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This work is not new, but I have been asked to explain it again.
In both topos theory and predicative type theory it is recognized that point-set 

accounts of topology (in which a space is formulated as a set of points with extra structure) 
are unsatisfactory, and better replaced with point-free accounts. Their two apparently 
different approaches, one using frames and the other formal topologies, can be securely 
related when we understand that frame presentations are essentially equivalent to 
inductively generated formal topologies (and both to propositional geometric theories).

This looks bad news for practitioners, since points are such central components of a 
space. One cannot deny that topology is obscured when conducted in a purely point-free 
way, in terms solely of the frames or the formal topologies or the logical theories.

The good news is that topos theory provides techniques for reasoning with point-free 
spaces as though they had sufficient points. For example, there are two ways, depending 
on one's purpose, to define a map f: X -> Y.
(1) Thinking of it as a function, one can define the point f(x) of Y, given the point x of X.
(2) Thinking of it as a bundle, one can define (as point-free space) the fibre f*({y}), given 
the point y of Y.

What makes this work in topos theory is the fact that for each space X, the tops SX of 
sheaves over X provides a model of the logic being used.

But the techniques also rely on geometricity. The logic to use is not the whole of 
topos-valid logic, but the geometric fragment, preserved by inverse image functors of 
geometric morphisms. This includes finite limits, arbitrary colimits and free algebra 
constructions, but excludes powersets and function types.

The effect of this ability to transport along geometric morphisms is that geometric 
reasoning about points of X encompasses not only its global points (maps 1 -> X) but also 
its generalized points (maps W -> X for arbitrary W). Constructively it is rare for X to have 
enough global points (spatiality), but it always has enough generalized points.

I shall describe how the bundle idea allows us to define geometricity in a way that is 
more general than the above characterization, and includes constructions on internal 
spaces, and I shall relate it to examples in the current application of toposes to quantum 
theory.

I shall also discuss how much can be transferred to predicative mathematics. At 
present it seems that geometric reasoning does have predicative constent, but we lack a 
general metatheorem to encapsulate this.


















