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6?301X0 ?@ 6?3053A?A9 <?9109: 4510?859 =CB1U8=9 =81 0V1 9=>1 =9 C?6=C56 91>5C=005619Q
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LV13 53 K13?0=05?3=C 91>=30569 ?31 6V??919 0V1 908A60A819 0? U1 A91K =9 0V1 91>=3056

K?>=539: 2=85?A9 81bA581>1309 6?39<581 0? 3=88?Y 0V1 6V?561 bA501 = C?0R ?31 Y=309: @?8

5390=361: 0? U1 =UC1 0? >?K1C 816A89521 K1@53505?39: 6?3908A60 @A3605?3 9<=619 =3K 9?C21

K?>=53 1bA=05?39Q ' @81bA130 6V?561 59 0? A91 *6?00 K?>=539 `U?A3K1K 6?><C101

=CB1U8=56 6<?9aQ

$31 =9<160 ?@ *6?00 K?>=539 dNFe 59 0V=0 0V1W 6=3 U1 <8191301K A953B information

systems: W?A K?3H0 K19685U1 0V1 910 ?@ <?5309 K58160CW: UA0 <819130 50 A953B =3

information system 6?><85953B tokens, = 91C1605?3 ?@ <?5309 @8?> YV56V 0V1 ?0V189 6=3

U1 K18521K =9 S?539Q &?81?218: *6?00 6?3053A?A9 >=<9 U10Y113 *6?00 K?>=539 6=3 U1

K19685U1K =9 81C=05?39 `approximable mappingsa 532?C253B 0?7139Q (V1 53@?8>=05?3

9W901>9 =81 68A65=C YV13 ?31 6?>19 0? 9?C253B K?>=53 1bA=05?39 `*6?00 dNFe =3K
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!0 59 Y1CC 73?Y3 0V=0 =CB1U8=56 <?9109 `?0V18Y591 73?Y3 =9 =CB1U8=56 K6<?9a 6=3 U1
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U10Y113 =CB1U8=56 <?9109 6=3 U1 K19685U1K =9 \=<<8?X5>=UC1 >=<<53B9^: 6180=53 9109 ?@
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018>53?C?BW ?@ tokens, information systems, ideals =3K approximable mappings. LV=0

K59053BA59V19 =3 53@?8>=05?3 9W901> @8?> =3 ?8K53=8W <81?8K18 59: ?@ 6?A891: 0V1 5><C51K
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Y50V 0V1 C?Y18: A<<18 ?8 ,BC5]&5C318 <81?8K18_ 0V59 31Y 53@?8>=05?3 9W901> 81<8191309
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<8?21 819AC09 =U?A0 B1318=C 6?3053A?A9 <?9109Q '3 =<<8?=6V 0? 0V59 0V=0 V=9 U113 0=713

UW: @?8 5390=361: *>W0V dNDe: 59 0? 1X<C?50 0V1 @=60 0V=0 1218W 6?3053A?A9 <?910 59 =

8108=60 ?@ =3 =CB1U8=56 <?910Q Z1361 ?31 >5BV0 K19685U1 =3 ?8K53=8W 53@?8>=05?3 9W901>

`B5253B 0V1 =CB1U8=56 <?910a 0?B10V18 Y50V 1X08= 908A60A81 81<81913053B 0V1 8108=605?3Q

&?81 B1318=CCW: ?31 >5BV0 08W 0? K19685U1 = U=959 ?@ = 6?3053A?A9 <?910: 5Q1Q = 910 ?@

<?5309 9A6V 0V=0 1218W ?0V18 <?530 59 = K581601K S?53 ?@ 9?>1 ?@ 0V1>: =3K *>W0VH9 dNDe

R-structures `911 3?01 f =0 0V1 13K ?@ *1605?3 fa A91 0V59 5K1=Q $A8 53@?8>=05?3 9W901>9:

YV56V B1318=C5[1 %]908A60A819: B? U1W?3K 0V59R 0V1 0?7139 K? 3?0 @?8> = U=959 ?@ <?5309:

UA0 =81 6C?918 0? = U=959 ?@ ?<139Q !3 (V1?81> fQDh 50 59 =60A=CCW 1=9518 0? A91

%]908A60A819_ 0V1 >=53 =K2=30=B1 ?@ ?A8 53@?8>=05?3 9W901>9 911>9 0? 6?>1 YV13 ?31
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Z??@>=3 dMe V=9 =C81=KW 90AK51K 0V1 6=91 ?@ continuous Scott domains,

B1318=C5[53B *6?00H9 53@?8>=05?3 9W901>9Q (V?ABV V59 =<<C56=05?39 =81 9?>1YV=0

K5@@18130 @8?> ?A89: V59 >10V?K ?@ B1318=C5[=05?3 59 1991305=CCW 0V1 9=>1Q !3 = *6?00

53@?8>=05?3 9W901> 0V181 59 =3 130=5C>130 81C=05?3  U10Y113 @53501 9109 ?@ 0?7139: =3K

53 0V1 <=99=B1 0? 6?3053A50W ?31 81<C=619 81@C1X5250W `n  na Y50V = Y1=718

interpolation <8?<180WR 5@ n  P 0V13 n  +  P @?8 9?>1 +Q

Beware!

!3 ?8K53=8W 0?<?C?BW: ?<139 =81 6?368101CW 9109 ?@ <?5309: YV5C1 53 <A81 C?6=C1 0V1?8W

<?5309 =81 6?368101CW 9109 `=60A=CCW 6?><C101CW <85>1 @5C0189a ?@ ?<139Q !3 0V1

<819130=05?3 Y1 9V=CC B521 V181: both points and opens are concretely sets of tokens.

(?7139 =81 3?0 @=50V@ACCW 81<8191301K 150V18 =9 <?5309 ?8 =9 ?<139: 9? U?0V 0V1

0?<?C?B56=C =3K 0V1 C?6=C56 90=3K=8K9 =81 53=<<8?<85=01: 1213 0V?ABV 0V1 6?3053A?A9

<?9109 6?3908A601K =81 9?U18 9<=619 ?8 9<=05=C C?6=C19Q L1 B10 8?A3K 0V59 UW A953B 0V1

C=3BA=B1 ?@ topological systems =9 53 4567189 dNNe: 53 YV56V <?5309 X \9=059@W^ ?<139 =

`X  =aQ (V181 =81 08=<9 @?8 0V1 A3Y=8W V181Q #?8 5390=361: 0V1 5301891605?3 ?@ 0Y? ?<139

59 0V158 5301891605?3 as sets of tokens =3K 59 3?0 316199=85CW 5091C@ ?<13Q (V1 <?530 910

0?<?C?B56=C \5301891605?3^ 59 0V1 meet ?@ 0V1 ?<139: =3K 59 6?30=531K 53 0V158 5301891605?3Q
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NQ -?3053A?A9 53@?8>=05?3 9W901>9

Definition 2.1 ' continuous information system `?8 infosys; UA0 !HK V=<<5CW 6V=3B1 0V59
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p 08=3950521: 5Q1Q 5@ 9 o 0 =3K 0 o A 0V13 9 o A
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p 53018<?C=0521: 5Q1Q 5@ 9 o A 0V13 @?8 9?>1 0: 9 o 0 =3K 0 o A

!3 9V?80: o  o  l  oQ

(V1 1C1>1309 ?@ ; =81 73?Y3 =9 tokens.

"?01 0V=0 81@C1X5250W 5><C519 53018<?C=05250W: 9? <81?8K189 =81 53@?9W919Q (V59

6?8819<?3K9 0? 0V1 =CB1U8=56 6=91: YV181 o =<<1=89 =9  ?3 6?><=60 <?5309Q *?>1

=A0V?89 A91 0V1 9W>U?C  0? 81C=01 0?7139Q (V59 6?8819<?3K9 0? ?A8 q: 5Q1Q 9  0 5@@ 0 o 9Q

$A8 =5> 59 0? 9V?Y V?Y 53@?9W919 6=3 U1 A91K 0? <819130 6?3053A?A9 <?9109Q L1

9V=CC @5890 B521 = bA567 C?6=C56 =66?A30 0V=0 1X<C?509 0V1 90=3K=8K 819AC0 `911 c?V390?31

dEea 0V=0 6?3053A?A9 <?9109 =81 *0?31 KA=C 0? 6?><C101CW K59085UA0521 @8=>19R =3W

6?3053A?A9 <?910 `Y50V 509 *6?00 0?<?C?BWa 59 V?>1?>?8<V56 0? = C?6=C1 YV?91 @8=>1 59

6?><C101CW K59085UA0521: =3K 2561 2189=Q (V1 C?6=C56 081=0>130 59 218W 3=0A8=C: U16=A91 g

=9 Y1 9V=CC 911 g 0V1 0?7139 81<819130 ?<139 8=0V18 0V=3 <?5309Q

%16=CC 0V=0 = @8=>1 ' 59 completely distributive 5@@ YV131218 n' $ ' `' # (: YV56V

>=W U1 53@53501a: Y1 V=21

'  n' ) @ ' @`'a

YV181 @ 8=3B19 ?218 0V1 @A3605?39 @8?> ( 0? ' n' 9A6V 0V=0 @`'a # n'Q

Definition 2.2 J10 ; U1 =3 53@?9W9Q

!@ * $ ;: 0V13 0V1 upper closure, "S, ?@ * 59 i0 # ;R *9 # *Q 9 o 0jQ

!@ * $ ;: 0V13 * 59 upper closed 5@@ * l "*Q

(V1 A<<18 6C?91K 9AU9109 ?@ ; =81 6=CC1K 0V1 opens ?@ ;Q

Beware!

p * \A<<18 6C?91K^ >1=39 3?0 ?3CW 0V=0 5@ 0 q 9 # * 0V13 0 # *: UA0 =C9? 0V=0 5@ 0 # *

0V13 9 o 0 @?8 9?>1 9 # *Q "?01 0V=0 5@ * 9=059@519 SA90 0V1 @5890 ?@ 0V191 6?3K505?39:

0V13 50 contains 509 A<<18 6C?9A81Q

p  !0 59 6?32135130 0? A91 0V1 =UU8125=05?3 \"9^ @?8 \"i9j^Q OA0 Y1 9V=3H0 K? 0V59:

U16=A91 50 5308?KA619 =>U5BA50519 YV13 Y1 6?>1 0? 0V1 <?Y18 C?6=C19Q

p  (V1 ?<139 ?@ ; K? 3?0 @?8> = 0?<?C?BW on the set D. (V1W =81 3?0 ?<13 9AU9109

?@ ; 53 =3W 91391Q
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*?>1 A91@AC <8?<180519 ?@ " =81 g

p 5@ * $ ( 0V13 "* $ "(

p "` 5 *5a l 5 "*5

p ""* l "*

p "* 59 0V1 C1=90 A<<18 6C?91K 910 6?30=5353B *

Proposition 2.3 J10 ; U1 =3 53@?9W9Q

`5a `%=31W dDrea (V1 ?<139 ?@ ; @?8> = 6?><C101CW K59085UA0521 @8=>1 +;Q

c?53 59 SA90 A35?3 `=9 9109 ?@ 0?7139a =3K 0V1 >110 ?@ = @=>5CW ?@ ?<139 59 0V1

A<<18 6C?9A81 ?@ 0V1 5301891605?3Q
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YV181 AU`*a l i9#;R ,0#*Q 0 o 9jQ

%16=CC 0V=0 0V1 3?0=05?3 `sa >1=39 0V1 @8=>1 B1318=01K UW @?8>=C

9W>U?C9 "i0j: 9AUS160 0? 0V1 81C=05?39 `1bA=05?39a B5213Q !3 1@@160: 0V1 819AC0

9V?Y9 = A352189=C <8?<180W ?@ +;R K1@5353B = @8=>1 V?>?>?8<V59> @8?> +;

0? =3?0V18 @8=>1 O 59 1bA52=C130 0? 53018<81053B 0V1 @?8>=C B1318=0?89 "i0j 53

O =3K 9V?Y53B 0V=0 0V59 \819<1609 0V1 81C=05?39^: 5Q1Q 08=39@?8>9 0V1 @?8>=C

81C=05?39 0? =60A=C 1bA=C50519 53 OQ `#?8 @A80V18 K10=5C9: 911 4567189 dNNeQa

Proof
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6V?561 g 911 0V1 81>=879 8?A3K ;1@53505?3 NQDrQa %=31WH9 819AC09 =81 6?395K181K 53 >?81

K10=5C 53 NQDN 0? NQDmQ

`55a J10 A9 Y8501 ' @?8 0V1 @8=>1 <8191301K =9 53 0V1 90=01>130Q "?01 0V=0 UW 0=753B * 0?

U1 = 953BC10?3: Y1 V=21 "i0j l 9q0 "i9j: 9? 5@ 9 q 0 0V13 "i9j ) "i0jQ 'C9? 53 ':

0#* "i0j l 9t#AU`*a 9q9t "i9j l 9#"AU`*a "i9j `ua

(V181 59 = @8=>1 V?>?>?8<V59> -DR ' . +; K1@531K UW >=<<53B 0V1 9W>U?C "i0j

0? 0V1 ?<13 "i0jQ -?321891CW: Y1 6=3 K1@531 -NR +; . ' UW 0=753B = 0? "i0jR 0 #
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=jQ (V59 6C1=8CW <81918219 S?539_ =9 @?8 @53501 >1109: @5890 Y1 V=21 true l "; l "AU`va

>=<9 0? true 53 'Q "1X0: 5@ = =3K U =81 ?<139 ?@ ; 0V13

-N`=a / -N`Ua l "i9j / "i0jR 9 # =: 0 # Uj `UW @8=>1 K59085UA05250Wa

l i"iAjR *2Q *9#=: 0#UQ `A q2: 2q9 =3K 2q0aj

`UW `ua Y50V * l i=: Uja

l i"iAjR A # "`=0Uaj l -N`=/Ua

-1 =3K -N =81 >A0A=CCW 5321891Q ee

(V1 0V1?8W ?@ 6?><C101CW K59085UA0521 @8=>19 `911: 1QBQ: c?V390?31 dEea 01CC9 A9

5>>1K5=01CW 0V=0 +; 59 59?>?8<V56 0? 0V1 @8=>1 ?@ *6?00 ?<139 @?8 = 6?3053A?A9 <?910_

Y1 9V=CC A91 NQh `55a 0? K1018>531 YV=0 509 <?5309 =81Q

Definition 2.4 J10 ; U1 =3 53@?9W9Q

'3 ideal 53 ; 59 = 9AU910 X $ ; 9=059@W53B g

p 5@ 9 o 0 # X 0V13 9 # X

p 5@ * $@53 X: 0V13 * V=9 =3 A<<18 U?A3K 53 X

"?01 0V=0 5@ * 59 = 953BC10?3: 0V59 9=W9 0V=0 YV131218 0 # X 0V13 Y1 6=3 @53K 0t # X Y50V

0�o 0tQ

'3 5K1=C ?@ ; 59 6=CC1K = point ?@ ;_ Y1 Y8501 <0 ; @?8 0V1 910 ?@ <?5309 ?@ ;Q

"?01 0V=0 =C0V?ABV 1=6V 0?713 0 B5219 8591 0? =3 ?<13 "i0j: 50 311K 3?0 g UW 6?308=90

Y50V 0V1 =CB1U8=56 6=91 g B521 =3 5K1=C 1i0jQ

Proposition 2.5 J10 ; U1 =3 53@?9W9Q (V13 0V1 <?5309 ?@ ; 6?8819<?3K U5S160521CW Y50V

0V1 C?6=C1 <?5309 ?@ +;: Y50V X  = `0V1 <?530 X \9=059@519^ 0V1 ?<13 =a 5@@ 0V1 5K1=C X

=3K 0V1 A<<18 6C?91K 910 = V=21 = 0?713 53 6?>>?3Q

(V1 9<165=C5[=05?3 ?8K1853B ?3 <0 ; 59 536CA95?3 ?3 5K1=C9 ?@ ;Q

Proof

/8?<?9505?3 NQh `55a 01CC9 A9 0V=0 0V1 C?6=C1 <?5309 ?@ +; `0V=0 59 0? 9=W 0V1 <?5309 ?@ 0V1

C?6=C1 YV?91 @8=>1 ?@ ?<139 59 +;: YV56V =81 53 1@@160 @8=>1 V?>?>?8<V59>9 @8?>

+; 0? 0V1 0Y?]1C1>130 @8=>1 NNa 6=3 U1 6?395K181K 0? U1 @A3605?39 @8?> 0V1 B1318=0?89
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"i0j 0? NN 0V=0 819<160 0V1 81C=05?39 53 0V1 <819130=05?3Q L1 6=3 K19685U1 9A6V = @A3605?3

UW 0V1 910

X l i0 # ;R "i0j  truej

=3K 0V13 \819<16053B 0V1 81C=05?39^ 9=W9 1X=60CW 0V=0 X 59 =3 5K1=C `0V1 0Y? 6C=A919 53

;1@53505?3 NQf 6?8819<?3K 0? 0V1 0Y? K581605?39 2 =3K ) 53 0V1 @8=>1 <819130=05?3aQ

X  = l i"i0jR 0 # =j 5@@ X  "i0j @?8 9?>1 0 # =: 5Q1Q 9?>1 0 59 53 X0=Q

X  W >1=39 0V=0 @?8 =CC 0?7139 0: 5@ X  "i0j: 5Q1Q 0 # X: 0V13 W  "i0j: 0 # W_ 5Q1Q X

$ WQ ee

Definition 2.6 J10 ; U1 =3 53@?9W9Q (V13 Y1 =C9? A91 0V1 9W>U?C ; 0? K13?01 0V1

0?<?C?B56=C 9W901> `4567189 dNNea YV?91 <?5309 =3K ?<139 =81 0V1 5K1=C9 =3K A<<18

6C?91K 9109 =9 53 ;1@53505?39 NQN =3K NQf: Y50V X  = 5@@ X0= 3 vQ `"?01 /8?<?9505?3 NQh
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`5a !@ ; 59 = <81?8K18: 0V13 50 59 =3 53@?9W9Q (VA9 53@?9W919 9AU9A>1 53@?8>=05?3

9W901>9 @?8 =CB1U8=56 <?9109Q &?81?218: @?8 =3W 53@?9W9 0V181 59 = U5S1605?3
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530182=C dF: De: Y50V o =9 0V1 908560 3A>1856=C 6?><=859?3 1X61<0 0V=0 F o FQ



x

(V13 =9 0?<?C?B56=C 9W901>: ! 59 0V1 530182=C dF: De Y50V 509 3A>1856=C ?8K1853B

=3K *6?00 0?<?C?BWQ

Completely distributive frames

(V1 0V1?8W =U?21 81C519 ?3 0V1 190=UC59V1K 0V1?8W ?@ 6?><C101CW K59085UA0521 @8=>19Q

*5361 0V59 59 9?>1YV=0 532?C21K 53 0V1 90=3K=8K <819130=05?3: C10 A9 97106V = K58160

=66?A30 ?@ 0Y? @=609R @5890: 0V1 0?<?C?B56=C 9W901>9 K19685U1K 53 ;1@53505?3 NQr =81
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#5890: C10 A9 @5X =3 53@?9W9 ;Q (V1 71W 819AC0 59 0V1 @?CC?Y53BR

Lemma 2.8 J10 9 o 0 U1 0?7139Q (V13

`5a (V181 59 = <?530 X 9A6V 0V=0 9 # X =3K 0 59 =3 A<<18 U?A3K @?8 XQ

`55a (V181 59 =3 ?<13 = 9A6V 0V=0 0 # = =3K 9 59 = C?Y18 U?A3K @?8 =Q

Proof

`5a ;1@531 = 91bA1361 ?@ 0?7139 `95a =9 @?CC?Y9R 9F l 9: =3K 95 o 95zD o 0Q J10 X U1

iAR�*5QA o 95jQ (V13 X 59 =3 5K1=CQ

`55a 59 95>5C=8Q ee

Lemma 2.9

`5a #?8 ?<139: Y1 V=21 = { U 5@@ 0V181 59 9?>1 * $@53 U 9A6V 0V=0 = $ "*Q

`55a <0 ; 59 = 6?3053A?A9 <?910: Y50V X { W 5@@ 0V181 59 9?>1 0?713 0 # W 0 AU`XaQ

Proof

`5a 4R *A<<?91 U ) " L l " L `YV181 0V1 " 59 0? 53K56=01 0V=0 L 59 K581601KaQ

,218W 1C1>130 ?@ * 59 6?30=531K 53 9?>1 1C1>130 ?@ L: 9? UW K581601K3199 =CC ?@ * 59

6?30=531K 53 9?>1 6 # LQ (V13 = ) 6Q
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Proof
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Approximable mappings
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@_B `?8 B @a 59 0V1 81C=05?3=C 6?><?9505?3R 9 `@_Ba A 5@@ @?8 9?>1 0 Y1 V=21 9 @ 0 B AQ

Proposition 2.19 !3@?9W919 A3K18 =<<8?X5>=UC1 >=<<53B9 @?8> = 6=01B?8W InfosysQ

Proof (V1 V=8K190 <=80 59 0? 9V?Y 0V=0 6?><?9505?39 905CC 9=059@W NQDE `faQ *A<<?91 9t q 9

@ 05 B A5Q (=71 9} 9A6V 0V=0 9t q 9} q 9: 0V13 0} 9A6V 0V=0 9} @ 0} q 05: 0V13 0t 9A6V 0V=0 9t @ 0t q
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9t
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B
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3.1 Finitary products

L1 K?3H0 6?395K18 53@53501 <8?KA609: U16=A91 0V1W K?3H0 <8191821 6?3053A50W ?@ <?9109Q

Definition 3.1.1 J10 ;' `' # (a U1 = @53501 53K1X1K @=>5CW ?@ 53@?9W919Q (V158 product,
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