3G:+?: ?G3884 3+; G:9 kX J: 97: 8:9 /A ?7/8:+ 1:!1:8:+939*L:8" T7:+ /01
A/120G3 *8 :p0*L3G:+9 9/

D&kX W= DvzD "qDvq>=D> + DvzD =Dv m D>Y

D&kX W= l"9d %Dv" =DvzD # qDvq  9>o>=D> + DvzD =Dv m D>Y

 l D&kX W="9D>=D> + DvzD =Dv m D>Yd

%D&kX" %Dv&k" =DvzD # qDvq  9D>o
 l D&k ="9WDY>=D> + DvzD =Dv m D>d %D&k" qDq  9WDY>o

N7:1: N: 31: N1*9*+@ WDY A/1 97: :p0*L3G:+?: ?G388 /A D4 3+ :G:2:+9 /A wX" M*L:+ 3
A32*GD /A 9/V:+8 9[ =[ & wX> N*97 3GG qDq  9WDY4 N: ?3+ ;:A*+: 3 J3@ w N7/8:
0+;:1GD*+@ 8:9 *8 wX 3+; N*97 q[q m 9[4 3+; 97:+ 97: !1/`:?9*/+ 7d k #  w *8 3
1:A*+:2:+9 N*97 AZ7 m @Z7" T7:1:A/1:4 97: BOC /A 97: 3Q*/2 *8 3 ;*8`0+?9*/+ /A
A/120G38 /A 97: A/12

D&k ="q7=D>q>=D> + DvzD =Dv m D>

N7*?7 *8 :p0*L3G:+9 9/ 'zd .=w>" y m 7=z>"
H:Q94 N: ;:8?1*J: 3 2/;:G A/1 T *+ SfB=E>4 @*L*+@ 3 M*130; A132:

7/2/2/1!7*82 M A1/2 SWTY 9/ SfB=E>" T7: 8*+@G: 8/19 *8 ?311*:; JD 97: A0+?9/1
=/J`:?9 /A SfB=E>> 9739 23!8 :3?7 J3@ j 9/ *98 J38: 8:9 j4 3+; :3?7 1:A*+:2:+9 9/
*98 0+;:1GD*+@ A0+?9*/+" ^A 3 & !E4 97:+ M=3=Q>> *8 97: 80JA0+?9/1 9739 93V:8 j 9/
lQ&jd qQq  3o" ^A 3 6 J4 97:+ ?G:31GD 3=Q> @*L:8 3 80JA0+?9/1 /A J=Q>"

B*2*98 3+; ?/G*2*98 *+ SfB=E> 31: ?/2!09:; 31@02:+9N*8:4 8/ *9 *8 ?G:31 9739
97: 80JA0+?9/1 ?/11:8!/+;*+@ 9/ 3&C 3=Q> =97: *+9:18:?9*/+> *8 lQ&jd %3&C" qQq

 3o4 *":" lQ&jd qQq  3&C 3o4 *":" 97: 80JA0+?9/1 ?/11:8!/+;*+@ 9/ = 3&C
3>=Q>" T7: /97:1 3Q*/2 *8 8*2*G31"

\: 2089 +/N 87/N 9739 97: 9N/ @:/2:91*? 2/1!7*828 9708 ?/+8910?9:; 31:
97: 9N/ !3198 /A 3+ :p0*L3G:+?:"

.*1894 G:9 j J: 3+ /J`:?9 /A fB=E>" T7:+ M.=j> 7 j4 A/1

M.=j>=w> m M= Q&j ="qQq>=Q>>=w> m 8Q&j M=="qQq>=Q>>=w>
m 8Q&j l[&wd qQq  q[qo 7 fB=E>=j4 w> m j=w>

H:Q94 G:9 Ad j #  k J: 3 2/1!7*82 *+ fB=E>" M.=A>=w> *8 3 80J8:9 /A
M.=k>=w>×M.=j>=w> 7 fB=E>=k4 w> × fB=E>=j4 w>4 3+; 97*8 80J8:9 *8 97: @13!7
/A 3 A0+?9*/+" \: 2089 87/N 9739 97: A0+?9*/+ *8 97: 832: 38 A=w>4 *":" 9739 =@4 7>
& M.=A>=w> *AA 7 m AZ@" =C/2: /A 97: +/939*/+ *8 3 J*9 ?/+;:+8:; 7:1:" \7:+ N:
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N1*9: j=w> 9/ 2:3+ fB=E>=j4 w>4 N: 31: *;:+9*AD*+@ j N*97 *98 *23@: 0+;:1 97:
k/+:;3 :2J:;;*+@Z A=w> *8 8*2*G31">

M.=A>=w> m M=.=j> + .=k> + Q&j =Q m A=Q>>>=w>
m lz&wk×wjd qQq  q[Qq4 qDq  q[Dq4 [Q m [A=Q>o
7 l=@4 7> & k=w>×j=w>d %Q" 7=Q> m @=A=Q>>o
m l=@4 7> & k=w>×j=w>d 7 m AZ@o

O:+?:4 .ZM *8 :p0*L3G:+9 9/ 97: *;:+9*9D /+ SfB=E>"
B:9 08 +/N ?/+8*;:1 MZ." .*1894 +/9: 9739 M=3=Q>> *8 97: colimit =+/9 `089 97:

0+*/+> /A 97: 80JA0+?9/18 M=="8>=Q>> A/1 9/V:+8 8  3" ./1 80!!/8: N: 73L: 3
A0+?9/1 K & SfB=E>4 3+; +39013G 913+8A/1239*/+8 A8d M=="8>=Q>> # K =8  3>" ^A [
& M=3=Q>>=w>4 *":" [ & w 3+; q[q  3 m 8 3�"84 97:+ q[q  8 A/1 8/2: 8  3 3+; [
&  M=="8>=Q>>=w>" \: N*87 9/ ;:A*+: Aw=[> m A8

w =[>4 3+; *+ A3?9 97*8 *8
0+32J*@0/08" ./1 *A 3G8/ q[q  8v  3 97:+

q[q  "8+"8v m  l"9d 9  84 9  8vo

8/ q[q  8/2: 80?7 94 3+; A8
w=[> m A9

w=[> m A8v
w=[>"

H:Q94 M=="8>=Q>> *8 *8/2/1!7*? 9/ 97: =*23@: *+ SfB=E> /A 97:> 8*+@G:9/+ J3@
j8 m lQo N*97 qQq m 8" . !1:8:1L:8 ?/G*2*984 8/ .=M=3=Q>>> m < =83D> *8 97: ?/G*2*9
/A 97: /J`:?98 .=j8> m ="8>=Q>4 8  34 3+; *9 1:23*+8 9/ 87/N 9739 97*8 ?/G*2*9 *8
*8/2/1!7*? 9/ 3=Q>" T7: *+?G08*/+8 ="8>=Q> # 3=Q> =8  3> A/12 3 ?/?/+: /L:1 97:
;*3@132Z G:9 Ad < # 3=Q> J: 97: 2:;*39*+@ 2/1!7*82" A *8 :!*4 J:?308: 3=Q> *8 97:
0+*/+ /A *98 80J/J`:?98 ="8>=Q>" B:9 c4 3 80J/J`:?9 /A <×<4 J: 97: ?/11:8!/+;*+@
:p0*L3G:+?: 1:G39*/+" <×< *8 97: ?/G*2*9 /A /J`:?98 ="8>=Q> × ="9>=Q>4 3+; !0GG*+@
J3?V 9/ c N: @:9 9739 c *8 97: ?/G*2*9 /A /J`:?98 ="8>=Q> . ="9>=Q> 7 ="8 + "9>=Q>4
97: *+9:18:?9*/+ J:*+@ 93V:+ *+ 3=Q>" O:+?: c *8 3 ?/G*2*9 /A /J`:?98 ="0>=Q>" ^9
A/GG/N8 A1/2 97*8 9739 N: ?3+ A*+; 3+ *+L:18: 9/ 97: 1:AG:Q*L*9D 2/+*? < # c4 3+;
7:+?: 9739 97: :p0*L3G:+?: 1:G39*/+ c *8 :p03G*9D 3+; A *8 3+ *8/2/1!7*82"

O:+?: MZ. *8 :p0*L3G:+9 9/ 97: *;:+9*9D /+ SWTY" YY

^+ L*:N /A 97*8 T7:/1:24 N: ?3+ ?/+8*;:1 97: !1:8:+939*/+8 /A T 3+;
.G39�fB=E> 9/ J: ;*AA:1:+9 !1:8:+939*/+8 /A 97: 832: 97:/1D4 N7*?7 N: 873GG N1*9:
fB=E> =97: lower bagdomain 97:/1D /L:1 E>"

Corollary 3.2 The category of models of BL(D) is equivalent to

(i) The ind-completion of the category BL(D);
(ii) The category whose objects are bags (possibly infinite) of points

(possibly non-compact) of D, and whose morphisms are the
refinements.
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Proof
=*> A/GG/N8 J:?308: 97: 97:/1D *8 .G39 fB=E>"
=**> < 2/;:G j A/1 97: 97:/1D 38 !1:8:+9:; *+ T7:/1:2 '"( 738 3 ?311*:1 =G:9P8 ?3GG
9739 j 9//> :p0*!!:; N*97 80J8:98 ljq3o4 3+; 97: 3Q*/28 :+801: 9739 A/1 :3?7 9 &
j 97: 23! q9qd !E # $$4 q9q=3> m true *AA 9 & ljq3o4 *8 3 A132: 7/2/2/1!7*82" ^+

/97:1 N/1;84 q9q *8 3 !/*+9 /A 97: G/?3G: EZ 8/ j *8 3 J3@ /A !/*+98 /A E"
^A j 3+; k 31: 9N/ 2/;:G84 97:+ 3 7/2/2/1!7*82 A1/2 j 9/ k *8 3 A0+?9*/+

Ad j #  k 9739 23!8 :3?7 ljq3o 9/ N*97*+ lkq3o" ^+ /97:1 N/1;84 %9&j "
%3&!E" =q9q  3 # qA=9>q  3>4 *":" %9&j" q9q  qA=9>q4 *":" A *8 3 1:A*+:2:+9"

YY

T7: 2/;:G8 31: topological systems *+ 97: 8:+8: /A U*?V:18 W%FY4 97/8:
8D89:28 _ A/1 N7*?7 !_ m !E" O/N:L:14 1:A*+:2:+98 31: +/9 +:?:8831*GD 97:
!/*+9 !3198 /A ?/+9*+0/08 23!8"

Proposition 3.3 BL is functorial: if f: D #  E is continuous, then there is a
geometric morphism BL(f): BL(D) # BL(E) (i.e. from the classifying topos of the
theory BL(D) to that of BL(E)).
Proof ^9 80AA*?:8 9/ A*+; 3 2/;:G A/1 fB=_> *+ SfB=E>Z N: *+9:1!1:9 J=Q> =J & !_>
38 =!A=J>>=Q>" .0+?9/1*3G*9D *8 ?G:31" YY

Proposition 3.4 There is a natural transformation from BL to PL, mapping – on
models – the bag X to Cl {|9|: 9 & X}.
Proof T/ @*L: 3 @:/2:91*? 2/1!7*82 A1/2 fB=E> 9/ -B=E>4 N: A*+; 3 2/;:G A/1
-B=E> *+ fB=E>" ^9 23!8 3 =3 & !E> 9/ 'Q" 3=Q>" B:9 . J: *98 *+L:18: *23@: !319"

M*L:+ 3 2/;:G j4 G:9 k J: 97: ?/11:8!/+;*+@ !/*+9 /A -B=E>Z *9 *8 ;:A*+:; JD
lkq)o m ljq.=)>o A/1 ) & !-B=E>" =e+: ?/0G; 2/;*AD E*13?P8 +/939*/+ 3+; 83D
lkq)o m ljq.q)o4 /1 lkq m ljq." > fD 97: 893+;31; 97:/1D /A 97: G/N:1
!/N:1;/23*+4 k ?3+ J: *;:+9*A*:; N*97 3 ?G/8:; 8:9 /A !/*+98 /A E4 +32:GD 97:
?/2!G:2:+9 /A  l3 & !Ed k {  3o" f09

k  3 $ ljq'Q" 3=Q>o m lkq 3o m l]o $ :Q9:+9=3> . lqQqd Q & jo / t
k {  3 $ lqQqd Q & jo 2 :Q9:+9=3>?

3+; 97: 1:80G9 A/GG/N8 A1/2 97*8" YY

)" T7: 2*Q:; J3@;/23*+

M0+9:1 W%FY !1:8:+98 3 8?7:2: *+ N7*?7 ;393J38:8 73L: +/9 /+GD 97: 1:?/1;8 38 N:
73L: ;:8?1*J:; 97:2 3J/L:4 1:!1:8:+9*+@ 3?903G /J`:?984 J09 3G8/ 3 ;*AA:1:+9 V*+;
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/A 1:?/1; ;:8?1*J*+@ J3?V@1/0+; 38802!9*/+8 3J/09 97: /J`:?98 /A 97: A/12 R3GG
/J`:?98 31: 80?7 3+; 80?7S" T7: ;*89*+?9*/+ 1:!1:8:+98 97: 9N/ 2/;3G*9*:8 *+ 97:
G/?3G*? 97:/1D /A 97: U*:9/1*8 =-G/9V*+> !/N:1;/23*+d 3 83D8 R97:1: *8 8/2:
/J`:?9 839*8AD*+@ 3S4 N7:1:38 3 83D8 R3GG /J`:?98 839*8AD 3S"

T7*8 +:N V*+; /A ;393J38: 738 9N/ 8:98 /A 1:?/1;84 ?3GG:; 97: RAG39S !319]  3+;
97: R8731!S !319" ^A 97: AG39 1:?/1;8 =9/V:+8> 31: 1(4 y4 124 3+; 97: 8731! 1:?/1;8
31: 8(4 y4 8+4 97:+ 97: ;393J38: 38 3 N7/G: 1:!1:8:+98 97: !1/!:19D

"1( + y + "12 + ="8(: y :"8+o>

T7*8 83D8 9739 A/1 :3?7 1* 97:1: *8 8/2:97*+@ *+ 1:3G*9D 9739 *9 3!!1/Q*239:84 3+;
:L:1D97*+@ *+ 1:3G*9D 1:A*+:8 39 G:389 /+: /A 97: 8`P8"

<G97/0@7 97:8: 2/;3G*9*:8 31: J:89 V+/N+ *+ ?/++:?9*/+ N*97 97: U*:9/1*8
!/N:1;/23*+4 /+: /A 97: 3Q*/28 901+8 /09 9/ J: *+3!!1/!1*39:" ^9 *8d

=3:J> 6 3 : J

T7: 1:38/+ *8 9739 *9 9*:8 97: 8731! !319 /A 97: ;393J38: 9/ 97: ?/+9*+@:+?*:8 /A N739
/J`:?98 N: 73L: A/0+;4 N7:1:38 N: 87/0G; 3?903GGD !1:A:1 9/ 73L: /01 J3?V@1/0+;
38802!9*/+8 7/G;*+@ 1:@31;G:88"

M0+9:1 97:1:A/1: ;:L:G/!8 3 +:N !/N:1;/23*+4 97: R2*Q:;S !/N:1;/23*+4
!1:8:+9:; G/?3G*?3GGD JD

!-,=E> m .1 1 34 3 =3 & !E> q
 !1:8:1L:8 3GG `/*+8
 !1:8:1L:8 A*+*9: 2::98 3+; ;*1:?9:; `/*+8
3 + J 6 =3+J> 3

O: 87/N8 9739 97: 0803G 2:97/;8 /A !/N:1;/23*+ 97:/1D N/1V N*97 97*8 /+:4
@*L*+@ 3+ *+A/1239*/+ 8D89:2 97:/1:9*? ?/+8910?9*/+ =*":" 97: 9/V:+8 A/1 97:
!/N:1;/23*+ 31: ;393J38:8 N*97 AG39 3+; 8731! !31984 97: AG39 !3198 73L*+@ 9/
?/+A/12 N*97 97: 8731! !3198> 3+; 3+ 3G@:J13*? ?7313?9:1*[39*/+"

e01 3*2 +/N *8 9/ 1:L*8: 97*8 97:/1D JD 1:!G3?*+@ 3 JD 3=Q> 38 J:A/1:" \:
;/ +/9 ?73+@: 3Z 97*8 1:23*+8 38 3 !1/!/8*9*/+" T7: 2*Q:; 3Q*/2 *8 1:!G3?:; JD
3=Q>+ J  =3+J>=Q>4 N7*?7 *8 8G*@79GD 891/+@:1" T7: /G; L:18*/+ 83D8 9739 *A 3GG
/J`:?98 839*8AD J4 3+; 8/2: /J`:?9 839*8A*:8 34 97:+ 8/2: /J`:?9 839*8A*:8 3+J" T7:
+:N /+: 83D8 9739 *A 3GG /J`:?98 839*8AD J4 3+; 8/2: /J`:?9 839*8A*:8 34 97:+ that
very same object 839*8A*:8 3+J"

] T7*8 08: /A 97: N/1; RAG39S *8 JD 208*?3G 3+3G/@D4 3+; *8 p0*9: 0+?/++:?9:; N*97 97: +/9*/+ /A

AG39 A0+?9/1"
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Definition 4.1 B:9 E J: 3 ;/23*+" =<8 0803G4 N: 97*+V /A E ?/+?1:9:GD 38 97:
8:9 /A tokens.> T7: mixed bagdomain /L:1 E4 f,=E>4 *8 97: ?39:@/1D A/1 N7*?7 T

s /J`:?98 31: !3*18 j m =jJ4 j|> N7:1: jJ *8 3 A*+*9: J3@ *+ E4 j| *8 3 A*+*9:
80J8:9 /A E4 3+; j| K lqQqd Q & jJo =*":" A/1 :L:1D Q & jJ 97:1: *8 8/2:
9 & j| 80?7 9739 qQq  9>"

s 2/1!7*828 A1/2 j 9/ k 31: 1:A*+:2:+98 A1/2 jJ 9/ kJ4 !1/L*;:; 9739
j|� K k|"

^+ M0+9:1P8 W%FY ?/+8910?9*/+4 jJ *8 3 set. 6089 38 N*97 fB4 N: 873GG 38802: 9739
97: J38: 8:98 A/1 /01 J3@8 jJ 31: A*+*9: 80J8:98 /A 8/2: 893+;31; ?/0+93JG:
3G!73J:9 08:; 3G8/ A/1 G/@*?3G L31*3JG:8"

Theorem 4.2 Let D be a domain. Then the theory Flat (BM(D)) is equivalent to
the single-sorted theory T presented by:

predicates: a(x), a (a & !D)
axioms: a(x)  b(x) (a 6 b in !D)

a&S a(x)  ( a&S a)(x) (S 2fin !D)
( a&S a)(x)  a&S a(x) (S 2 !D)

a b (a 6 b in !D)

a&S a  ( a&S a) (S 2fin !D)
( "a&S a)  "a&S a (S 2 !D directed)

a(x)+ b  (a+b)(x) (a, b & !D)

Proof .*1894 N: ;:8?1*J: 3 AG39 A0+?9/1 . A1/2 f,=E> 9/ SWTY4 :Q9:+;*+@ 9/ 3
M*130; A132: 7/2/2/1!7*82 A1/2 Sf,=E> 9/ SWTY"

B:9 j J: 3+ /J`:?9 /A f,=E>" T7:+

.=j> m Q&jJ ="qQq>=Q> + ="j|>

B:9 Ad j # k J: 3 2/1!7*82 *+ f,=E>Z JD 1:+32*+@4 N: ?3+ 38802: 9739 jJ

3+; kJ 31: ;*8`/*+9" T7:+ .=A> *8 97: A0+?9*/+ A/120G3

.=j> + .=k> + Q&jJ =Q m A=Q>>

N7*?7 *8 :p0*L3G:+9 9/ .=k> + Q&jJ =Q m A=Q>>"
T7: A0+?9/1*3G 3Q*/28 /A .G39=f,=E>> 31: 839*8A*:; 20?7 38 *+ T7:/1:2 '"("
T7: A*189 AG39+:88 3Q*/2 A/GG/N8 A1/2 97: A3?9 9739 *+ !E4

true m "E m " l"j|d j| 2A*+ Eo

O:+?: *+ T4

true  true  " l "j|d j| 2A*+ Eo  j&f,=E> 'xd .=j>" x m x
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JD ?/+8*;:1*+@ 97/8: j A/1 N7*?7 jJ m t"
./1 97: 8:?/+; AG39+:88 3Q*/24 G:9 j 3+; k J: /J`:?98 /A f,=E>4 N*97 jJ 3+;

kJ 31: ;*8`/*+9" B:9 wX J: 97:*1 0+*/+4 3+; Ad jJ # wX4 @d kJ # wX 97: *+`:?9*/+84
J/97 1:A*+:2:+98" T7:+ *+ SWTY4

.=j> + .=k> [&wX ="q[q>=[> + ="j| + "k|>
 " l [&wX ="q[q>=[> + ="w|>d w| K j|4 w| K k|o

=J:?308: *+ !E "j| + "k| m " l"w|d w| K j|4 w| K

k|o>

H/N

="q[q>=[> + ="w|>  ="q[q+"w|>=[> + ="w|>
 l="9[>=[> + ="w|>d 9[  q[q4 9[ & "w|o

8/ N739 N: 73L: *8 3 `/*+ /A A/120G38 /A 97: A/12 [&wX ="9[>=[> + ="w|>4
N7:1: 9[  q[q4 9[ & "w|4 w| K j| 3+; w| K k|" B:9 08 ;:A*+: w JD 93V*+@ wJ m
wX N*97 q[qw m 9[4 3+; w| 38 N: 73L: *9 3G1:3;D" T7:+ w *8 3+ /J`:?9 *+ f,=E>4 3+;
Ad j # w4 @d k # w 31: 2/1!7*828" T7*8 *8 :+/0@7 9/ :+93*G 97: 1*@79 73+; 8*;: /A
97: 3Q*/2 `089 38 *+ T7:/1:2 '"("

./1 97: 97*1; AG39+:88 3Q*/24 G:9 j 3+; k J: /J`:?98 /A f,=E>4 N*97
2/1!7*828 A4 @d j # k" T7: 31@02:+9 *8 97: 832: 38 *+ T7:/1:2 '"(4 97: 8731!
!3198 w| 3GG J:*+@ k|"

H:Q94 N: ;:8?1*J: 3 2/;:G A/1 T *+ Sf, =E>4 @*L*+@ 3 M*130; A132:
7/2/2/1!7*82 M A1/2 SWTY 9/ Sf,=E>" T7: 8*+@G: 8/19 3+; 97: !1:;*?39:8 31:
*+9:1!1:9:; 38 A0+?9/18 9739 /!:139: /+ /J`:?98 w JD 3!!GD*+@ 97: 2:97/; /A
T7:/1:2 '"( 9/ wJ" ./1 *+893+?:4 M=QmQ>=w> *8 97: 8:9 wJ" T7: 3Q*/28 `089
*+L/GL*+@ 97/8: !1:;*?39:8 31: 1:8!:?9:; 38 *+ T7:/1:2 '"("

T7: !1/!/8*9*/+ 3 *8 *+9:1!1:9:; 38 97: A0+?9/1

M= 3>=w> m 
 ;
<
=( *A�%[&w|"�q[q� �3
t /97:1N*8:

 !1:8:1L:8 A*+*9: 2::98 3+; ;*1:?9:; `/*+8 A/1 97: 832: 1:38/+ 38 *+ 0!!:1
=C2D97> !/N:1;/23*+ 97:/1D4 3+; 08*+@ A*+*9:+:88 /A w|"

<8 A/1 97: 2*Q:; 3Q*/24

M=3=Q>+ J>=w> m l[&wJd q[q  3 + %[v&w|" [v  Jo
m l[&wJd q[q  =3+J> + %[v&w|" [v  Jo

=J:?308: *A [ & wJ 97:+ [  8/2: [v & w|>
2 l[&wJd q[q  =3+J>o m M==3+J>=Q>>=w>



U^Ib_cCd M_e,_Tc^I TO_ec^_C <HE E<T<f<C_C

$'

\: 2089 +/N 87/N 9739 97: 9N/ @:/2:91*? 2/1!7*828 9708 ?/+8910?9:; 31:
97: 9N/ !3198 /A 3+ :p0*L3G:+?:"

.*1894 G:9 j J: 3+ /J`:?9 /A f,=E>" T7:+ M.=j> 7 j4 A/1

M.=j>=w> m M= Q&jJ ="qQq>=Q> + ="j|>>=w>

7 
 ;
<
=l1:A*+:2:+98�A1/2�jJ�9/�wJo*A�j|� K �w|

t /97:1N*8:

m f,=E>=j4 w> m j=w>

T7: 31@02:+9 A/1 2/1!7*828 *8 8/2:N739 38 *+ T7:/1:2 '"(4 3+; 8/ .ZM *8
:p0*L3G:+9 9/ 97: *;:+9*9D /+ SfB=E>"

B:9 08 +/N ?/+8*;:1 MZ." 6089 38 *+ '"(4 M=3=Q>> *8 97: ?/G*2*9 /A 97:
80JA0+?9/18 M=="8>=Q>> A/1 9/V:+8 8  34 3+; 8/ .=M=3=Q>>> *8 97: ?/G*2*9 /A 97:
.=M=="8>=Q>>>P8" M=="8>=Q>> *8 97: ?/G*2*9 *+ Sf,=E> /A 97: /J`:?98 j A1/2 f,=E>
A/1 N7*?7 jJ *8 97: 8*+@G:9/+ J3@ j8 m lQo N*97 qQq m 84 3+; j| K l8oZ A/1

M=="8>=Q>>=w> 7 l1:A*+:2:+98 A1/2 j8 9/ wJo 7 f,=E>==j84 w|>l8o>4 w>

O:+?: .=M=="8>=Q>>> *8 97: ?/G*2*9 /A 97: /J`:?98 .=j> m ="8>=Q>+ ="j|>4
3+; J:?308:

 l ="j|>d j| K l8oo m  =  l"j|d j| K l8oo> m true m true

=97: `/*+ *8 ;*1:?9:;>4 *9 A/GG/N8 9739 97*8 ?/G*2*9 *8 ="8>=Q>" O:+?: .=M=3=Q>>> *8 97:
?/G*2*9 /A 97: /J`:?98 ="8>=Q>4 3+; 20?7 38 *+ T7:/1:2 '"( 97*8 *8 3=Q>" T7: !1//A
9739 .=M= 3>> 7 3 *8 8/2:N739 8*2*G31" YY

<@3*+4 N739 N: +/N 73L: 31: 9N/ !1:8:+939*/+8 /A 3 8*+@G: 97:/1D" B:9 08 ?3GG
*9 f,=E> =97: mixed bagdomain 97:/1D /L:1 E>"

Corollary 4.3 The category of models of BM(D) is equivalent to

(i) The ind-completion of the category BM(D);
(ii) The category whose objects are pairs X = (Xb, X#) where X# is a

compact saturated set of points of D and Xb is a bag of points from X#;
and whose morphisms from X to Y are refinements from Xb to Yb

provided that Y# 2 X#.

Proof =*> A/GG/N8 J:?308: 97: 97:/1D *8 .G39 f,=E>" ./1 =**>4 97: jJ !319 /A 97:
2/;:G 31*8:8 38 *+ '"$4 N7*G: j| *8 3 2/;:G A/1 97: !1/!/8*9*/+8 3 =JD 97:
893+;31; 97:/1D A/1 97: 0!!:14 /1 C2D97 !/N:1;/23*+4 08*+@ 97: O/A23++&
,*8G/L: 97:/1:2>" T7: 2*Q:; 3Q*/2 8!:?*A*:8 9739 3GG 97: L3G0:8 /A :G:2:+98 /A jJ

G*: *+ j|" YY

Proposition 4.4 BM is functorial.
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Proof M*L:+ 3 ?/+9*+0/08 23! Ad E # _4 N: 23! J=Q> 9/ =!A=J>>=Q> 3+; J 9/
=!A=J>> =J & !_>" YY

Proposition 4.5 There is a natural transformation from BM to PM. On models,
it maps (Xb, X#) to (Cl {|x|: x & Xb}, X#).
Proof ,0?7 38 A/1 -1/!/8*9*/+ '")" 3 (# 'Q" 3=Q>4 3 (# 3" YY

g" .0197:1 N/1V

5.1 Categorical generalizations
T7: *;:3 *+ fB=E> /A 93?V*+@ 31@02:+98 /+ 97: !1/!/8*9*/+8 @:+:13G*[:8 9/ +/+&
!1/!/8*9*/+3G 97:/1*:84 93?V*+@ 3+ :Q913 31@02:+9 /+ 3GG 97: !1:;*?39:8Z 97*8 738
+/N J::+ ;/+: JD 6/7+89/+: WF(Y" ,/1:/L:14 1397:1 973+ 89319*+@ A1/2 97*8
8D+93?9*? ?/+8910?9*/+ 38 3 ;:A*+*9*/+ =N7*?7 N/0G; G:3L: /!:+ 97: p0:89*/+ /A
!1:8:+939*/+ *+;:!:+;:+?:>4 7: ?7313?9:1*[:8 *9 0+*L:183GGD 38 3 R!319*3G !1/;0?9S"
O: 3G8/ ;:A*+:8 3 2/+3; /+ 97: ?39:@/1D /A 9/!/8:8 N7/8: A0+?9/1 !319 *8
8/2:N739 3+3G/@/08 9/ 97: ?/+8910?9*/+ @*L:+ *+ T7:/1:2 '"(4 3+; 87/N8 T 38 *+
T7:/1:2 '"( T�9739 *+ 97: ?38: /A 3G@:J13*? 9/!/8:8 =*":" 97/8: /A 97: A/12 SI A/1
8/2: 823GG ?39:@/1D I> *9 *8 :p0*L3G:+9 9/ /+: 3+3G/@/08 9/ 97: A*+*9: J3@;/23*+
?/+8910?9*/+"

5.2 Continuous domains
^+ U*?V:18 WFXY *9 *8 87/N+ 9739 97: 2:97/; /A *+A/1239*/+ 8D89:28 ?3+ 3G8/ J:
3!!G*:; 9/ ?/+9*+0/08 !/8:984 +/9 `089 3G@:J13*? /+:8" < ?/+9*+0/08 *+A/1239*/+
8D89:2 38 !1:8:+9:; 97:1: 738 3 9/V:+ 8:9 N*97 3+ /1;:1 } 9739 *8 913+8*9*L: 3+;
interpolative: *A 8 } 04 97:+ 8 } 9 } 0 A/1 8/2: 9" T7*8 @:+:13G*[:8 97: 1:AG:Q*L:
3Q*/2 /A !/8:98" T7: ?/+8910?9*/+ /A !/*+98 3+; /!:+8 /09 /A 97:8: 9/V:+8 *8 97:+
1:3GGD L:1D 8*2*G31 9/ 9739 /A 97: !/8:9 ?38:4 J09 +/N @*L*+@ 3 ?/+9*+0/08 !/8:9"

^ ?/+`:?901: 9739 97: J3@;/23*+8 !1:8:1L: ?/+9*+0*9D `089 38 97:D ;/
3G@:J13*?*9D" =T7: 3!!1/!1*39: +/9*/+ /A ?/+9*+0/08 ?39:@/1*:8 738 J::+
*+L:89*@39:; JD 6/7+89/+: 3+; 6/D3G W%$Y">

5.3 More restricted information systems
T7: *+A/1239*/+ 8D89:28 08:; 3J/L: 31: /A 97: 8*2!G:89 V*+;4 ;:8?1*J*+@ 3G@:J13*?
!/8:98" fD !099*+@ :Q913 ?/+;*9*/+8 /+4 /+: /J93*+8 2/1: 1:891*?9:; V*+;8 /A
*+A/1239*/+ 8D89:2 9739 @*L: 2/1: 1:891*?9:; V*+;8 /A ;/23*+8d A/1 *+893+?:4
8!:?913G 3G@:J13*?4 891/+@GD 3G@:J13*? =C.->4 C?/99 ;/23*+8"
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C!:?913G 3G@:J13*? ;/23*+8 ?3+ J: 139*/+3G*[:; 38 J:*+@ @/L:1+:; JD 97: ;:8*1:
9/ 73L: 3 coherent 97:/1D4 *":" 3 @:/2:91*? 97:/1D *+ N7*?7 *+A*+*9: ;*8`0+?9*/+8 31:
+/9 08:; *+ 97: !1:8:+939*/+" T7*8 *;:3 89*GG 23V:8 8:+8: *+ 97: !1:;*?39: ?38:4 3+;
*+ A3?9 *9 *8 :38D 9/ 8:: 9739 *A E *8 8!:?913G 3G@:J13*? 97:+ fB=E> 3+; f,=E> 31:
?/7:1:+9" ./1 *+893+?:4 *9 *8 +/9 731; 9/ 87/N 9739 f,=E> ?3+ J: !1:8:+9:; 08*+@
!1:;*?39:8 3=Q> 3+; 3 N7:1: 3 *8 3 compact /!:+"

.G39 E *8 :p0*L3G:+9 9/ 3 ?/7:1:+9 97:/1D *A4 A/1 *+893+?:4 E 839*8A*:8 ?:193*+
?/+;*9*/+8 3+3G/@/08 9/ 97: R${' C.-S ?/+;*9*/+8 A/1 8!:?913G 3G@:J13*?
*+A/1239*/+ 8D89:284 +32:GD 9739 A/1 :L:1D A*+*9: ;*3@132 ? *+ E 97:1: *8 3 A*+*9:
8:9 C /A ?/?/+:8 /L:1 ? 80?7 9739 :L:1D ?/?/+: /L:1 ? A3?9/18 L*3 /+: *+ C" C0?7
EP8 N/0G; J: 3 ?39:@/1*?3G @:+:13G*[39*/+ /A 8!:?913G 3G@:J13*? ;/23*+8" T7:1:
23D J: 8*2*G31 @:+:13G*[39*/+8 /A C.- 3+; C?/99 ;/23*+84 :Q!1:88*JG: JD
?/+;*9*/+8 /+ *+A/1239*/+ 8D89:284 3+; *A 8/4 /+: ?3+ 38V N7:97:1 97:D 31: ?G/8:;
0+;:1 fB 3+; f,"

5.4 Other uses of predicate geometric logic
<G97/0@7 97: ;393J38: *;:38 7:1: 31: 1397:1 8!:?*3G*[:;4 97: 2:97/;8 23D 901+ /09
9/ J: 08:A0G 2/;:G8 A/1 /97:1 3!!G*?39*/+8 /A !1:;*?39: @:/2:91*? G/@*?4 08*+@ 97:
*+90*9*/+8 ;:8?1*J:; *+ C:?9*/+ $"

e+: *+9:1:89*+@ !/88*J*G*9D 9739 87/N8 8/2: !1/2*8: *8 97: 08: /A @:/2:91*?
G/@*? *+ 8!:?*A*?39*/+ G3+@03@:8" e+: 1:38/+ A/1 97*8 23D J: 97: ex post facto
+3901: /A 97: *+90*9*/+ A/1 /J8:1L39*/+8 /A A0+?9*/+8d 97: 8!:?*A*?39*/+8 9:GG D/0
7/N 9/ /J8:1L: =/1 ?7:?V> N7:+ D/0PL: @/9 97: 1*@79 3+8N:14 J09 +/9 7/N 9/
?3G?0G39: *9" ,/1: ?/+?1:9: :L*;:+?: *8 !1/L*;:; JD 8/2: 1:?:+9 N/1V /A O/;@:8
WFXY4 N7/ 87/N8 9739 8!:?*A*?39*/+8 08*+@ 97: w G3+@03@: ?3+ *+ !13?9*?: J:
1:891*?9:; 9/ 3 G/@*? =N7*?7 7: ?3GG8 @(

~> 9739 *8 :88:+9*3GGD @:/2:91*?"

5.5 Dynamic predicate geometric logic
<+/97:1 A:3901: /A 97: ;393J38: *;:38 9739 23D J: *+91*+8*? 39 97*8 893@: /A
;:L:G/!2:+9 /A 97: 97:/1D *8 9739 97: ;393J38:8 31: ;:8?1*J*+@ 3 static universe.
T7: /+GD !1/?:88 /A ?73+@: *8 9739 JD N7*?7 /+: 1:A*+:8 /+:P8 V+/NG:;@: /A 97*8
0+*L:18: JD 1:A*+*+@ /+:P8 V+/NG:;@: /A 97: /J`:?984 JD ;*8?/L:1*+@ +:N /J`:?984
/1 JD /J8:1L*+@ :p03G*9*:8" T7: N7/G: 97:/1D A3GG8 A31 87/19 /A 1:3G ;393J38:8 *+ *98
A3*G01: 9/ 3??/0+9 A/1 ?73+@: *+ 97: N/1G;"

^9 738 J::+ 31@0:; *+ <J1328VD 3+; U*?V:18 WFXY 9739 *+ 97: !1/!/8*9*/+3G
?38:4 9/ 93V: 3??/0+9 /A ?73+@: /+: 2089 *+91/;0?: 3 ;D+32*? /J8:1L39*/+3G G/@*?
*+ N7*?7 97: /J8:1L39*/+8 A/12 3 p03+93G: *+89:3; /A 3 A132:" T7: :88:+9*3G
;*AA:1:+?: *8 9739 ?/+`0+?9*/+ 3+J =/J8:1L: 3 3+; J> 2089 J: 1:!G3?:; JD 3 20?7
2/1: !1:?*8: 9:2!/13G ?/2!/8*9*/+ 3uJ =/J8:1L: 3 97:+ J>4 N*97 97: 0+;:1893+;*+@
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9739 97:1: 23D 73L: J::+ 3 ?73+@: *+ 97: /J`:?9 *+ ?/++:?9*/+ N*97 97: /J8:1L39*/+
3"

^9 97:1:A/1: 8::28 p0*9: G*V:GD 9739 *+ /1;:1 9/ 2/;:G ;D+32*? ;393J38:8 N:
87/0G; 08: 3 97:/1D 9739 ?/2J*+:8 97: ;D+32*? A:3901:8 /A p03+93G: G/@*? N*97 97:
20G9*!G*?*9D /A /J`:?98 *+ 97: !1:;*?39: G/@*?d N: +::; 3 !1:;*?39: p03+93G: G/@*?" ^
;/ +/9 D:9 0+;:1893+; N739 97*8 97:/1D N/0G; 73L: 9/ J:"

c:A:1:+?:8

C" <J1328VD W%'Y4 Re+ 8:23+9*? A/0+;39*/+8 /A 3!!G*?39*L: 20G9*!1/@1322*+@S4
Automata, Languages and Programming, B:?901: H/9:8 *+ I/2!09:1 C?*:+?:
1544 =C!1*+@:1&U:1G3@ (F%'>4 (&()"

C" <J1328VD W%iY4 Domain Theory and the Logic of Observable Properties, -7E
T7:8*84 �0::+ ,31D I/GG:@:4 K+*L:18*9D /A B/+;/+4 (F%i"

C" <J1328VD W%%Y4 RE/23*+ 97:/1D *+ G/@*?3G A/12S4 Annals of Pure and Applied
Logic 51 =(FF(>4 (&ii"

C" <J1328VD 3+; C"6" U*?V:18 WFXY4 Quantales, Observational Logic and Process
Semantics, c:!/19 EeI FX{(4 E:!3192:+9 /A I/2!09*+@4 ^2!:1*3G I/GG:@:4
B/+;/+4 (FFX"

_11:99 f*87/! 3+; E/0@G38 f1*;@:8 W%gY4 Constructive Analysis, M10+;G:71:+ ;:1
2397:239*8?7:+ \*88:+8?73A9:+ 2794 C!1*+@:1&U:1G3@ =(F%g>"

-" <" ," E*13? W)iY4 The Principles of Quantum Mechanics ='1; :;*9*/+>4 eQA/1;
K+*L:18*9D -1:88 =(F)i>"

,*?73:G -" ./0123+ 3+; C9:L:+ U*?V:18 W%gY4 RT7:/1*:8 38 ?39:@/1*:8S4 *+ E3L*;
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