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Abstract

This is a brief summary of the original results in the thesis.

First, there is a localic version of the correspondence between perfect and patch con-
tinuous monotone maps. To this end, Escardd’s localic patch construction for a stably
compact locale is used. Given a stably compact locale X, we define constructively the
order in its patch locale. We also introduce localically the notion of a monotone patch
continuous function in this context. The fact that lax pullbacks of perfect maps pro-
duce proper maps in Loc is proved. Vickers’ preframe techniques are used throughout.
Beck-Chevalley conditions for lax-coequalisers are also proved.

When working in op, the 2-category of Grothendieck topoi and geometric morphisms,
it is natural to consider functors between the (generalised) points of topoi. A 2-categorical
criterion of an adjunction situation F': X = Y : G in Top is proved by constructing the
classifying topoi of maps Fx — y and  — Gy, where x,y are points of X, Y respectively
and identifying them with inserters in Top.

Next, it is demonstrated that relative tidiness (in the sense of Moerdijk and Vermeulen)
is the right topos-generalisation of perfectness. Vickers has shown that the exponential

1%, where X is a stably compact locale, classifies the geometric theory of B-

]X

of topoi [set
sheaves which implies that a point of [set]™ at stage Z is a B-sheaf in the sheaves over Z.
For f : X — Y a perfect map between two stably compact locales, a description of the map
[set] : [set]X — [set]” is given and is shown to have a right adjoint. The definitions of the
geometric morphisms are given by geometric constructions on the points of the exponential
topoi, i.e., the B-sheaves. The geometricity of these constructions is guaranteed by the fact
that we can represent perfect maps by strong homomorphisms between strong proximity
lattices. The adjunction is proved by application of the 2-categorical criterion in the 2-
category Top. The main result of this chapter is that for a map f : X — Y between stably
compact locales, f is perfect if and only if f is relatively tidy.

Finally, there are investigations with a possible topos analogue of the patch construc-
tion. Some results are given on relatively tidy maps between structures that are examples
of “stably compact topoi”. It is argued by example, that “stably compact topoi” and rel-
atively tidy maps should convey the notion of local partial ordering in the same sense that
stably compact locales and perfect maps amount to (globally) partially ordered locales

and monotone continuous maps.
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Chapter 1

Background

1.1 Our slice of topoi-On notation

Throughout this thesis, the term “topos” is used for a Grothendieck topos, or equivalently
for a elementary topos that fulfills the assumptions of Giraud’s theorem (see e.g. [Joh77],
theorem 0.45). The 2-category of Grothendieck topoi, geometric morphisms and natural
transformations is denoted as Top. We are thus usually suppressing the symbol of the
base topos from its notation, except when there is ambiguity from the context. Also,
sometimes, the symbol Top will be using for the 1-category of Grothendieck topoi. We
explicitly refer to (the sheaves of) our base topos as Sets, but we do not assume that
these are the classical sets; we do not allow use of the law of excluded middle or the
axiom of choice. This implies that the subobject classifier Q2 of Sets (i.e. the power
object of the terminal set) is not the Boolean 2 but it is still the terminal locale (initial
frame). One thing that we assume is the existence of a natural numbers object. Indeed
we rely on universal algebra for several of our results. Therefore, everywhere, Sets could
be substituted with any Grothendieck topos B with a natural numbers object.

A frame is a poset with all joins and finite meets such that the arbitrary joins distribute
over finite meets. A frame homomorphism is a function that preserves arbitrary joins and
finite meets. We denote that the category of frames and frame homomorphisms as Fr. We
define Loc, the category of locales to be the opposite of the category of frames. We use a
single letter (say) X for the locale and QX for its defining frame. Locale theory offers the
possibility to do point-free topology and thus constructive topology; a frame and therefore
a locale is definable inside the sheaves of any topos.

We adopt the standpoint that contemplates Grothendieck topoi as generalised topo-

logical spaces or generalised locales. This manifests itself in the notation we use; an object



CHAPTER 1. BACKGROUND 4

of Top is denoted with a Latin letter (e.g. X)), whereas we reserve the symbol SX for the
category of its sheaves, very much in parallel with the juxtaposition of a locale X with
the frame of its opens QX. In this context, a geometric morphism will be denoted as
f: X — Y, whereas, e.g. the inverse image functor of f as f*:S8Y — SX.

Let us for a while write B for the base topos. Let X be a locale inside SB, correspond-
ing to an SB-internal frame QX. Taking sheaves over X (i.e. the category of functors

QX — SB obeying the usual patching conditions) amounts to a functor
S : Loc(B) — %op/B

between the category of locales inside SB to topoi over B ([JT84]). We say that the image
of a locale X inside SB under the functor S is the locale over B that corresponds to X.

Conversely, if f : X — B is a topos over B, we choose to write QX for the frame
QX = f.Qsx

where Qsx is the subobject classifier of SX. Therefore, twisting the notation a little, we
write £ for the functor
Q : Top/B — Loc(B)

that sends a topos X over B to the locale inside S B whose defining frame is QX = f,Qsx.
The functor S is a full embedding of the category Loc(B) of locales in SB, into the
category Top/B of topoi over B.
Following Joyal and Tierney, we say that a topos f : X — B is localic over B, iff
there is an equivalence

SoOQX ~SX

Concluding, a locale X has opens QX and also sheaves (“generalised opens”) SX. Con-
versely, a topos X has sheaves SX and also opens Q.X.

We return to suppressing the base topos from the notation. If C is an (small) external
category, and by that we mean a category on sets, we denote the topos whose category
of sheaves is [C, Sets] by the symbol ~C, i.e. §"C = [C,Sets|. Furthermore, if J is
explicitly internal in the sheaves of a topos X, this is indicated by using the symbol X7

for the topos whose sheaves are the SX-internal (covariant) diagrams SX7, i.e.
S(X°7) :=8X7

When we consider finite products of topoi (that always exist), we can approach them
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via the geometric theories they classify. Nevertheless, it is useful to have a more concrete
characterisation of them. If X and Y are two Grothendieck topoi, the categories of their
sheaves SX and SX are cocomplete (and locally small) categories of set valued functors
from a small category C that preserve a Grothendieck topology J on that category. It
is therefore natural to seek their tensor product. Pitts [Pit85] indeed defines their tensor
product SX ® SY in the 2-category COCTS of cocomplete locally small categories, small
colimit preserving functors and natural transformations, in the usual way: it amounts to
a functor ®sx sy : SX x Y — SX ® SY in COCTS (i.e. a functor that preserves
small colimits in both arguments), such that for any category C and any functor F' : SX x
SY — Cin COCTS, there is a unique (up to isomorphism) functor H : SXSY — C
such that H o ®sx sy = F.
Pitts proves the following ([Pit85], 2.3).

Theorem 1.1 The category of sheaves over the product X xY of two Grothendieck topoi
is given by the tensor product SX ® SY in COCTS. In particular, this implies that
SX ® SY always exists.

This is an other analogy with locale theory (Q2(X x Y) = QX ® QYY) and more precisely,
as Pitts argues, with the fact that Q(X x Y) is the tensor product of QX and QY as
sup-lattices ([JT84]).

Suppose that C is a category in Sets and X any topos. The product X x “C in Top

is the trivial pullback
1C
Xx"C——"C

(1.1)

X 1

Therefore, it is a consequence of Diaconescu’s theorem that X x “C is the topos (that we

denote) X "I*C, i.e. the topos whose sheaves are the internal diagrams
"(C) — §X

where "(C) is the “internalised version” in SX of C. Diaconescu’s theorem is proved in
[Joh77], 4.34 and the point we make about diagram 1.1 is a direct application of corollary
[Joh77], 4.35, which can be viewed as a change of base law for presheaf topoi.

We finish with an observation which, although it seems innocuous, it is of great im-
portance in the construction of geometric morphisms (see section 1.2). let 2 be the finite

category ¢ — e (plus the two identities) in Sets. Then "2 is the Sierpiriski topos and
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we denote it by $. An object of S$ is a pair of sets Aj, Ag together with a function
f i+ Al — Ag. The category 2 is finite and therefore it is indistinguishable from its
internal version in !*(2) in SX, for ! : X — 1 (see example 2.39 in [Joh77]). Therefore,

according to the discussion above, the category of sheaves over the topos
Xx"2:=Xx8$

is [1*(2),8X] = [2,SX]. Moreover, the tensor product of 2 with any topos X exists (2 is
not a topos). More specifically, we have the following fact which is a special case of lemma
B3.4.2 in [Joh02].

Lemma 1.2 Any topos X has a tensor product with 2 and this is (the topos whose sheaves

are) [2,8X]. This implies that for any topos X, we have the equivalence

Top(X x$,Y) ~[2,Top(X,Y)] (1.2)

1.2 Constructivism and geometricity

As mentioned in section 1.1 this thesis dwells in a universe of mathematical discourse
where the axiom of excluded middle and the axiom of choice do not exist. In other words
all our results are constructive.

Adhering to constructive mathematics guarantees that constructions and facts are
meaningful inside the sheaves of an arbitrary topos. Yet, this does not ensure that they

are preserved when transferred between different topoi.

Definition 1.3 We say that a construction is geometric when it is preserved by the inverse

image of geometric morphisms.

Geometric constructions include constructions that can be formalised in terms of finite
limits, arbitrary colimits, epiness, monicness, (Kuratowski) finiteness, existential quantifi-
cation, universal quantification over finite objects, free algebraic constructions (including
free essentially algebraic constructions, see section 5.5), natural numbers and others, al-
though we shall be basically using the ones mentioned.

A large part of this thesis purports to ascertain the existence of geometric counter-
parts for structures that are fundamentally non geometric, namely structures related to
stably compact locales and perfect maps. In chapter 3 we represent perfect maps between
stably compact locales using certain homomorphisms between strong proximity lattices.
The latter are geometric being homomorphisms between geometric structures. In chap-

ter 5 we demonstrate that sheaves over stably compact locales (non geometric structure)
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are equivalent with “B-sheaves” over strong proximity lattices. Finally, in chapter 6 we

essentially construct the geometric counterpart of a geometric morphism
f:Sh(X)— Sh(Y)

induced by a perfect map f: X — Y between two stably compact locales.

Geometricity is obviously more restrictive than constructivism. On the other hand
there is much to be gained if one abides its rigour. After all, one of the properties of
this versatile entity called Grothendieck topos is that it classifies geometric theories. We
proceed to outline how the construction of a geometric morphism between two topoi can
be facilitated by geometricity.

By a geometric transformation F7 between two geometric theories Tx and Ty we mean
a geometric construction that takes models of the theory Tx inside the sheaves of a topos
Z to models of the theory Ty in the sheaves of the same topos Z. In more detail, suppose
that Tx contains sorts )71-, relations E, function symbols ﬁ-, constants ¢; and axioms :4: .
A geometric transformation amounts to specifying a geometric process according to which,

once a model of this theory in the sheaves of it any topos Z has been chosen, say

Mux = {XARMY (A A

(such that the axioms R; are valid), a new set of objects and arrows

F'(Mx) = {{Y}F(M)}, {SJF('/\/[)}7 {ggFM)}, {dgFM)}}

in §Z can be constructed which is a model of the theory Ty, i.e., the axioms B; are valid.
We are going to demonstrate that a geometric transformation uniquely specifies a
geometric morphism. We point out that the exposition in this section follows the one in

[Vic98a], where the following exists.
Lemma 1.4 Let Tx and Ty be two geometric theories and X = [Tx|, ¥ = [Ty]
their respective classifying topoi.

A geometric morphism F : [Tx| — [Ty] can be uniquely specified (up to equivalence)
by defining a geometric transformation F7 between the geometric theories Tx and
Ty.

II. As a consequence, functoriality of F is automatic

Proof. Indeed, the machinery is provided by the theory of classifying topoi. A geometric
transformation F7 can be applied to the universal model Ux of Tx in SX. FY(Ux) is



CHAPTER 1. BACKGROUND 8

then an object in Mod(SX,Ty) and (the object part of) the functor 7x in

TX
Mod(SX,Ty) ~ Top(X,Y) (1.3)

ox

specifies uniquely (up to isomorphism) a geometric morphism F': X — Y. =

Let us suppose now that we fix the base topos Z. We have stressed already that F7 is
a mere map between the objects of the categories Mod(SZ, Tx) and Mod(SZ, Ty). But
we can argue that geometricity also provides us with an arrow part so that F? becomes
a functor between these categories. Indeed, if F7 is applicable on the models of Tx in
the sheaves of any topos, we can choose this topos to be Z x $§, where § = "2 is the
Sierpiniski topos (see section 1.1). Hence, F'7 also specifies a map between the objects of
Mod(S(Z x $),Tx) and Mod(S(Z x $),Ty). The following lemma suffices to complete

the argument.

Lemma 1.5 Let Tx be a geometric theory and X its classifying topos. Let also Z be any

Grothendieck topos. Then the following are equivalent.
i Geometric morphisms Z — [HomTx].

1 2-cells between geometric morphisms

Z X

115 Geometric morphisms Z x $§ — X.
w Geometric morphisms Z — X5.

Proof. (i)< (ii): This is the classifying topos property, i.e. the equivalence 1.3.

(iii)< (iv): Because of the exponentiation adjunction.

(ii)<(iii): We look at the equivalence 1.2. The geometric morphisms of (iii) are the
objects of the category in the L.H.S. of 1.2. The 2-cells of (ii) are objects of the R.H.S.
category of 1.2. m

Lemmas 1.4 and 1.5 basically express the fact that we can construct geometric mor-
phisms between topoi by specifying their action on their points provided that this speci-
fication is geometric enough to make sense on points at any stage. This is an essentially
topological aspect of topoi. We are going to augment this aspect in chapter 4, where

we prove that in order to establish an adjunction F' 4 G between geometric morphisms
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F: X =Y :G, it suffices to show that there is a bijection of homomorphisms
F(z) — vy and * — Gy

where z,y are points of X and Y. There, naturality with respect to  and y comes for

free by geometricity.

1.3 Change of base for locales

Locale theory is a constructive way of doing topology. Nevertheless, a frame is not a
geometric structure; it is not preserved when pulled back along geometric morphisms. We
give an account of how the change of base for locales is treated. It will transpire that, in
some sense, a frame is not geometric but a locale is.

Let X be a locale inside the sheaves SZ of a topos. In section 1.1, we mentioned that
there is a locale X’ over Z that corresponds to X and this is obtained as the topos whose
category of sheaves is SX (the image of X under the functor §). Joyal and Tierney prove
the following in [JT84].

Theorem 1.6 If X' — Z is a locale over Z, then for any topos p : E — Z, there

is an equivalence between geometric morphisms E — X' and frame homomorphisms
QX' — QF inside SZ.

The above theorem is equivalent with the statement that the functor € is left adjoint
to the functor S. Since S is essentially an inclusion of locales into topoi, the adjunction
Q 4 S is a reflection of Top/Z in Loc(Z), usually referred to as the localic reflection.

Using theorem 1.6 we can easily prove the next lemma.

Lemma 1.7 Suppose that Z is a topos and X is a locale inside SZ. The locale q : X' —

Z over Z (i.e. a localic topos over Z) corresponds to X iff
XI

p\‘ '/q (1.4)
A

for any topos p : E — Z over Z, there is an equivalence between geometric morphisms

E

E — X' over Z and frame homomorphisms
QX — QF(= p.(Qsp)) (1.5)

inside SZ.
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Proof. Let it be the case that X’ corresponds to X. By theorem 1.6 we have that for any
topos E over Z, Top/Z(E, X'") ~ Fr(Z)(QX',QF). But since X' is just the topos over Z
whose sheaves are SX, we get

QX' 20X in 87

Conversely, let X” be any locale over Z such that, for any topos F over Z, Top/Z(E, X")
Fr(Z)(2X,QF). Since QX' = QX we also get Top/Z(E, X') ~ Fr(Z)(QX,QF). There-
fore, Top/Z(E,X') ~ Top/Z(E, X"). This gives the equivalence X’ ~ X’ over Z on the
grounds of X’ and X" having equivalent points (=models) at any stage over Z. m

Now, following Vickers [Vic97], instead of a locale X inside SZ (which corresponds
to a frame inside SZ), we can consider a frame presentation Fr(G|R) inside SZ. Then,
by the universal property of frame presentations, the frame homomorphisms of 1.5 are
equivalent to maps G — QF that preserve the relations R. The advantage is that frame
presentations, say in SZ, are geometric in the sense that they are models in SZ of a
geometric theory.

In short, a frame presentation is formally equivalent to an essentially propositional
geometric theory, i.e. a geometric theory with no sorts and hence no function symbols.
The generators of the frame presentation correspond to the relation symbols of the theory
and the relations to the axioms. The presence of the adjective “essential” signifies that
models of such a theory can contain objects corresponding to sorts that do not exist a
priori, i.e. objects other than subobjects of 1. These objects come into existence naturally
by manipulating the frame presentation geometrically (see an example in section 3.3). For
more on frame presentations as essentially propositional geometric theories, see [Vic99a).

Vickers (see [Vic97]) considers frame presentations brought into a particular form, the
“GRD” form. Using that, for a given frame presentation inside, say SZ, he constructs
the locale over Z that corresponds to this presentation. The following is the centrepiece

result pertaining to the change of base for locales ([Vic01], corollary 5.4).

Theorem 1.8 Let q : X — Z be a locale over Z that corresponds to a frame QX with
a frame presentation P in SZ. Let f : E — Z be any geometric morphism. Then the
locale over E that corresponds to the frame presentation f*(P) is given by the pullback in

Top
Exz; X —— X

q (1.6)

E / Z
Roughly speaking, the underlying idea in Vickers’ construction is that a frame may

~
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not be geometric, but free constructions are. So instead of pulling back a frame in SZ
along f : E — Z, we can first pull back its presentation and then obtain the frame that
f*(P) generates in SE.

Joyal and Tierney have investigated the change of base for locales in [JT84]. They
demonstrated that locales can be regarded as certain types of monoids in the symmetric
monoidal category of SUP-lattices (a SUP-lattice is a partial ordered set with all arbitrary
joins). A geometric morphism E — Z induces a functor f# that takes SUP-lattices
in SZ to SUP-lattices in SE ([JT84], proposition VI.1). Moreover, f# preserves the
symmetric monoidal structure of SUP-lattices and hence locales. Therefore, a locale X —
Z regarded as “a certain monoid” in the category of SUP-lattices inside SZ can be pulled
back along a geometric morphism f : E — Z. They first proved that the locale over E
that corresponds to f#(X) is given by the pullback diagram 1.6.

1.4 Stably compact locales - the extended Priestley duality

Definition 1.9 A map f: X — Y between two locales is perfect iff f. preserves directed
joins, i.e. it is Scott continuous. In literature, perfect maps are more usually referred to

as Semi proper maps.

Lemma 1.10 A map f: X — Y between two locales is perfect iff for any b € QY and
any a € QX with b < f.(a), there is ' < a such that b < f.(a’).

Proof. 77 m

Definition 1.11 A locale X is stably locally compact iff the following conditions are sat-
isfied.

(i) X is locally compact, i.e. a =\/'{a;|a; < a} for any a € QX.

(i) The way below relation of the frame QX is meet-stable, i.e. a K bj,a K by = a K
b1 Aby in QX.

Definition 1.12 A locale X is stably compact iff, in addition to the conditions of defini-

tion 1.11, we have
(i) X is compact, i.e. 1 <1 in QX.

We are going to denote by StKLoc the category of stably compact locales and perfect
maps.

The following lemma is proved by Banaschewski & Briimmer in [BB8S].
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Lemma 1.13 IfQX is the frame of a stably compact locale, the set of its Scott-open filters
partially ordered by inclusion is the frame QX of a stably compact locale. Its directed joins

are unions, its binary meets are intersections and its binary joins are given by
KVL={a€cQX|3a1 € K (and) ag € L: a > aj Naz} for any K,L € QX
For any Scott-open filter K € QX, K = U'{fala € K} and hence

K < L iff 3a € QX such that K Cfa C L

There is the following well known fact.

Lemma 1.14 Let f : X — Y be a continuous map between two stably compact locales.

Then the following are equivalent.

(i) f is perfect.

(ii) f* preserves the way below relation <.
(11i) For any L € QY , 1 f*[L] € QX.

Proof. (i)= (ii): Let by < by and f*(b2) < V! S. Then we have

by < f*(\/TS) (because f* - fy)
by < \/ " f.(s)|s € S} (by assumption)
=3s€S: b < fus) (Thy is Scott open)
= f*(b1) < s (becausef™ - fy)

Therefore, f*(b1) < f*(b2).
(ii)= (i): We shall prove that, if f* preserves the way below relation, then for any
a € OmegalX,

fila) =\ b e QY|f*(b) < a} (1.7)

It can be easily checked that given 1.7, f, indeed preserves directed joins. To prove 77,
first we observe that f*(b) < a implies f*(b) < a and hence b < f.(a). So the R.H.S. of
1.7 is bounded by the L.H.S.. For the other direction, we observe that fi(a) = \/'{b €
QY |b < f«(a)} because Y is locally compact. But b < fi(a) implies that f*(b) < f*f.(a)
because F* preserves the way below relation and so that f*(b) < a because f* - f..
(il)=(iii): Trivially, T f*[L] is a filter. We show that T f*[L] is Scott open. Let
1) < V1S for some b in QY. Because L is Scott open and QY is locally compact,
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there is b € L with & < b. This and perfectness of f implies that f*(b') < f*(b). So, by
definition of the way below relation, there is s € S such that f*(b') < s which asserts that
s el f*[L].

(iii)= (ii): Let by < be in QY and f*(b) < \/1'S. We consider the set

M =T {f*(c)|bp < c}

The set T b1 is a Scott open filter, therefore by assumption, M is a Scott open filter and
V'S € M. So there is s € S with s € M, i.e. s> f*(c) for some ¢ with by < ¢. We
deduce that f*(b1) < s by the fact that f*(b1) < f*(c). m

An important class of stably compact locales is the compact regular locales. A locale
X is regular iff for any a € QX, a = \/'{a; € QX|a; € a}. In any frame QX, we say that
b < a (b well inside a) iff there is ¢ € QX such that bAc =0 and aV c= 1. The fact that

a compact regular locale is stably compact transpires from the following.

Lemma 1.15 If X is a compact reqular locale and a,b € QX , then
bZaebka

Proof. Let b € a and a < \/' S. Then we have that 1 < =bVa < =bV\/ S = VT{—J)\/S\S €
S}. But 1 < 1 since X is compact, so there is s € S such that 1 < —=bV s which implies
b <s.

Conversely, let b < a. X is regular, so a = \/'{a;|a; € a}. Consequently, there is
aog € a with b < ag. Obviously it holds that bAag=0and aVay=1,ie. b<a. m

Definition 1.16 A map f: X — Y between two locales is proper iff it is perfect and in

addition it satisfies the coFrobenius condition
fela Vv f5(b)) =bV fi(a) foralla € QX,be QY (1.8)

Recall that a map f : X — Y between two topological spaces is proper iff f~! sends
compact subsets to compact subsets, or equivalently, iff it is closed and has compact fibres.
Vermeulen’s exposition [Ver94] on proper maps between locales contains the following

results.

Theorem 1.17 (i) Proper maps are pullback stable in Loc, i.e. in the following pull-
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back,
Xx, v 22 Ly
p1 h (1.9)
x_—J1 .z

if h is proper then py is proper. Also the Beck-Chevalley condition holds, i.e.
propy = frohy

(i) Proper surjections are coequalisers of their kernel pair.
(iii) A map f: X — Y, where X is compact and Y is regular is always proper.

In section 2.3 we show that items (i) and (ii) of the theorem 1.17 are true for perfect
maps if we substitute pullbacks with lax pullbacks and coequalisers with lax coequalisers
respectively.

To put the scope of this thesis into a perspective, we now turn to the full subcategory of
StKLoc comprising the coherent (or spectral) locales (see [Joh82], I1.3) and perfect maps.
We denote this category as CohLoc. By the term “Priestley Duality” we conventionally
understand the equivalence

CohSp ~ OStoneSp (1.10)

where CohSp is the category of coherent spaces (the spatial counterpart of coherent
locales) and perfect maps and OStoneSp is the category of ordered Stone spaces and
monotone continuous maps. The equivalence 1.10 was effectively first proved by Priestley.
She actually showed the duality DLat”? ~ OStoneSp which together with the generalised
Stone representation DLat? ~ CohSp yields 1.10, thus attaching the term “duality” to

what is usually expressed as an equivalence. The localic version of the Priestley duality
CohLoc ~ OStoneLoc (1.11)

was proved by Townsend in [Tow97] (see also [Tow96]).
Banaschewski, Briimmer and Hardie introduced the notion of a compact regular biframe
in [BBHS83]. It is a triple (L, L1, La), where L is a compact frame and L;, Ly are two sub-

frames of L that generate L. L, and Lo are equipped with two relations defined as follows.

a1 % a9 in Ly iff there is b € Ly such that a; Ab=0and as Vb= 1.
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b1 X by in Lo iff there is a € L1 such that by Aa =0 and by Va = 1.

The subframes L; and Lo are also required to fulfill the conditions
Vee L c=\/{de Lij|ld=c}

for ¢ = 1,2. It follows that L is the frame of a compact regular locale. A biframe
homomorphism (L, Ly, Ly) — (L', L}, L}) is a frame homomorphism [ : L — L’ that
also satisfies ¢ € L; = [(c) € L}, for i = 1,2. We denote by KR2Fr the category of
compact regular biframes and biframe homomorphisms.

Banaschewski & Briimmer proved in [BB88] that there is the following duality
StKLoc ~ KR2Fr?

This duality is exhibited by assigning a biframe (L, L1, L) to any stably compact locale
X, where the frame L; is the frame of the closed nuclei on X, Lo is isomorphic to the
frame of Scott-open filters of X and L is stipulated to be the frame generated by L; and
Ls. Townsend in his thesis [Tow96] gave a localic definition of compact regular ordered

locales and proved the duality
KR2Fr ~ KRegPos”

where KRegPos is the category of compact regular ordered locales and monotone con-

tinuous maps. This establishes the equivalence
StKLoc ~ KRegPos

The above equivalence will be referred to as the extended localic Priestley duality. Note
that the classical extended Priestley duality, which says that the category of stably com-
pact spaces and perfect maps is equivalent to the category of compact pospaces and mono-
tone continuous functions, is usually attributed to Nachbin ([Nac50]). The term pospace

is used here for a (necessarily) Hausdorff space equipped with a closed partial order.

1.5 Various compactness definitions for topoi

We have mentioned that proper maps between locales are defined by stipulating that they
satisfy a lattice theoretic condition (definition 1.16). Johnstone has defined proper maps in

[Joh79] (in this paper he actually calls them “perfect”) by giving a much more topological
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characterisation.

Definition 1.18 A map f : X — Y between two locales is proper iff it renders X

compact as a locale in the sheaves over Y .

The two definitions are proven to be equivalent by Vermeulen in [Ver94]. A special case

of this equivalence, is the well known fact that a locale X is compact iff the map
' X —1

is proper, i.e. X is compact in Sets. In fact, when the codomain of a map is the terminal
locale 1, the coFrobenius condition is redundant in definition 1.16 as it is implied by Scott
continuity of !.. For a short constructive proof of this last fact see [Tow96], below theorem

3.2.2. Alternatively, it is easily observed that the statement that X is compact, i.e.

;
\/521:>E|S€S: s>1

is logically equivalent with the statement that the global sections functor !, has the prop-

erty
LV Hsib) =V H{l(s0)}
where {s;} = S is a collection of subobjects of 1 in Sh(X).

Definition 1.19 More generally, a map f : X — Y between two locales renders X
compact inside the sheaves of Y when the direct image functor f. preserves colimits of
diagrams {s;} of subobjects of 1 in Sh(X), indexed by Sh(Y)-internal filtered categories
(see [Joh79]).

Johnstone took a step further and defined a proper geometric morphism f: X — Y
between two arbitrary topoi to be one that renders f.(£2sx) compact lattice object inside
the sheaves SY. This amounts to the same condition as that of definition 1.19 with the
notational difference of SX and SY instead of Sh(X) and Sh(Y).

Tierney proposed a stricter condition for properness which was studied by Lindgren
in his thesis [Lin]. Following Moerdijk and Vermeulen [MV97] we call the geometric
morphisms that satisfy the Tierney-Lindgren condition tidy.

Definition 1.20 A geometric morphism f: X — Y is tidy iff

fi(colimies{ci}) = colimies{ fe(ci)}

where {c;} is a diagram of objects of SX indexed by a SY -internal filtered category.
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Definition 1.21 A topos X is strongly compact iff the direct image functor of the essen-

tially unique geometric morphism ! : X — 1 is tidy.

Example 1.22 ([MV97], III1.1.1) Any coherent topos or compact Hausdorff space is a

strongly compact topos.

With the expression “a diagram of objects of SX indexed by a SY-internal filtered
category” we mean an object of the category SX/ 7, where J is an internal category in
SY. We refer the reader to [Joh77] for more on colimits of internal diagrams, or to section
6.8 where we briefly outline colimits of topos internal diagrams and give some more specific
pointers in literature.

We mention that in her thesis K.Edwards first studied topoi with the property of
definition 1.21 (strongly compact topoi).

Moerdijk and Vermeulen in their rather exhaustive monograph on compactness and
regularity conditions for topoi [MV97], investigated the properties of proper and tidy maps
providing (among other things) a different proof of a fact first established by Lindgren.

Theorem 1.23 In the pullback in Top,

D2

XxzY Y
n h (1.12)
x—1 .z

if h is tidy then py is also tidy. Furthermore, the induced natural transformation
[0 he = prs o pi (1.13)

is an isomorphism, i.e. the Beck-Chevalley condition holds for pullbacks of tidy maps in

Top.

Theorem 1.23 about tidy maps is the topos analogue of theorem 1.17 about proper
maps. In [MV97], the authors prove that proper geometric morphisms are also pullback
stable and the natural transformation of expression 1.13 is a monomorphism if A is proper.

It is reasonable to pose the question: what is a topos analogue of perfectness? By
definition (1.9) perfect maps f : X — Y between locales have defining frame homomor-
phisms whose right adjoints preserve joins of directed subsets of QY and directed subsets

of QY are diagrams of elements of (1Y indexed by a filtered category in the sheaves of
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the base topos Sets! (i.e. where the frames QX and QY live). We point at a class of

geometric morphisms introduced by Moerdijk and Vermeulen called relatively tidy.

Definition 1.24 Let X — B and Y — B be two topoi in Top/B. Then a geometric
morphism f : X — Y is relatively tidy (relative to B) iff f. preserves colimits of diagrams

of objects in SX indexed by a SB-internal category.

Compared with tidy maps, relatively tidy maps possess good stability properties not
under pullbacks but under lax pullbacks in Top. A lax pullback is an example of a 2-
categorical limit and always exists in Top. For any two geometric morphisms with common

codomain it consists of a square
U2
X=zY ——Y

t 7 h (1.14)

f

X A

with the universal property that it commutes up to a 2-cell 7 : fo1¥; = hodds. Lax
pullbacks are unique up to equivalence. The 2-cell 7 and the adjunctions f* - f, and

¥5 4 ¥24 also induce a natural transformation f* o h, = 1, 0 95 in the following stages

lsx = va2.0v5 (the unit of the adjunction)
he = hyodg 095
he = fiod, 015 (because exists 7" : hy 0 oy = fi 0 V14)
ffohy = V1,005 (because f* fy)

The following result proven by Moerdijk and Vermeulen ([MV97], theorem 5.1) was in

part the motivation for chapter 2 of this thesis.

Theorem 1.25 Suppose that diagram 1.14 is a lax pullback of topoi over a base B. If h is
relatively tidy then ¥ is tidy. Furthermore, the natural transformation f* o h, = 914 095
is an isomorphism, i.e. the Beck-Chevalley condition holds for lax pullbacks of relatively

tidy geometric morphisms.

In this thesis we manifest the view that relatively tidiness is the topos counterpart

of perfectness with the following results. First, in complete analogy with relatively tidy

s it correct?
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maps in Top, we demonstrate (chapter 2) that a lax pullback of a perfect map in Loc
produces a proper map and that the Beck-Chevalley condition holds for this square. Also,
a consequence of the results of chapter 6 is that a perfect map between stably compact
locales is a relatively tidy geometric morphism between the corresponding topoi of sheaves
over these locales. A corollary to this, which improves example 1.22, is that a stably
compact locale is strongly compact as a topos.

We close this section with a historical note. Joyal and Tierney studied open maps of
locales and topoi in [JT84] establishing a paradigm in which the study of proper maps
of locales and topoi also fits. After all, openness and compactness/properness are dual

notions in topology and topos theory.

1.6 Locally ordered topological spaces

A stably compact space is equivalent to a compact pospace, i.e. a compact Hausdorff
space equipped with a closed partial order on its points, via the generalised Priestley
duality (section 1.4). In this section briefly describe the notion of a local pospace, i.e. a
compact Hausdorff space space equipped with a local partial order. This notion is due
to Fajstrup, Goubault and Raussen in [FGR98|. Local pospaces were introduced by the
authors in order to be used for a directed homotopy account of iterative concurrent systems

in computer science. The definitions here are spatial.

Definition 1.26 Let X be a Hausdorff space. A local partial order on X is a collection of
pairs {(a;, <q,)|i € I}, such that {a;|i € I} is an open covering of X and <, is a partial
order on the open set a; for any i € I, which in addition fulfills the following condition.

For any pair a;,aj, i,5 € I and any x,y € a; Naj, it holds x <4, y & x <q4; y.

Let {(a;, <q,)|7 € I} be a local partial order on a Hausdorff space X. Denote C the
open covering {a;|i € I'}. A refinement of this local partial order is a refinement D of the
open covering C' such that for any b C a, b € D and a € C| it holds for any z,y € b that
r<py < <,y. Two local partial orders on X are said to be equivalent iff they have a

common refinement. It can be proved easily that this is in fact an equivalence relation.

Definition 1.27 A Hausdorff space X together with an equivalence class of local partial
orders is called a locally partially ordered space, or locally ordered space.
A locally ordered space is a local pospace if there is a local partial order {(a;, <4,)|i € I}

such that all pairs (a;, <4, are pospaces. We denote a local pospace as a pair (X,C), where

C' is one of the equivalent local orders on X.
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Example 1.28 Consider the circle S' covered by three opens: a1 = {e” € S'|9 €
(=3n/4 <,7/2)}, az = {®9 € (7/4,7)} and a3 = {”|9 € (37/4,37/2)}. Each of
these opens is ordered by increasing . The circle together with the equivalence class of

{(ai, <q;)|i = 1,2,3} is a compact local pospace.

Note that in order to define a local order on S, one has to cover it with at least three
partially opens. In other words the intersection of any two opens in the local partial order
must be connected.

We finally give an account of the morphisms between local pospaces.

Definition 1.29 Let (X,C) and (Y, D) be two local pospaces. Then a continuous map
f+ X — Y is called a directed map (or dimap) iff there are equivalent local orders
C' ~ C and D' ~ D such that, for any a € C' and any b € D' and any x,y € a N f~1(b),
it holds

r <,y f(z) <o fy)



Chapter 2

Perfect Maps

This chapter takes it cue from the end of section 1.4 in the introduction. In section 2.1
there is a revision of Escardd’s patch construction for stably compact locales. In section
2.2 we prove that lax pullbacks of perfect maps produce proper maps in Loc. This is the
localic analogue of the result by Moerdijk and Vermeulen ([MV97]) according to which lax
pullbacks of relatively tidy geometric morphisms produce tidy maps (see section 1.5). Also
in section 2.2 we show that perfect surjections always emerge as lax coequalisers of their
kernel pair in Loc. Compare these two properties of perfect maps with the corresponding
ones for proper maps (Vermeulen [Ver94]): proper maps are pullback stable and proper
surjections always emerge as coequalisers of their kernel pair. Finally in section 2.4 we
demonstrate the bijection between perfect maps between stably compact locales and patch
continuous monotone functions. This is essentially generalised Priestley duality. Our proof

benefits from the insight of Escardd’s patch construction and is thus relatively short.

2.1 The patch construction

A major insight on constructing a biframe out of a stably compact locale was offered by
Escardé in his paper [EscO1]. He proved that the “total” biframe L is exactly the frame
of perfect nuclei on Q2X. By his definition, a nucleus is perfect iff it is Scott continuous.
More generally, he defines the patch of a locale X to be the locale PatchX whose frame
is the frame of perfect nuclei on 2X. Thus the patch locale of a stably compact locale is

a compact regular locale. Furthermore, we have the following.

Lemma 2.1 If X is a stably locally compact locale, the nuclei of the form

aNK a€QX and K € QX (2.1)

21
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constitute a base of Q(PatchX) ([Esc01], lemma 5.4).

e Fora € QX, we denote by a the perfect closed nucleus defined by a(b) := a Vb, for
any biQX. Li is exactly the frame of these nuclei. In the lattice of sublocales of X,

nuclei of the form a correspond to open sublocales.

e For any Scott open filter K € QX, we denote by K the perfect nucleus defined by
K(b) :=V{a = bla € K} for any b € QX, where = is the Heyting implication in
OQX. Lo is exactly the frame of these nuclei. In the lattice of sublocales of X, nuclei
of the form K correspond to compact fitted sublocales. A sublocale is fitted iff it is

an intersection of open sublocales.

The following result exists in [EscOlb] (proposition 5.3) which is basically an other

version of [Esc01].

Lemma 2.2 If X is a stably locally compact locale
K =\/{-bjb € K}
This implies that nuclei of the form
an-b abeQX (2.2)

also constitute a base of Q(PatchX).

Restricting to the case of stably compact locales, the patch construction is extended
to a functor
Patch : StKLoc — KRegLoc

determined by stipulating that for any map g : X — Y between two stably compact
locales
(Patchg)*(b) := ¢g*(b) and (Patchg)*(K):= 1 ¢*[K]

for any b € QY and K € QY. Note that although ¢*[K] is not necessarily a filter,
\A{a=bla € g*[K]} = \/{a = bla €T g*[K]} for any b € QX

Theorem 2.3 The functor Patch is the right adjoint of the inclusion inc : KRegLoc —
StKLoc, i.e. KRegLoc is a coreflective subcategory of StKLoc. The counit of the

adjunction has components ex : PatchX — X, for any stably compact locale X, defined
by
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for a € QX. Moreover, ex is a perfect surjection.

Proof. [Esc01], definition 2.4, lemma 2.5 and corollary 5.9. m

We close this section with briefly delving into spatial topology for the benefit of our
intuition. A sober space X is stably compact iff it is locally compact and finite intersections
of compact saturated subsets of X produce compact saturated subsets. A subset C' is
saturated if T C = C in the specialisation order of X. The patch topology on X is given
by considering the collection of opens in X and the complements of compact saturated
subsets in X. PatchX is a compact Hausdorff space and it can be naturally equipped with
a closed partial order, namely the specialisation order of X. A compact Hausdorff space
with a closed partial order is often called a compact pospace. Conversely, any compact
pospace (P, <) gives rise to a stably compact space Y, by stipulating that the opens of Y’
are subsets of P that are upper closed with respect to the order <.

A continuous function ¢ : X — Y between two stably compact spaces is perfect iff
it reflects compact saturated sets (c.f. lemma 1.14, item (iii)). The same set theoretic
function is a continuous monotone if viewed as a map PatchX — PatchY. Conversely,
if f: PatchX — PatchY is a monotone and continuous, the same set theoretic function
is perfect if viewed as a map X — Y. The category of stably compact spaces and perfect
maps is equivalent to the category of compact pospaces and monotone continuous func-
tions. The spatial analogue of the map ex : PatchX — X is the set theoretical identity
(which is 1-1 and epi but not an isomorphism in Top). Therefore, diagrammatically, we

have the trivial statement that

PatchX —Lv Patehy

135 €y (2.3)

g

X Y

for each perfect map g there is a unique monotone continuous function f that makes the
above diagram commutative and the converse. In section 2.4 we prove localically this

bijection between perfect and monotone (patch) continuous maps.
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2.2 Lax pullbacks in Loc

The category of locales and continuous maps is poset enriched in the sense that for any

pair of parallel continuous maps f,g: X =2 Y,
f<giff f1(b)<g"(b)VbeQy

By abusing the notation, for the rest of this chapter, we are going to denote by Loc the
poset enriched category of locales and continuous maps.

We recall that in a poset enriched category C, a lax pullback of two arrows h : b — ¢
and f : ¢ — ¢ is an object a . b together with two arrows p; : a C. b — a and

p2 :a C. b — bsuch that
e fop; < hops and

e For any object d and arrows ¢q; : d — a, q2 : d — b that satisfy foq < ho qo,

there exists a unique arrow e : d — a C. b such that ¢ = pjoe and gg = psoe.
In Loc lax pullbacks can be easily described by means of their frame presentations.

Lemma 2.4 In Loc lax pullbacks exist. In particular, the frame of a lax pullback

*

b2

XC,Y Y axXcC,y) 2 oy
p1 by h P 7 h* (2.4)
X / Z QX N 0z
s presented as
QX CZY)Z2Fr(QX @ QY (qua frame)|f*(a) @ 1 <1® h*(a)) (2.5)

and the frame homomorphisms p] and p5 are given by
pi=e®1 and p;=1e®1

Proof. We denote A the frame of the presentation. The maps (e®1)o f* = f*(e)®1 and
(l1® e)oh* =1® h*(e) are well defined frame homomorphisms QZ — A and trivially
ffla)®1<1® h*(a), for any a € QZ.

Also for any frame QS and maps ¢f : QX — QS and ¢5 : QY — QS such that
qi o f*(a) < g3 o h*(a) for any a € QZ, the frame homomorphism e* : A — Q.S defined
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on the sub-basic elements of A by stipulating
e :b®1—qf(b) and e*: 1®c— g5(c)

for any b € QX and ¢ € Y, induces the equalities g; = p1oe and g2 = psoe and is clearly
the unique such. m
Consider now the case where Y = X and f = h, i.e. the special case where the pullback

2.4 becomes the coequaliser

D2
XCEzX L X

b1

Z (2.6)

and X Cz X is the lax kernel pair of h. Let also X be a compact regular locale. We
contemplate the monic

< prop2 >
XEZX&»XXX

as a relation on the locale X. Recall that in any regular category C (and KRegLoc
is a regular category), a relation on an object X is a monic < p1,p2 > R — X x X
(equivalently, a subobject R C X x X). The relational composition R o R is the relation

oa| X paoa
RxxRC P 1 X P2 0az C X x X

where R X x R is the following pullback in C.

a
Rxx R R
ai D1
R—P | x

In this context, we have the following definition.

Definition 2.5 Let R — X x X be a relation on X (in a regular category C). R is a

partial order if the following three axioms are satisfied.
(reflexivity) The diagonal A : X — X x X factors through < p1,p2 > (equivalently A C R).
(transitivity) The map p1 o a1 X p2 o ay factors through < p1,p2 > (equivalently, Ro R C R).

(antisymmetry) If for an object Q, there are monics Q — R and Q@ — R¢, where R¢ is the relation
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< p2,p1 >: R — X x X (p1 and pa are swapped), then there is a monic Q — A
(equivalently RN R° C A).

For more on relations in category theory the reader is referred to [FS90].
Using presentations of frames, the proof of the following lemma is straightforward and

therefore omitted.

Lemma 2.6 Let h : X — Z be a continuous map and X be compact reqular. Then

<p,p2 > X Cz X — X X X is a reflexive and transitive relation on X.
If we make more specific demands on Y and h, we can further refine lemma 2.6.

Theorem 2.7 Let h : X — Z be a perfect map, X be compact reqular and Y stably
compact. Then X Tz X is a closed reflexive and transitive relation on X, i.e. X Tz X

s a closed sublocale of X x X.

Proof. By lemma 2.4, we know that the frame of X Tz X is given by the presentation
QX Cyz X) 2Fr(QX ® QX (qua frame)|h*(a) ® 1 < 1® h*(a), Va € QZ) (2.7)

To prove that X C5 X is a closed sublocale of X x X it suffices to demonstrate that the

relations in 2.7 are logically equivalent to the relation
s <0 forsomese QX ®NX

Because then we shall know that X £, X corresponds to the complement of the open s.
We claim that
s = \/ h*(a) ® —h*(a) (2.8)
aeQ”Z
where — is the Heyting complement in QX ® QX.
Suppose that h*(a) ® 1 < 1® h*(a) for any a € QZ. Then

s = \/ h*(a) ® —h*(a)

aeN”Z

= \/ (h*(a) ® 1 A1 ® —h*(a)) (meets of tensor products are computed componentwise)
aeN”Z

< \/ (1®h*(a) N1® —h*(a)) (by assumption)
acN”z

=\ (1@ (a) A=h*(a)))
aeNZ

= 1®0
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which is (isomorphic to) the bottom element 0 of X ® Q.X.

Conversely, assume that s < 0. Let a; < ain 2Z. Since h is a perfect map between two
stably compact locales, h*(a;) < h*(a). Furthermore, in the frame of a compact regular
locale, =% (lemma 1.15), so a; < a implies that h*(a;) € h*(a). By the definition of

the well inside relation, the last implication becomes
a; < a €QZ = h*(a)V-h*(a;) € QX (2.9)
Using this information we have:

Way@l = h*(\/ Waila; < a}) @1 (Z is locally compact)
= \/ Hh*(as)]a; < a} @1 (h* is frame homomorphism)
= \/ H(h*(a;) ®1)|a; < a}  (in general \/(ai ®b) = \/ai ® b)
= \/ h*(a;) ® h*(a) V =h*(a;)|a; < a}  (because of 2.9)
= V" (@) ®h* (@) V (h*(a:) © ~h*(a))|a; < a}
< VHa@hr*(a) Vv (h*(a;) ® ~h*(a;))|a; < a}
= (1®h*(a))V \/ h*(a;) ® ~h*(a;)]a; < a}
< (1®h*(a)) Vs (cf. 2.8)
< 1®h*(a) (s <0 by assumption)

Now, for Z a stably compact locale, let us consider the case of the map
ez : Patch(Z) — Z

where ¢ is the counit of the adjunction inc 4 Patch. Patch(Z) is compact regular and
ez is perfect (and surjective), therefore by lemma 2.6 and theorem 2.7, Patch(Z) C,
Patch(X) is a closed, reflexive and symmetric relation on Z. Additionally, we know (c.f.

lemma 2.2) that any open b € QPatch(Z) can be written as join of elements of the form
e*(a;) N —e*(a;) with a,a’ € QZ (2.10)

Lemma 2.8 Patch(Z) Cz Patch(Z) is an antisymmetric relation on Z.
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Proof. Let Patch(Z) Jz Patch(Z) be the lax kernel pair of e : Patch(Z) — Z

P2
Patch(Z) C; Patch(Z2) &3 Patch(2)

b1

€z

Z (2.11)

In other words, if Patch(Z) T, Patch(Z) is R, Patch(Z) J; Patch(Z) is what we
denoted as R¢ (compare with diagram 2.6). The frame QPatch(Z) Jz Patch(Z) is has

the “symmetric presentation” of 2.7, i.e. the relations are
1®e*(a) <e*(a)®1 for any a € QZ (2.12)
The above relation also implies that for any a € Q7
~(1@e*(a) =2 ~(e"(a) ®1) & 1@ ~e*(a) = —e"(a) @1 (2.13)

Now suppose that there is a sublocale i : Y «— PatchZ x PatchZ which is simultaneously
a sublocale of Patch(Z) Cz Patch(Z) and Patch(Z) Jz Patch(Z), i.e. there are monics

[:Y < Patch(Z) Cz Patch(Z) and m:Y < Patch(Z) J; Patch(Z)

It holds i*(by ® by) = I*(by ® ba) = m*(by ® be), for any by, by € Patch(Z) We denote
by q1,q2 : Patch(Z) x Patch(Z) = Patch(Z) the two projections. Let b be any open
in QPatchZ. Let {a;|i € I} and {a;|j € J} be opens in QZ such that b =V, ;(e*(a;) A
—e*(a;). We have

iogy(b) = F(b®1)
= FVE @) A (@) 9 )
2y
= Vi*(e*(ai) ®1A—e*(a;) ®1)

= V(e (0) 1) A" (e () © 1)
2y

= \/(l*(s*(ai) ® 1) Am*(—e*(aj) ® 1))

< \/(l*(l ®e*(a;)) Am*(1® —e*(ay)))
2y

= V@A ®e*(a)) Ai*(1® —e*(ay)))

.3
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= *1® \/(s*(al-) A —e*(ag)))
= i*(l@bj)
= oqi(b)

Similarly we prove ¢* o ¢f < ¢* o ¢5 and so that ¢; o i = g3 0 4. Hence Y is a sublocale of
the diagonal of Patch(Z) x Patch(Z). =

Corollary 2.9 The lax kernel pair Patch(Z) Cz Patch(Z) of ez : Patch(Z) — Z is

a closed partial order on Z.

So we have proved:

Corollary 2.10 (C) is a closed sublocale of PatchAxPatchA. Its presentation is (equiv-
alently) given by:

Q(C) = (QPatchA ® QPatchA (qua frame)| \/ ~a®a <0)
a€A

Hence, it becomes apparent that Patch(Z) Cz Patch(Z) qualifies as the sublocale
that corresponds to the closed partial order in Patch(Z) induced by the specialisation
order of Z. What we do next is to define monotone homomorphisms between two locales
Patch X and PatchY, where X, Y are stably compact locales.

Definition 2.11 Let f : PatchX — PatchY be continuous. Then f is monotone iff
there is a continuous map f' : PatchX Cxy PatchX — PatchY Cy PatchY that

makes the upper square in the following diagram commutative.

!/

PatchX Cx PatchX i» PatchY Cy PatchY

iX Z.Y
PatchX x PatchX fxf PatchY x PatchY (2.14)
p1| |P2 1| |92

PatchX PatchY
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By the definition of the cartesian product the two lower squares in the diagram are
always commutative, so an equivalent statement would be that f is monotone iff there
is a continuous map f’ : PatchX Cx PatchX — PatchY Cy PatchY such that

fopioig=qioigo f and fopyoiy =qgoigo f'.

2.3 Perfect surjections as lax coequalisers in Loc.

In this section we move away from thinking about the patch construction and we study
the more general case of perfect maps between arbitrary locales. It can be observed that
the above construction of (C) can be generalised for any perfect surjection h : QY — Z
and not just ¢4 PatchA — A.

We consider the case where h : Y — Z is perfect and f : X — Z is any continuous

map. Let X Cz Y be the lax pullback in Loc as depicted below using the lax pullback

square.
1
X,y 22 .y AXC,Y) <22 ay
n L h e®l1 L h* (2.15)
x4+ .z 0X " oy

The frame Q(X Tz Y) can be presented as

QX CzY) =Fr(QPatchX @ QPatchY (qua frame)| f*(a) ® 1 <1® h*(a), for a € QZ)

(2.16)
Let us note here that we cannot turn the presentation 2.16 into an equivalent presentation
like that of corollary 2.10. (X Cz Y) is not closed in general.

Next, we construct a preframe presentation of the frame 2.16. Preframes are posets
having all binary meets and directed joins, with the binary meets distributing over directed
joins. Johnstone and Vickers [JV91] have proved the preframe version of the coverage
theorem which states that frames can be presented as preframes with relations of a specific

form (playing the role of a preframe coverage):

PreFr(P(qua poset) | C') = Fr(P(qua join semilattice) | C')

where C are relations of the form AS < \/ZT AS; where S, S; are finite subsets of P and C
are join stable in the sense that if a relation of the above form is in C, then for any x € P
the relation A{zVy,y € S} < \/ZT Nz Vy,y € S;} is also contained in C'. So next we write

the frame presentation of Q(X Cz Y') in an equivalent form so that the preframe coverage
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theorem can be readily applied.
QX CzY)=Fr(QX @ QY (qua frame) | f*(a) @1 <1®h*(a), a € D7) (2.17)
which is equivalent to

Fr(j @k, j€QX, keQY | A(i®k)=NAj;® Nk,
V.Giok) =\ jiok,
V.iok)=jo\/ k

fa)®1<1®h*(a), a€QZ)

where j ® k are formal symbols in this stage. By defining j%k = j® 1 V 1 ® k we can
“accumulate” all the binary joins in the generators’ part of the presentation. Using %, the

equivalent presentation is:

Fr(j3k, j € QX,k € QY (qua join semilattice)|AjiBk = A;(5;3k),
JNki = N(GDEK),
ik =\ Gish),

ANk = V63 (@218)

and Ya € QZ,  (f*@)V{)Bk < BN (a)VE) (2.19)

where the first four types of relations generate the first three types of relations in the
previous presentation because they are join-stable. The fifth type of relations can be

expressed as the join of the relations
h*(a)®0 < 0%h*(a) with %k < j¥k

which is the least general join-stable expression equivalent with f*(a) ® 1 < 1® h*(a). By
a fairly standard procedure we can put the relations in the required form AS < \/ZT AS;
where S, S; are finite (so we do not need to do it explicitly), and therefore, by direct

application of the Johnstone-Vickers preframe coverage theorem:

QX CzY)=PreFr(j%k, j € QX k € QY (qua poset) | same relations as above)
(2.20)

Next, we seek an explicit form of the right adjoint of the map p] in the case where X,Y
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and Z are general locales and h is perfect. We define a function
Pl UXCzY) — QX

by PG @ K) = 5 A Fha(k) (2:21)
We need to show that this function is well-defined on Q(X Tz Y). To this end, we use
preframe techniques. The action of pj on j%%k, for any j € QX and k € QY is

P1(JBk) = j V [ ha(k) (2.22)

Lemma 2.12 The map p} : QX Cz Y) — QX is well defined.

Proof. Thinking Q(X Cz Y) in terms of the preframe presentation, we have to show
that p} is a preframe homomorphism. Expression 2.12 defines p} on the generators of the
presentation 2.20 and we need to demonstrate that it respects its relations. It is easily
checked that p} preserves the first four. In particular, relation 2.18 is preserved because
h is perfect and therefore h, commutes with directed joins. We need a little more work
about the fifth one. We need to prove that

Pi(iV fH(a)Bk) < p1(jFh"(a) V k)

for any j € QX, k € QY and a € 0Z We have:

he(k) <k (hs 4 h)

< h*(a)Vh*hi(k) < h*(a)VE

< h*(aV he(k)) < h*(a)VEk(h*isa frame homomorphism)

< aVhy(k) < ho(h*(a)VE) (he 4h")

& ff(aVhi(k) < f*he(h*(a) VE) (f* is monotone)

& PV ff(a)he(k) < f he(h*(a) V k) (f* is a frame homomorphism
IV @V (k) < GV Fha(ht(a) V)
S P @ V) < PGB (@) VE) (by definition)

and so p} preserves the fifth relation. So these two maps are well defined. m

So now we are ready for the following.

Lemma 2.13 The map p} defined by expression 2.21 or (equivalently) by 2.22 is the right

adjoint of p1. Furthermore, p1 is automatically perfect.
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Proof. The great advantage of having defined p} on a preframe presentation is that we
have already established that p} is a preframe homomorphism, i.e. it preserves finite meets

and directed join. We demonstrate now that p] is indeed the right adjoint of pj.

e Thinking Q(X Cz Y) as a preframe, the general element in it is written as VA Bk
for j € QX and k € QY. Therefore, the action of the composite pip} on an arbitrary
element is pip} (V! A j3%k) = VT A pip) (i) because p} is preframe homomorphism
and pj is a frame homomorphism. For this reason, in order to show that pipj(s) <s,
for any element s € Q(X Cz Y), it suffices to show that for any j%k € Q(X Cz Y),
pip) (1K) < jBk. We do that as follows

Pini(GBk) = pi(j Vv fha(k)) (by 2.22)
JV frhe(k)) @1

(
= (J®1)V(f h«(k) ®1) (by the tensor product property)
< (7®1)V (1 ®h*he(k)) (by the relation of presentation 2.17)
< (®1)V(A®Ek) (because h* - hy)
= (j®k) (by the definition of %)

e It is more straightforward to prove that pipi(j) > j, for any j € QY. Indeed we
have

Pipi(7) =p(i®1) = jAfh(l) = jAL =j > j
Where we used the fact that h, is monotone and so hy(1) =1 and f*h.(1) = 1.

This completes the proof of pj 4p}. =

Lemma 2.13 has an immediate important consequence.

Corollary 2.14 (i) Consider the lax pullback in Loc.

1
xc,y 22 Ly AXC,Y) 22 qy
D1 P/ h o1 P/ h*

x4 .z OX " oz

If h is perfect then py is proper.

(i) The Beck-Chevalley condition holds in lax pullback squares of perfect maps in Loc,
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i.e. with the notation of the lax pullback 2.15,
f* 0 ha = pra o (2.23)

Proof. (i) We have already shown in lemma 2.12 that p] is a preframe homomorphism
and in lemma 2.13 that pj = p1.. What remains to be verified is that p; satisfies the
coFrobenius condition (definition 1.16). Since pi, is a preframe homomorphism, it suffices
to show that

p1((GBE) V pi(J') = pi(GBk) vV §' V5, j € QX k € QY
We have

pi((GBR) Vi) = p((GBk) V (7/B0))
= pu((G vV J)Bk)
= (GVi)V (k) (by 2.22)
= J VIV h(k))

7'V p1s(jBk)

(ii) The Beck-Chevalley condition can be got out directly from the explicit form of p.
(expression 2.21); for any k € QY, we have p1.p5(k) = p1.(1®k) = 1A f*hi(k) = f*h.(k).
]

Consider now the special case of the lax pullback 2.15 in Loc with X =Y and f=h
still a perfect map. Then the Beck-Chevalley condition becomes

P1x 0Py = h* o hy (2.24)
By relying just on the above equality we are able to prove the following theorem

Theorem 2.15 Let h : X — Z be a perfect surjection between two locales. Then h is

the lax coequaliser of its kernel pair in Loc.

D2 h J2 -
XCzX L X Z UXCY) L, QX 0z
7o, | L A
D1 ‘ Pi \
g g
f/ f/* |

¥
w Qw
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Proof. We shall prove that a perfect surjection possesses the required universal property.
Suppose there is continuous map f : X — W such that pjf*(b) < p5f*(b), for any
b € QW. We need to demonstrate that there is a unique continuous map g : 2 — W,
such that f* = h* o g*. First we observe that if such a map g exists then it is clearly
unique since A* is an injection by assumption.

To prove existence, we claim that

is such a map. At first glance h, o f* is not necessarily a frame homomorphism because
h. does not in general preserve finite joins. However, we show that when h, is restricted
to the subframe A of QX with j € A iff pj(j) < p3(j), then h, is the inverse of h* (and
hence a frame homomorphism) and it obviously holds A D I'm(f*). If j € A then we have

h* o ha(3)

p1= o p3(j) (by 2.24)
p1x 0 P (j) (by definition of A)
JAR"oh(l) (cf. 2.21)

1Y

= Al =

For the other direction, we recall that the adjunction h* - h, implies h* o h.(j) < j.
This shows that h, : A — QZ is a right inverse of h*. The fact that h* is an injection
guarantees that h, is also a left inverse of h*. This in particular implies that the choice of

2.25 is the correct one since
B o (hoo f7) = f*

Remark 2.16 The elements j of QX for which pi(j) < p5(j) are referred to as the
elements equipped with laz descent data. We denote LDes(h) the poset of objects with such
laz descent data. In the above proof we effectively showed that LDes(h) is isomorphic to
0Z. When this happens, we say that “h is of lax descent”. We refer to [MV99] for a brief

description of lax descent in the more general case of topoi.
From the proof of theorem 2.15 we extract the following fact which will be evoked later.

Lemma 2.17 If h : X — Z is a perfect surjection between two locales, then h, o h* =

’idQZ
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2.4 The relation between perfect and patch continuous maps

In this section we return to our study of stably compact locales. We investigate the relation
of perfect maps between stably compact locales and monotone continuous maps between
their respective patch frames in order to reach a conclusion with the same content as the
classical one.

The following theorem relies on the fact that ex : PatchX — X is a perfect surjec-

tion!.

Theorem 2.18 (i) Let X andY be stably compact locales. If f : PatchX — PatchY
is continuous and monotone (in the sense of definition 2.11) there is a unique con-

tinuous function g : X — Y that makes the following diagram commutative.

PatchX —f> PatchY

EX ey (2.26)

(ii) Any map g that makes the above diagram commutative is perfect.

Proof. (i) We exploit the lax coequaliser result of theorem 2.15. For this reason we

construct the following diagram.

PatchX Cx PatchX I PatchY Cy PatchY
D1 | < |D2 Q| <|q
Patch X f » PatchY (2.27)
EX 2%
X -9 .Y

We sum up by saying that ex and ey are perfect surjections so they are the coequalisers
of their respective lax kernel pairs in Loc. The map f’ is the unique continuous map

that makes the two top squares commutative according to the definition of monotonicity

LPut reference.



CHAPTER 2. PERFECT MAPS 37

(definition 2.11). We have

eyoqr < ey ogqy (by construction of (C)y)
:>£yoqlof’ < Eyoqgof'

=c¢eyofop < eyo fopy (definition 2.11)

This means that the function ey o f is also a coequaliser of p; and ps. Hence, by the
universal property of ex there must be a unique ¢ : X — Y that makes the lower
diagram commutative which is the claimed.

(ii) Suppose that g is a map that makes the diagram 2.26 commutative with f continu-
ous and monotone. By the uniqueness of the right adjoint, the same diagram involving the
right adjoints of the defining frame homomorphism involved is also commutative. Starting

with this equality, we have the following implications.

gx OEXx = EyxO0 f*
:>g*OgX*05§( = 5Y*Of*05§(
= gx = ey« faoey (lemma 2.17) (2.28)

Now, in equation 2.28
€ is a frame homomorphism so it preserves directed joins.
exx preserves directed joins because ¢ xis perfect.

PatchX and PatchY are compact regular locales and it is known (first proved
by Vermeulen in [Ver94]) that any map between compact regular locales is proper.

Therefore, f is proper and this in particular entails that f, preserves directed joins.

Hence the function g, preserves directed joins as a composite of functions that do so. This
completes the proof of perfectness of g. m

The converse of theorem 2.18 can also be established by using the adjunction inc
Patch that Escardé demonstrated in [Esc01].

Theorem 2.19 If g: X — Y is a perfect map between two stably compact locales, then

there is a unique map f that makes the familiar diagram below commutative. Moreover,
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this unique map is monotone.

PatchX —f—> PatchY

EX €y (2.29)

g

X Y

Proof. All the ingredients of this proof are essentially provided by Escardé in [Esc01].
We recall that ¢ is the counit of the adjunction inc 4 Patch. Therefore, for any stably
compact locale Y

ey :inco PatchY — Y

is universal from inc to Y. This means that, if we consider the map goex (which is perfect
because both g and ex are), there is indeed a unique continuous map f : PatchX —
PatchY that makes the diagram 2.29 commutative.

This unique map is clearly Patchg. This comes out of the definition of the arrow part
of Patch (see discussion that precedes theorem 2.3) and the fact that ex : Patch — X

is defined by the frame homomorphism
a€eNX —a

where a is the closed nucleus corresponding to the open a.
It remains to prove that Patchg is monotone which is trivial if we consider the frame

presentation

Q(PatchX Cy PatchX) = Fr(QPatchX®@QPatchX (qua frame) |[a®1 < 1®a, Va € QX)
(2.30)
and the corresponding for Q(PatchX Cx PatchX). The map

f' := Patchg x Patchg
makes the two upper squares of diagram and it is well defined because for any a € QY

(Patchg)* ® (Patch)"'g(a® 1) = ((Patchg)*(a)® (Patchg(1))*)

g*(a) ® 1 (by the definition of Patch)

~

1® g*(a)
= (Patchg)* ® (Patchg)*(1 ® a)

IN
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Chapter 3

Finitary Representations of Stably

Compact Locales

3.1 Introduction

We have mentioned in section 1.4, the generalised Stone representation
DLat” ~ CohSp (3.1)

Suppose that one wants to obtain an analogous representation for stably compact spaces.
The lattices of stably compact locales are in general “more manifestly continuous” so
one would need an extra element on the distributive lattice structure that conveys this
continuity. It turns out that this extra element is an additional binary relation (referred to
as strong order), not necessarily reflexive, that imitates the way below relation of the frame
of a stably compact locale. More specifically, Jung and Stinderhauf considered in [JS96]
strong proximity lattices (see definition in section 3.2 below) and proved the equivalence
of the category of stably compact spaces and continuous maps with the category of strong
proximity lattices and certain relations. The essence of this equivalence is the fact that
the lattice of opens of any stably compact locale is always the rounded ideal completion
of some strong proximity lattice, where a rounded ideal is an ideal with respect to the
additional binary relation.

The idea of representing continuous domains as rounded ideal completions of sets
endowed with a “strong order” goes back to Smyth who introduced in [Smy77] the notion
of the R-structure. An R-structure is a set A with a transitive binary relation (<) such that
for any a € A, | a:= {d’ € Ald’ < a} is <-directed. It follows that any continuous dcpo
D is the rounded ideal completion of some R-structure, namely the R-structure (ptD, <)

40
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where ptD is the set of points of D and < the way below relation of D.

The primary reason we are interested in representations of stably compact locales with
strong proximity lattices is that the theory of strong proximity lattices is geometric and
is thus preserved when pulled back by means of the inverse image functors of geomet-
ric morphisms. Moreover, we are interested in representing perfect maps (rather than
general continuous maps) between stably compact locales as certain maps between the
corresponding strong proximity lattices. To this end we introduce the notion of a strong
homomorphism between two strong proximity lattices.

More analytically, this chapter is organised as follows. In section 3.2 we introduce
strong proximity lattices and it is shown that if B is a strong proximity lattice then its
rounded ideal completion RIdI(B) is the frame of a stably compact locale. In section
3.3, we momentarily forget about RIdI(B). Instead, given a strong proximity lattice B,
we consider a particular presentation of a frame QRSpec(B). By treating this frame
presentation as an essentially propositional geometric theory, we characterise the points of
the locale RSpec(B). Then we prove that RIdI(B) ~ RSpec(B). In section 3.4, we start
from an arbitrary stably compact locale X and we construct a strong proximity lattice
BX. In section 3.5, we make the constructions RSpec and B functorial: We introduce the
notion of a strong homomorphism between two strong proximity lattices and we construct
a perfect map RSpec(u) : RSpec(B;) — RSpec(Bs2) out of a strong homomorphism
u : By — Bj and conversely, a strong homomorphism Bf : BXy — BX; out of a
perfect map f : X7 — X5 between two stably compact locales. Finally we show that
RSpec o B = idstKLoc- In section 3.6 we revisit the points of the locale RSpec(B) with
the purpose to investigate how a strong homomorphism p : Bo — Bj acts on the points
pt o RSpec(B;) — RSpec(Bs).

3.2 Strong proximity lattices

We introduce the notion of strong proximity lattices and their basic properties. All the

definitions and results of this section were established by Jung & Siinderhauf in [JS96].

Definition 3.1 A strong prozimity lattice (B,\,V,=<) is a distributive lattice with an

additional relation < which is transitive and interpolative and satisfies the following:
(i) ifa<b<c<d then a<d.
(ii) if a < b; (i € Ifinite) then a < Ab;.

(iii) if a; < b (i € Ifinite) then Via; < b.
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() if a < V;b; (i € Ifinite) then a < Vb, for some b; < b;.
(v) if Niai < b (i € Lfinite) then Via; < b for some a; = a;.
Remark 3.2 In general, a < b does not imply a < b.
Remark 3.3 The theory of strong prozimity lattices is a geometric theory.

It can be readily noticed that strong proximity lattices are self-dual (B = B°P), because
of the symmetry of its definition. We will be referring to the additional relation < as the

strong order. We define ideals and filters with respect to the strong order.

Definition 3.4 Let B be a strong proximity lattice. A rounded ideal is a subset I of B
such that

(i) T is lower closed with respect to <: if a € I and a’ < a, then o’ € T
(i1) I is rounded: if a € I, then there is ' with a < a' and o’ € I.
(iii) I is V-closed: if a,b € I thenaVbe I.
(iv) Lel.

The definition of a rounded filter is the dual.
A prime rounded filter is a filter F C B which in addition possesses the property that
for any pair a,b of elements of B withaVbe F,a€ F orbe F.

We shall always be denoting by | and 1 the lower closure and upper closure with
respect to the strong order <. Note that properties (i) and (ii) of definition 3.4 can be
expressed respectively as | I C I and | I O I. Hence, (i) and (ii) can be substituted by
the property

=1

Similarly, a filter of B is a subset of B such that T FF = F and F' is A-closed. It is easy
to check that the subsets | a and T a, a € B are rounded ideals and filters respectively
(properties (iii) and (ii) respectively of definition 3.1).

Also we remark that if I is a rounded ideal then I is a weak rounded ideal, i.e. a
lower closed subset of B with respect to the weak order < that also satisfies properties
(ii) and (iii) of definition 3.4. For if I is a rounded ideal and a’ < a with a € I, then by
!

roundedness there is @’ € I with a < a’
3.1(i)). Therefore a’ € I.

and so @’ < a < a” or d < da” (by definition
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Lemma 3.5 Let I be an ideal in a strong prozimity lattice B. Then I =J'{| b|b € I}

Proof. If a € I, then by roundedness there is an element b € I with a < b. Therefore,
a €] b and this shows that I € U'{| b|b € I}. Ifa < band b € I, then a € I because
| I =T and this shows I D U'{] b|b € I}. The union is obviously directed, for if a; € I
and ag € I, then the principal rounded ideal | (a; V ag) is a superset of both | a; and
lag. m

It is well known that the ideal completion of a distributive lattice yields a a frame. We
prove that the rounded ideal completion of a strong proximity lattice yields a frame of a

stably compact locale.

Theorem 3.6 Let B be a strong proximity lattice. Let RIdI(B) be the set of rounded ideals
of B partially ordered by set inclusion. Then RIdI(B) is a frame of a stably compact locale.

Its binary meets, directed joins and binary joins are computed as follows:
(i) ForI,J € RIdI(B), INJ=1NJ.
(i) For {I; € RIdI(B)} a directed family, /' I, = U I;.

(11i) ForIy,..., I, € RIdl(B) a finite family, Vi ,1; = {a € B|3a; € I1,...,a, € I, with a <
Vitja;}

The way below relation of RIAI(B) is given by
I < J iff da € J such that I C| a(C J)

Proof. Obviously I1 A I> is a rounded ideal if I; and I> are. It is easy to show that
U' I; is a rounded ideal if {I;} is a directed family of rounded ideals. Indeed, obviously
! UT I, = UT I;. Let ay,a9 € UT I; and {I;} is a directed family of rounded ideals. Say
without loss of generality that a; € I1 and ag € Is, where I, Is are two rounded ideals of
the family. By directedness there is an ideal I3 in the family such that I; C I3 and I C I3.
This implies that a1, a9 € I3 and I3 is V-closed, hence a1 V as € I3 and so a1 V ag € L_JT I;.
It is also easy to show that I V J is a rounded ideal if I and J are. We check easily
that | (I vV J) =1V J (using the transitivity and interpolation property of <). Also, if
a,b € IV J, then there are a1 € I,ao € J and by € I and by € J such that a < a1 V as
and b < by V ba. This gives a < a; Vag Vb Vby and b < a; Vaz V by V by (using property
(i), definition 3.1). The last pair of inequalities yields a Vb < a1 V ag V by V by by applying
property (iii) of definition 3.1. Now, a1 V by € I and ay V by € J and therefore a V b is an

element of IV J according to the definition.
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We need to show that the binary join corresponds to the least upper bound in RIdl(B).
If I,J are two rounded ideals then clearly IV J is an upper bound of I and J, for if (say)
a € I, then roundedness guarantees that there is ¢’ € I with a < ' and therefore
a < a'veeb, where b is any element of J. Let K be any rounded ideal and simultaneously
an upper bound of I and J. Then if a is an element of I V J, there are a; € I and ay € J
such that a < a; V ag. Now K contains all elements present in I and J, so a;,a2 € K.
Also K is V-closed and so a1 V as € K. Finally | K = K, which proves that a € K, i.e.
that IV J C K.

For a directed family {J;} of rounded ideals and a rounded ideal I we have that

INN' = Ini=

U'unaz) = V'UaAg)

% A

We will show that the binary joins also distribute with meets. Let I,.J, K three rounded
ideals. It can be easily checked that (I AJ)V (IANK)C IA(JVK). For the opposite
direction, let a € I A (JV K). Then a € I and a < a1 V ay for some a; € J and ay € K.
By roundedness of I, there is a’ € I such that a < @’. By applying the property (ii) of
definition 3.1 we get a < a’ A (a1 V ag) or a < (a’ Aay) V (a’ A az) and this demonstrates
thatae (IANJ)V (I ANK).

Up to this point in the proof we have effectively established that RIdI(B) is indeed
a frame. As always the finite joins are computed inductively out of the binary joins and
arbitrary joins can be got out of the directed and finite ones. Also the above demonstration
suffices to prove that the arbitrary joins distribute over (binary and hence) finite meets.

Now suppose that I < J in RIdI(B). By lemma 3.5 J = J'{] b|b € J} and so there
is b € J such that I C| b (and obviously | b C J). Conversely, if there is b € J such that
I C|bC Jand {[;} is a directed family of rounded ideal with J C UZT I;. By assumption
b € J, which implies that there is index i such that b € I;,. I;, is rounded and so there is
b’ € I, such that b < V' and therefore | b C I;,. This together with the assumption I C| b
yield I C I;,.

Next we prove that RIdI(B) is a continuous lattice, i.e. that for any rounded ideal I,
I = UY{I; € RIdI(B)|I; < I}. We show that I € J'{I; € RIdI(B)|I; < I}. To that
end, let a € I. Evoking roundedness, there is an element a; € I such that a < a; and,
subsequently, an other element as € I such that a; < as. The element a is contained in
the rounded ideal | aq and obviously | a1 C| a9, i.e. | a1 < I. Therefore a € UT{L; €
RIdI(B)|I; < I}. The inclusion I D U'{I; € RIdI(B)|I; < I} is obvious from the fact



CHAPTER 3. FINITARY REPRESENTATIONS OF STABLY COMPACT LOCALES45

that < entails < in RIdI(B).

The fact that < is stable under meets is an immediate result of the axioms of strong
proximity lattices. Suppose that I < I and I < I which we proved that is equivalent to
the fact that there are a € I; and b € I such that I C| a and I C| b. Now a Ab < a and
a/Nb < b and by the comment just before lemma 3.5 this implies that aAb € [1NIy = 11 A 5.
Also for any element ¢ € I, ¢ < a and ¢ < b by assumption and therefore ¢ < a A b by the
property (ii) of the definition 3.1. Hence I C| (aAb) and so we establish that I < Iy A Io.

Finally, we show that RIdI(B) is the frame of a compact locale, i.e. that the top
element of RIdI(B) is compact. Let 1 and T be the bottom and top elements of B as
a distributive lattice. If we implement property (ii) of definition 3.1 with the index set I
being empty we get that a < A = T, for any a € B. Similarly, using the property (iii)
of definition 3.1, we get V) = L < a, for any a € B. In particular, T < T which implies
that | T € T C T which can be written as

BC|TCB

which amounts to RIdI(B) being the frame of a compact locale. ®

The next lemma is almost trivial but we place it here for future reference.
Lemma 3.7 Let B be a strong proximity lattice. Then in RIdl(B),
(1) (La)A(1b) =] (aAb).
(i) | av | b=]| (aVD).

Proof. (i) If c€ (L a)A(l b) = (]l a)n (] b), then ¢ < a and ¢ < b, so by the defining
properties of strong proximity lattices, c < a Ab. If ¢ < a A b, then ¢ < a Ab < a and
¢ <aAb<band hence c €] (aNb).

(ii) Obviously | (aVbd) C (L a)V (| b). Alsoif c € (| a) V (| b), then, by the definition
of binary joins in RIdl(B), there are ' < a and b’ < b such that ¢ < o’ V. But ' <b
and b’ < b implies @’ VI’ < a Vb and hence ¢ < a V b which entails that ¢ €] (a V). =

3.3 Presentation of frames of stably compact locales

The subject of this section is to write presentations of frames of stably compact locales
using strong proximity lattices and then argue geometrically about the points of such
locales.

We start with some generalities about frame presentations as essentially propositional

geometric theories. The reader is also referred to section 1.3. Let Tx be an essentially
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propositional geometric theory, i.e. a geometric theory that has no (primitive) sorts and
(hence) no function symbols, only nullary relation symbols R; and axioms A;. Such a
geometric theory, after a formal modification is equivalent to a frame presentation; the
relation symbols are the formal generators of the presentation and, in the absence of
sorts, the axioms on the relations can always be written in equational form A; = Ao,
where each expression A; is a join of finite meets of generators. Conversely, a frame
presentation readily yields a propositional geometric theory where the generators are the
relation symbols and the equational relations are the geometric axioms on those relation
symbols.

Now let Tx be a propositional geometric theory that corresponds to a presentation of a
frame €2X. Then the standard construction of the syntactic site of a geometric theory Tx
(e.g. the one in [MM92]) results to the site (X, J), where J is the Grothendieck topology
that assigns to each a € QX the subfunctors of the representable presheaf yox(a) that
are the open covering sieves. The sheaves over the site (22X, J) is just SX, the topos of
sheaves over the frame QX. Adhering to the notation that displays topoi as generalised
topological spaces, we can write that the classifying topos of the geometric theory Tx is
the locale X.

Since such a geometric theory has no sorts then a model M)Z( of Tx inside the sheaves
of a topos Z is obtained by identifying its relation symbols R; with subobjects of the
empty product of objects in this topos, i.e., with subobjects of the terminal object 15z
in such a way so that the axioms are valid. It is important to stress that a model of
the theory Tx in SZ can ultimately comprise not only these interpretations R; of the
primitive relation symbols R; but also other objects that are constructed geometrically,
i.e. by means of finite limits and arbitrary colimits. A model of the theory Ty inside SZ
is equivalent to a geometric morphism Z — X and the latter is a point of the locale X at
stage Z. Therefore, the models of a propositional geometric theory are equivalent to the
generalised points of the locale that this theory corresponds to. Specifying the points of
a locale at any stage Z (Z being a Grothendieck topos) completely determines the locale
itself.

Before we focus on frame presentations of stably compact locales, let us recall that

given a distributive lattice D, its ideal completion is isomorphic to the frame presented as
Fr <D (quaD.L.)| > (3.2)

(“D.L.” stands for distributive lattice). The points of the locale that this frame defines

are prime filters of D and these are equivalent to lattice homomorphisms D — €.
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We define the following refinement of the presentation 3.2.

Definition 3.8 Let B be a strong proximity lattice. We define RSpec(B) (rounded spec-

trum of B) to be the locale whose frame is presented as
QRSpec(B) = Fr < B (qua D.L.) | b=\/{d'|d’ < a} > (3.3)

We turn the frame presentation 3.3 into the equivalent propositional geometric theory,
which we denote Trgpec(p)- In accordance with the preceding discussion the relation sym-
bols of Trgpec(p) correspond to the elements of B and the axioms of Trgpec(p) correspond

to the properties of a distributive lattice plus the extra axiom in the presentation 3.3.

Definition 3.9 Given a strong prozimity lattice B, let Trgpec(p) be the geometric theory

presented as follows.

relations: a relation symbol Fb C 1 for each element b € B
T < Fr.
ﬁa/\b =4 ﬁa A ﬁb.

axioms:

1

2

3. LeF). Axioms 1-4 correspond to the
4. Fup e FuV E.

5. Fy= \V{Fy|b' <b}.

6. F, < \/{Fy|bt' <b}.

(qua D.L.) part of the relations whereas axioms 5-6 correspond to the relation b = \/ {a'|a’ <
a} in the frame presentation 3.3.

The locale RSpec(B) of definition 3.8 is the same as the locale that classifies the
geometric theory Trgpec(p). The global points of this locale are equivalent to the geometric
morphisms 1 — RIdI(B). Geometricity also allows us to speak about the points of
RIdI(B) at a stage Z, where Z is any Grothendieck topos. Such generalised points are
the same (up to natural equivalence) as models of the geometric theory T ridi(B) inside
S§Z. By following the standard recipe we can determine the models of Trrq(p) in SZ.

A model of Tgrq(p) inside SZ (equivalently a point of RSpec(B) at stage Z) is de-
termined by assigning a subobject of the terminal object 1 of SZ to each relation symbol
F‘a, or in other words assigning a truth value in the subobject classifier Q257 to each F, in
such a way that the axioms hold.

Let us first consider the case where Z = 1, i.e. global points of RSpec(B). Then
SZ = Sets and we can argue as follows. There are as many relations F} as the elements

of the strong proximity lattice B. Hence, assigning truth values to F}, is the same as fixing
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a characteristic function xp : B — €2, i.e. a map B — 2 that respects the axioms of

TRSpec(B)- Such an arrow uniquely specifies a subset F' of B as the set with the property
be Fexpb)=T

For such a set F' C B, the axioms of Tgrq(p) become

1. TekF.

2.aNbeB& ac B and be B.

3. L ¢ F (this is the intuitionistic negation).
4. avVbe F<ac B or be B.

5. b€ F = there is V/ € F with b’ < b.

6. IfY <bandb € F=beF.

Axioms 1 and 2 say that F' is a filter, axioms 3 and 4 that F is a prime filter. Axiom 5
says that F is rounded with respect to the strong order and axiom 6 that F' is lower closed
with respect to the strong order. So F' is a rounded prime filter (with the definition of
roundedness given in 3.4). Hence, the points of the locale RSpec(B) are rounded prime
filters of B, or in other words, the topos RSpec(B) classifies rounded prime filters of B.

We remark that, although the geometric theory Trgpec(p) has no sorts, the set B came
into existence as a result of purely geometric manipulations. The analysis was hitherto
carried out in Sets but geometricity of frame presentations guarantees that its results can
be transferred inside the sheaves of any Grothendieck topos Z by means of the inverse
image of the essentially unique geometric morphism ! : Z — 1. The theory of strong
proximity lattices is geometric, therefore in SZ, the object !*(B) is a strong proximity
lattice object and the subobjects F' <—!*(B) corresponding to rounded prime filter of
"(B) in SZ can be constructed naturally as follows.

Using theorem 1.6, a generalised point
p:Z — RIdl(B)
corresponds to a frame homomorphism
Q(RIdI(B)) —1(Qsz)

We recall that the set !, (Q2sz) is a frame (because !, preserves frames) and is actually the

one that we usually write as 0Z. By the universal property of frame presentations, frame
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homomorphisms Q(RIdI(B)) — QZ are in bijection with distributive lattice homomor-
phisms f : B — QZ that preserve the extra relation of the presentation 3.3. Furthermore,

via the isomorphism

I

Sets(B,Q7)

SZ(1*(B),Qsz)) (due to I* 1)

the map p gives rise to a characteristic map x :I*(B) — Qsz in SZ. The rounded prime
filters of 1*(B) in SZ are realised as pullbacks

Fo +1*(B)

true
SZ

We have therefore demonstrated that the points at stage Z of the topos RSpec(B),
defined as the classifying (localic) topos of the geometric theory Tggpec(p), are rounded
prime filters of the strong proximity lattice object !*(B) inside SZ.

Next we are going to show that the frame presented by 3.3 is exactly the frame of
rounded ideals of B as in theorem 3.6. By juxtaposition with the presentation 3.2, the
extra relation b = \/ T{a’|a’ < a} has the effect of restricting to the frame of rounded ideals
(instead of any ideals) and we know that this is the frame of a stably compact locale by
theorem 3.6.

Lemma 3.10 The presentation Fr < B (qua D.L.) |b = \V{V|/ < b} > presents the
frame RIdI(B), for any strong proximity lattice B.

Proof. Let A be the frame Fr < B (qua D.L.)|b = V{V/|t/ < b} >. We are going to
define two frame homomorphisms
f/
Az > RIdI(b)
9

By the universal property of the presentation, in order to define the map f’, it suffices
to define a distributive lattice homomorphism f : B — RIdl(B) respecting the extra

relation, because then there is a unique frame homomorphism f’ that makes the following
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diagram commutative

f

B
{
A

where i is the inclusion of generators. We define f to be the map with the action f(b) :=| b

RIdI(B)

which is a lattice homomorphism by lemma 3.7 and respects the extra relation by lemma
3.5.

We define g to be the map with action g(I) := \/'{i(b)|b € I}, where \/ is the operation
of calculating directed joins in A. We show that this is indeed a frame homomorphism.
Let I1,I5 € RIdI(B). Then (dropping the inclusion symbol i) g(I1 A I3) = g(I1 N I3) =
VH{aila; € I and a; € I}. On the other hand g(I1) A g(l2) = (V{a;i € 1Y) A (V' {a; €
L}) = \/T{ai A ajla; € I,a; € I}. Obviously {a;|la; € I1 and a; € I} C {a; A ajla; €
Ii,aj € I5}. Also the assumption that Iy, I are rounded ideals of BX implies that they
are (weak) ideals. So if a; € I} and a; € Iy, then a; A ag € I and a; A ag € Io. Therefore,
{aila; € I and a; € I} = {a; N ajla; € I, a; € I}

To prove that g preserves directed joins in RIdI(B), let {Ij} is a directed collection of
rounded ideals. Then g(\/,TC I) = g(U/,Tc I)=V'{ac U,E, I} = \/,TC VHae I} = \/,E, g(Ix).

Finally, we prove that g preserves finite joins. Trivially it preserves nullary joins. Also,

for I, Iy two rounded ideals, we have

g(h)vyg(l) = \/Haeh}v\/{ae L}

= \/T{al V ag\al e€li,a0 € IQ}

The relation in the presentation asserts that ai V ag = \/T{a’ la’ < a1 V az}. Therefore,

iterating the above equalities,

g(I)Vg(ly) = \/T{\/T{a’ € Bla' < a1 Vas}|ay € I1, a9 € I}
= \/T{a'EB\a’<a1Va2,a16[1,@6[2}
= g(Il \/Ig)

To complete the proof of the isomorphism, it suffices to prove that for any rounded ideal
I € RIdI(B), f'og(I) = I and that for any formal generator i(b),b € B of A, it holds
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go f'(i(b)) = i(b). For any rounded ideal I, we have

frog) = f(\Vi)ber}
= V)b e 1}
= \/T{f(b)]bel} (by the definition of f)

= \V/{lbper}

= I (because of lemma 3.5)

Also, for any b € B, go f'(i(b)) = g(l b) = V{V/|¥ < b} = b by the relation of the

presentation. This completes the proof. m

3.4 Derivation of strong proximity lattices from stably com-

pact locales

In sections 3.2 and 3.3 we demonstrated how any strong proximity lattice gives rise to a
stably compact locale. In this section we demonstrate the inverse construction. Associated
with a stably compact locale X is not only the frame of its opens 2X but also the frame
of its Scott-open filters QX that classically corresponds to its compact saturated sets.
The typical construction that assigns a strong proximity lattice BX to the stably compact
locale X takes both QX and QX into account. Jung & Siinderhauf first gave a classical
account of this construction in [JS96]. The constructive one developed in this section is
due to Vickers [Vic98b].
We start by recalling a simple fact.

Lemma 3.11 Scott open subsets of frames of locally compact locales are rounded.

Proof. The claim of the lemma means that if QX is a continuous frame and a € K,
where K is a Scott open filter, then there is ¢’ € K with o’ < a. Take the Scott open set
S := |a. By continuity of Q.X, V'S = a € K and since K is Scott open there is s € S,
ie. d < a,suchthatd’ € K. m

Lemma 3.12 Let X be a stably compact locale. Let b; € QX (i € I) be a finite number
of opens and K C QX a Scott-open filter such that V;b; € K. Then there are Scott open
filters K; C QX such that b; € K; for alli € I and ", K; = K.

Proof. If the index set I is empty, the assumption (L =) vV € K automatically implies
that K = QX = A0.
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We cover the case I = {1,2}. Let by,by € QX with b; V by € K. We consider the
subset of QX
L:={aecQX|aVb €K} (3.4)

It is easy to prove that L is a Scott-open filter. Let a € L and @’ > a. Then a’ V by >
aVby € K and so @' € L because K is upper closed. If a,a’ € L, then (a Ad') V by =
(aVbe)A(a'Vbe) € K because K is A-closed. Finally, \/; a; € L implies that (\/jT a;)Vby € K
or that \/]T-(ai V by) € K. K is Scott-open and so there is index jo such that aj, V by € K
and this forces aj, € L.

Now by € L and L is a rounded with respect to the relation < (lemma 3.11), so there
is b} € L with b] < b;. We define the following Scott-open filter

Ky = Tb’l (3.5)
Obviously b; € Ky. We also define the Scott-open filter
Ky :={a € QXb)VaceK} (3.6)
It holds that b} V by € K and so bs € Ko. We observe that
(KVEK)AN(KV K=KV (K1 ANK3) (3.7)

We also observe that if ¢ € K1 A Ko = K1 N Ko, then ¢ > b] = ¢ > b} and at the same
time 0] V ¢ € K. Therefore, ¢ = b} V¢ € K and thus we conclude that K3 A Ko C K. This
insight and equation 3.7 yield (K V K1) A (K V K3) = K which proves the claim of the
lemma for the binary case.

The case where the index set I is any finite cardinal can be proved from the binary

case by obvious induction on the cardinality of /. m

Theorem 3.13 Let X be a stably compact locale. Let BX be the poset of those pairs
(a,K) in

QX x QX? qua distributive lattice
that fulfill the property that a is a lower bound of K.

We endow BX with a relation < by stipulating that (a, K) < (b, L) iff b € K (where
a,be QX and K,L € QX ). Then BX is a strong proximity lattice.

Proof. First, we verify that BX is a distributive lattice. We show that it is closed under
meets. Let (a, K),(b,L) € BX. Then (a,K) A (b,L) = (aAb, KV L) in QX x QX. Let
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c € KV L. Then by the definition of the joins in Q X, there are ¢; € K and ¢y € L such
that ¢ > ¢y Aco. Moreover, a < ¢ and b < ¢, as a, b are lower bounds of K, L respectively.
Therefore a Ab<ci Acg andsoaAb<ec.

BX is also closed under joins. The join of two pairs in BX is (a,K) V (b,L) =
(avVb,KANL)= (aVKNL). Trivially, if c € KNL, then ¢ > a and ¢ > b and so ¢ > aVb.
We thus establish that BX is a distributive lattice. Note that (by definition)

(o, K)<(b,L)=a<b& KDL

Now we verify that the relation < satisfies the properties of definition 3.1. To show
that < is interpolative, let (a, K) < (b, L) in BX. By definition b € K and the fact that
K is a Scott-open filter of a continuous lattice implies that it is rounded with respect to
<. Hence, there is an element ¢ < b with ¢ € K. The pair (c, Tc) is an element of BX
and it satisfies ( (c,Te) <

The relatlon < is transitive. For let (al,Kl) < (a2, K3) < (a3, K3). This means that
a3 € Ko and the fact that as is a lower bound of K5 shows that as < az. This last
inequality together with the fact as € K yield that ag € K; (because K is a filter). So
(a1, K) < (a3, K3).

We verify the validity of definition 3.1(i). We consider four pairs in BX related as

below
(a1, K1) < (a2, K2) < (a3, K3) < (a4, K4)

That means that az € Ky and hence ag € K1 because K9 C K. Also it holds a3z < a4
and we recall that K1, being a filter, is upper closed and so a4 € Kj.

Now we come to the property (ii) of definition 3.1. Let (b;, L;) € BX be a finite family
and (a,K) € BX such that (a,K) < (b;, L;) for all i. Then b; € K and so Ab; € K
because K is a filter. So (a, K) < (Asb;, ViL;) = Ai(bi, Ly;).

The property (iii) of definition 3.1 is likewise trivial to verify. Let (a;, K;) € BX be a
finite family and (b, L) € BX such that (a;, K;) < (b, L) for all 7. This translates as b € K;
for all ¢ and so b € N;K; = N\ K;. So Vi(ai, K;) = (Viai, A K;) < (b, L).

The property (iv) is the most non-trivial to verify. Let (b;, L;) € BX be a finite family
and (a,K) € BX such that (a,K) < V;(b;i,L;) = (Vsbi, \iL;). Then V;b; € K. By
applying lemma 3.12, there are Scott-open filters K; such that b; € K; and Ay K; = K. By
roundedness of the Scott-open filters K; (with respect to <), there are elements b, € K;
such that b, < b; for all i. We consider the elements (b}, Tb). By construction it obviously
holds that (b}, 10}) < (b;, L;) and (a, K) < (V;b;, A TbL).

Finally we verify the property (v) in definition 3.1. Let (a;, K;) € BX be a finite
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family and (b, L) € BX satisfying A;(a;, K;) = (Nias, ViK;) < (b, L). This implies that
b € V;K; and by the definition of joins in X, it is the same with the assertion that there
are b; € K, for all 4, with b > A;b;. Again, we evoke roundedness of the Scott-open filters
K; and we find elements b; € K; such that b} < b;, for all i. We consider the pairs (b}, 15}).
It holds that (a;, K;) < (b}, 1)) because b; € K; and

N, Tb;) = (Nabi, VilDy)
because there are indeed elements b > bl, namely b := b;, such that b > A;b/. =
Remark 3.14 Clearly, in BX it holds that
(a,K) < (b,L) = (a,K) < (b,L)

whereas this is not true for a general strong proximity lattice.

3.5 Perfect maps versus strong homomorphisms

In this section we shall extend the constructions of a stably compact locale RSpec(B)
out of a strong proximity lattice B and of a strong proximity lattice BX out of a stably

compact locale X to functors

StPrLat?

B
StKLoc %
RSpec

where StKLoc is the category of stably compact locales and perfect maps and StrPrLat
is the category of strong proximity lattices and a special class of lattice homomorphisms
that we first introduce here and christen strong homomorphisms. The main result of this
section is that RSpec is a retraction (left inverse) of B.

We point out that in [JS96] Jung and Siinderhauf consider the category of strong
proximity lattices and certain relations and subsequently prove the equivalence of this
category with the category of stably compact spaces and continuous maps. On the other
hand, we are interested in the category StKLoc where the morphisms are perfect maps

instead of general continuous functions. The mentioned result
RSpeco B = idstKLoc (3.8)

falls short of an equivalence between StKLoc and StrPrLat but it nevertheless states

that for any perfect map between stably compact locales there is an equivalent strong
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homomorphism between the corresponding strong proximity lattices, the latter regarded
as the geometric counterpart of the former. We shall be relying on the fact of expression
3.8 in chapter 6 where we investigate the geometric counterpart of geometric morphisms
induced by perfect maps between stably compact locales.

We briefly compare our result 3.8 with the duality
CohLoc ~ DLat’

where CohLoc is the category of coherent locales and perfect maps (see also section 1.4).

We start by introducing strong homomorphisms.

Definition 3.15 We call a lattice homomorphism p : By — Bsy between two strong

proximity lattices strong iff in addition it fulfills the following three properties
(i) If a1 < ay in By then p(ai) < p(az) in Bs.

(i) For any two elements a € By and b € By with such that b < u(a), there is a’ € By
with a’ < a such that b < u(a’).

(i1i) For any two elements a € By and b € By with such that b = u(a), there is a’ € By
with o’ = a such that b = p(a’).

First we define the functor RSpec. The following lemma is an immediate consequence

of the the property (ii) of strongness.

Lemma 3.16 Let u: Bo — Bj be a strong lattice homomorphism. Then for any b € By

Lpfl b] =1 p(b)

where | u[l b] = {a € B1|3W < b with a < u(b')}.

Proof. Clearly | p[]l b €| wu(b). Conversely, let a < p(b). Then by the property (ii)
of definition 3.15 there is b' < b with a < p(b’). This means that a € {a; € By|3 <
b with a = u(b')} or that a €| u[| b]. =

Next we define the arrow part of the functor RSpec.

Theorem 3.17 Let y: By — By be a strong homomorphism. Then the function
RSpec(p)* : RIdI(Bs) — RIdI(By)
defined for any rounded ideal I C Bs by

(RSpecu)*(I) :=] {a € By, such that3b € I witha = u(b)} =| (1)
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is the defining frame homomorphism of a perfect map RSpec(B1) — RSpec(Ba).
(The down closure | symbol appearing in the definition of RSpec(u) is with respect to
the strong order < in By ).

Proof. For I around ideal in Ba, (RSpecp)*(I) is easily checked to be a rounded ideal
in B;. It is lower closed by definition. Also if a1, a2 € (RSpecu)*(I), then a; < p(b1) and
az < w(be) for some by, b € By. So ay Vag < p(b1) V p(by) = pu(by V bg). But by Vby el
because I is an ideal, so a1 V az € (RSpec o pu)*(I).

The finite meets and directed joins in RIdlB; are intersections and unions respectively,
which makes easy to check that (RSpecu)* preserves them. The finite joins involve a little
more subtlety, so we demonstrate the fact that (RSpecu)* preserves the binary joins. Let
I and J be two rounded ideals in Bs. Then the definition of binary joins in RIdI(B2)
yields.

(RSpecp)*(I) V (RSpecp)*(J) = {a € Bi|3a1,a2 € By, 3by €1, Jbp € J
with a; < p(b1) & ag < p(b) & a < a1 Vas}
(RSpecp)*(IV J) = |{a€ Bi|3by €I, by € J, Ib1a € Bs
with bjo < b1 Vb2 & a= u(bi2)}

Let o' € (RSpecp)*(IV J). Then there are by € I,by € J and byy € By with a’ < pu(b12)
and b1a < b1 Vba. Since p is strong, bia < by Vbe implies pu(b12) < p(b1 Vba) = pu(b1)V u(be).
Evoking the property of strong proximity lattices, there are aj,as € By with a; < u(by)
and az < pu(be) and u(b12) < a1 Vag. Hence, we have a’ < u(b12) < a1 Vag with ay < u(by)
and ay < p(be) which implies that o’ € (RSpecu)*(I) V (RSpecu)*(J). Conversely, let
a € (RSpecu)*(I) VvV (RSpecu)*(J). Then there are aj,as € By and by € I,by € J with
ay < p(by), az < p(bz) and a < ay V ay. This implies that a; V az < u(by V be). Because p
is strong by assumption, there is bjo € By with bia < by V be and a1 V ag < u(by2). Hence
a € (RSpecu)*(IV J).

Finally we prove that RSpecu is perfect. Let I < J in RIdI(Bz). By theorem 3.6
this means that there is ¢ € By such that I C| ¢ C J. Since (RSpecp)* is monotone, it

preserves these inclusions. So
(RSpecp)*™(I) € (RSpecp)* (L ¢) € (RSpecu)™(J)

All that remains to be proved is that (RSpecu)*(] ¢) is a principal rounded ideal in B
and this fact is demonstrated in lemma 3.16. Therefore, (RSpecu)*(I) < (RSpecu)*(J).
n
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We recapitulate in the next definition.

Definition 3.18 Let RSpec : StPrLat — StKLoc be the functor whose object part
is defined by definition 3.8 (c.f. lemma 3.10) and arrow part by theorem 3.17.

Now we turn to the arrow part of the functor B : StKLoc — StPrLat’”’. Given a
perfect map f: X — Y we seek a strong homomorphism Bf : BY — BX. Note that
Bf is in the same direction as the defining frame homomorphism of f. We observe that if
L is a Scott-open filter then its image f*[L] along f* is not necessarily upper closed but

it generates a Scott-open filter, namely the subset Tf*[L].

Theorem 3.19 Let f : X — Y be a perfect map between two stably compact locales.
Then the function Bf : BY — BX defined as

Bf: (b, L) — (f*(b),Tf*[L]) (where f*[L] :={a € QX|Fc€ L:a= f*(c)})

for a pair (b, L) € BY is a strong homomorphism.

Proof. First we prove that Bf is a lattice homomorphism.
Bf preserves A: For any (a, K), (b, L) € BY, by definition we have

Bf(a, K)ABf(b,L) = (f*(a)A f*(b),1f*[K]V1f*[L]) and
Bf((a, K)A (b, L) = Bf(anb,KVL)=

= ([*(and), 1/ [K Vv L])

Since f* preserves meets, we have to show that
T EIVAfIL =T K v L

Let a € Tf*[K] Vv 1f*[L]. Then there is ¢ > f*(¢) and d > f*(d'), for ¢ € K and
d € L, such that a > ¢ A d. The fact that ¢ > f*(¢/) and d > f*(d’) implies that
enNd > ()N fA(d) = f (I ANd). Soa> f*(d ANd') and ¢ Ad' € KV L which implies
that a € 1f*[K Vv L]. Conversely, let b € Tf*[K \ L]. Then b > f{c) for some ¢ € K V L.
Since ¢ € K V L, there are ¢y € K and ¢ € L such that ¢ > ¢; A ¢o. This in turn implies
that f*(c) > f*(c1 Aea) = f*(c1) A f*(c2). Hence we have that b > f*(c1) A f*(c2) which
implies that

b> e A F(ea) (3.9)

Now, by roundedness of K and L there are ¢, € K with ¢ < ¢; and ¢4 € L with
¢y < co. This also implies that f*(c1) > f*(¢}) and f*(c2) > f*(c4). The last two
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inequalities assert that f(c;) € Tf*[K] and f*(c2) € Tf*[L] and so by the inequality 3.9,
be Tf K]V If (L.

Bf preserves V: Because f* preserves joins, we just need to show that
T EINTfL =11 KN L] (3.10)

Let a € Tf*[K] N 1f*[L]. Then there are a; € K and ay € L with a > f*(a;) and
a > f*(ag). This yields that a > f*(a1) V f*(a2) = f*(a1 V a2). The open a; V as
belongs both in K and L, therefore a is an open of the R.H.S. set of 3.10. The proof of
TfIK n L] C T f*[K] N1 f*[L] is obvious.

Now we prove that Bf is strong, i.e. it obeys the three axioms of definition 3.15.

Proof of (i): Let (a, K) < (b, L) in BY. Then by definition b € K. By roundedness of
K, there is an open ¢ € K with ¢ < b. Since f is perfect, f*(c) < f*(b) or equivalently
f*(c) € Tf*(b). This immediately yields that

(f*(a), TF7[K]) < (f*(0), Tf7[L])

Proof of (ii): First we assume that (a, K) < Bf(b,L) in BX. By the definition of Bf

this assumption reads
(a, K) < (f*(b), 1f[L])

which by definition implies f*(b) € K. Now, since f*(b) € K and K is rounded as a
Scott-open filter, there is o’ € K with o’ < f*(b). Given that f is perfect, there is &’ < b
with o/ < f*(b'). K is upper closed, so f*(V') € K.

We consider the pair (¥, 7). QY is stably continuous and therefore ¢’ is a Scott-
open filter and trivially b’ is a lower strong bound of #'. So (theorem 3.13), (¥, 1¥') is an
element of BY. Since b’ < b or equivalently b € T, we have that (¢/,Tb') < (b, L) in BY.
Finally, the fact that f*(0') € K guarantees that (a, K) < Bf (¥, 1¥) = (f*(¥'), T f*[1']).

Proof of (iii): Now assume that (a, K) = Bf(b,L), i.e., (a,K) = (f*(b),Tf*[L]). By
definition, this now implies that a € Tf*[L], or that there is c¢b” € L such that a > f*(b").
Since L is rounded, b” € L implies that there is ¥/ < ¢ with b’ € L.

Now we consider the pair (b, 10') € BY. The fact that ¥ € L implies that (b,L) <
(b',70). Also, the fact that b” = b” and a = f*(b") yields that a € Tf*[b"]. Therefore,
(a,K) = (f*(®),Tf*[10]) = Bf(V',1V') by the definitions of BY and Bf. =

Definition 3.20 We define B : StKLoc — StPrLat to be the functor whose object
part is given by theorem 3.13 and arrow part by theorem 3.19.
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The rest of this section is devoted to proving that RSpec is a retraction of B. First

two simple facts.

Lemma 3.21 If K C QX is a Scott-open filter and b is a lower bound of K, then a € K
implies b < a.

Proof. Out of roundedness of Scott open filters (

Lemma 3.22 3.11). If b is a lower bound of a Scott open filter K then for any a € K,
there is ' < a such thata' € K. Sob<d <aorb<a. n

Lemma 3.23 For X stably compact locale, (b, L) < (a, K') implies that K C L.
Proof. Trivial from the definition. m

Theorem 3.24 Let X be a stably compact locale. Then the following isomorphism holds
OX = Q(RSpecoBo X) (3.11)

Proof. Given a stably compact locale X, BX consists of pairs (a, K) where a € QX,
K C QX is a Scott-open filter and a is a lower bound of K. Therefore, Q(RSpecoBo X)

consists of rounded ideals I = {(a;, K;)} of such pairs. We define a map
B:Q(RSpecoBoX) — QX byp(I):=\/"a (3.12)

We start by observing that § is monotone. We prove that § is a frame homomorphism.
Let I1, I € Q(RSpecoBo X). Then B(I1 Als) = B(I1 N Is) = \/'{as]a; € I and a; € I,}.
On the other hand B(I) A B(I2) = (V{a; € i}) A (VHa; € L}) = VH{ai Aajla; €
Ii,a; € I} and we have shown in the proof of lemma 3.10 that this is the same as
\/T{ailai € I and q; € I1}.

Directed joins in Q(RSpec(BX)) are unions of rounded ideals of BX, so for a collection
of ideals {I;} = {(axi, Kr:)}, we have S(VL Ix) = 8(UL Ix) = Vi {an} = VL VHan} =
V1 B(IL).-

The binary joins need a little more attention (theorem 3.6). Let Iy, .J2 two rounded
ideals of BX. Then

B Vi) = p({(a,K;) e BX|3 (a1, K1) € I1,3(az, K2) € Iy
and (al,Kl) < (al,Kl) V (QQ,KQ)})
=V Ha}
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On the other hand

BV B(L) =\ Hayl3(ay, Kj) € I} v\ HarB(ar, Ki) € I}
= \/T{aj \/ak|E|(aj,Kj) € I and H(Gk,Kk) € IQ}

By lemma 3.21, (a;, K;) < (a1, K1)V (a2, K2) = (a1 Vaz, KN Kj) implies that a; < a1 Vag,
so obviously B(I1 V I2) < B(11)V ((I2). Also, by the roundedness of Iy, I, for (a;, Kj) € I
and (ag, Ky) € I3 there are (a}, K}) € I and (a, K}) € I with (aj, Kj;) < (a}, K}) and
(ak, Kx) < (ay, K). This implies that (aj, Kj;) V (ax, Ki) < (a}, K3) V (a3, K}) and by
the interpolation property, there is (a;, K;) € BX with (a;, K;) V (ag, Ki) < (a;, K;) <
(a}, K) V (ay, K}). Therefore, (a;, K;) € 11 V Iz and a; V a), < a; < aj V aj. This proves
that 3(I1) vV B(12) € B(I1 V I2).

Now we prove that [ is perfect. Suppose that I} = {(a;, K;)} and I = {(a;j, K;)} are
two rounded ideals of elements of BX and I} < I in Q(RSpeco BX). By theorem (3.6),
there is a pair (a, K) in Iy with

{(a;, Ki)} €| (a, K) C {(aj, K;)} (3.13)
It is easy to show that in general the following sets are identical
{akEIKk € QX : (ak,Kk) =< (a, K)} = la

Indeed, if (ax, K;) < (a,K) then by lemma 3.21, a; < a. Conversely, if ar < a then
(a, Tar) < (a, K). Therefore, 3(] (a,K)) = \/T{ia} = a because QX is a continuous
lattice. By monotonicity, 5(I1) < 6(] (a,K)) < B(I2) which with the exact labelling
of expression 3.13 gives \/'{a;} < a < \V'{a;}. By expression 3.13 above, (a;, K;) € I
implies that (a;, K;) < (a, K) which in turn implies that a; < a. Therefore, \/'{a;} < a.
This proves that 8(I1) < a < B(I2) which gives 3(I1) < B(I2).

Now we define a map on the other direction as follows.
v: QX — Q(RSpecoBo X) by~(a):={(a;, K;)|a € K;} (3.14)

It can be readily checked (lemma 3.23) that for any a € QX, y(a) is a rounded ideal in

BX. It is also straightforward to prove that + preserves finite meets and directed joins.
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We will prove now that it preserves binary joins. By laying out the definition we have that

v(aVb) ={(a;, K;)laVvbe K;} and (3.15)

@) va) = {(a, Ki)[3(aj, Kj), a € Kj & a, Ky), b€ Ky
& (ai, K1) < (a;, K5) V (ak, Ki)}
= {l(a,T)} (where T is the top element in 2X)

It is trivial to verify that ~ preserves finite meets and directed joins. It is only marginally
more difficult to prove that = preserves finite joins. We have that v(a1) V v(a2) =
(s K B(al, K) < (01, T) & 3ab, K) < (a2, T) : (ai, K3) < (@}, )V (a, K)} and
v(ai1Vaz) = {| (a1Vaz, T)}. If (a;, K;) € y(a1)Vy(az) then there are (a}, K1), (a, K}) such
that (a}, K1) < (a1, T) and (ab, K3) < (a2, T) with (a;, K;) < (a}, K1)V (a5, K}). This im-
plies that (a;, K;) < (a}, K1) V (ab, K3) < (a1, T) V (a2, T), i.e. that (a;, K;) € y(a1 V a2).
Conversely, if (a;, K;) € (a1 V ag), then (a;, K;) < (a1 Vag, T) = (a1, T) V (az, T).
But since BX is a strong proximity lattice, there are (a}, K1) < (a1, T) and (a, K}) <
(ag, T) such that (a;, K;) < (a}, K}) V (ah, Kb). Therefore, (a;, K;) € v(a1 V a3) since
(a}, K1)V (ab, K5) < (a1, T) V (ag, T) = (a1 Va2, T).

We also prove that + preserves the way below relation in 2X. Let a < bin QX. Then
there is ¢ € QX with a < ¢ < b. Then | (a, T) C| (¢, T) €| (b, T) or v(a) C| (¢, T) C
~(b) which by theorem 3.6 implies v(a) < v(b) in Q(RSpec o BX).

Finally we prove that § and « are inverse to each other. For any a € €2X it holds that

Bory(a) =\ MaiP(ai, Ki) < (a, T)}
= \/T{ai\ai < a}
Indeed, (a;, K;) < (a, T) implies a; < a by lemma 3.21 and if a; < a then (a;, fa;) < (aT).

But since X is locally compact, \/{a;|a; < a} = a, so fo7(a) = a.
Furthermore, for any rounded ideal I C BX, we have that

voBI) = {1 (\ {ail3(ai, Ki) € I}, T)}

Let (aj,K;) € vo B(I). Then (aj,K;) < (V'{a:|3(ai, K;) € I}, T), which implies
VH{ai|3(a;, K;) € I} € K;. But since K; is Scott-open, there is (ag, Ko) € I with
ap € K; and this implies that (a;, K;) < (ag, Ko). Since I is lower closed, this entails
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that (aj, K;) € I. Conversely, let (a;, K;) € I. Because [ is rounded, there is (ag, Ko) € 1
with (a;, K;) < (ag, Ko). This implies that ap € K; and there is Scott-open filter K
with (ag, Ko) € I. Hence, \/'{a;|3(a;, K;) € I} € K; because K; is upper closed. This
completes the proof. m

3.6 The points of strong proximity lattices (revisited)

We have shown in section 3.3 that the global points of the localic topos RSpec(B) that
classifies (the geometric theory of) the frame presentation 3.8 are prime rounded filters
of the strong proximity lattice B. The points of the topos RSpec(B) are in equivalence
with the points of the locale carrying the same symbol. This is easily seen by recalling
theorem 1.6 in the introduction. Putting £ = 1, the terminal topos, that theorem says

that there is an isomorphism
Top(1,RSpec(B)) = Fr(2(RSpec(B)), ) = Loc(1, RSpec(B)) (3.16)

with 1 in the far right hand side being the terminal locale inside the sheaves of the base
topos (which we denote as Sets). The elements of the far right hand side category are the
global points of the locale RSpec(B). Let us recall a few things about the global points
of a locale (see [Joh82]).

Suppose that we have a global point of an arbitrary locale X, i.e. continuous map
x:1 — X. The defining frame homomorphism of such a point is * : QX — Q, where
) is the initial frame in Sets which coincides with the subobject classifier of Sets. It
follows that such a frame homomorphism gives rise to a unique completely prime filter
H C QX, which is its true kernel

H={acQXz"(a) =T}

Conversely, any completely prime filter is a true kernel of a unique frame homomorphism
that defines a point of X. The set of points ptX of the given locale is partially ordered
(specialisation order) by set inclusion of the corresponding completely prime filters. Fur-
thermore, it has all directed joins, i.e. it is a dcpo. If f : X — Y is a continuous map
between two locales, there is an obvious point transformation (Scott-continuous map)
ptf : ptX — ptY obtained by post-composition with f in Loc: ptf(x) = f oz, or equiv-
alently, by pre-composition with f* in Fr. Since a point is the same as the completely

prime filter of its true values, a point transformation pt f is equivalent to a map that sends
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completely prime filters H of 2X to completely prime filters of QY defined by
ptf : H— {acQY|f*(a) € H} (3.17)

Now we consider the case where X = RSpec(B). In section 3.3 we showed that the
points of the topos RSpec(B) are rounded prime filters of B, so the poset of completely
prime filters of rounded ideals of B, partially ordered by set inclusion of rounded ideals,
must be equivalent to the dcpo of rounded prime filters of B.

We are going to give an other more tangible proof of this fact here.

Lemma 3.25 Let B be a strong proximity lattice. We denote by RPFilt(B) the dcpo of
its rounded prime filters (it is easy to show it is a dcpo) and by ptRSpec(B) the dcpo of
the completely prime filters of the frame Q(RSpec(B)). Then the following isomorphism
holds

RPFilt(B) = pt o RSpec(B) (3.18)

Proof. It is trivial to verify that the set of prime rounded filters of a strong proximity
lattice partially ordered by set inclusion has all directed joins (they are directed unions).

For F C B any rounded prime filter, we define
E(F) ={I € Q(RSpec(B))|INF # 0} (3.19)

It is easy to check that X+ is monotone and preserves directed unions. Conversely, for a
completely prime filter H C Q(RSpec(B)), we define

Y(H)={beB| |be H} (3.20)

It is routine to check that Z(F') upper closed and that Z(F') is inaccessible by directed joins
(they are unions). Let I, I» € RIdI(B) with I; N F # () and I, N F # ) and in particular,
letayel; & ai € Fandas €Iy & as € F. Then a; Aas € I1 & a1 A as € I but also
a1 A az € F because it is A-closed. Hence I; N [o N F # (), i.e. E(F) is A-closed. Finally,
let Iy V Iy # (). Then there is c € Iy V Is & ¢ € F. By the definition of the binary joins
in Q(RSpec(B)), there are a; € I; and ay € Iy with ¢ < a; V ag. Since F' is upper closed,
a1 V ag € F and since F is prime, either a; € I} or ag € Iy which implies that either
LNF#Qor I;NF # (. Therefore Z(F) is prime.

It is also routine to check that ¥(H) is upper closed and A-closed. Let by V by € X(H).
Then | (by V be) € H. From lemma 3.7, | (by Vbe) = (| b1) V(| b2) € H and since H is

prime either | b; or | by is an element of H which implies that either b; or by is an element
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of ¥(H). Therefore ¥(H) is prime.
The two assignments are inverse to each other. Indeed it is easy to verify that for any

rounded prime filter of B we have
YoZE(F)={beB| |bNF#0}=F (3.21)
On the other hand, for any completely prime filter H of rounded ideals of B we have
EoX(H)={I € Q(RSpec(B))| b€ Bwith |[be H&be I} (3.22)

Let I € Eo0 X(H). Then there is b € B with | b € H and b € I. From the latter fact
we deduce that | b C I <] b < I. So I must be an element of H because H is upper
closed. Conversely, let I be an element of H. Then I = \/'{| bjb € B} and because H
is inaccessible by directed joins, there is b € I with | b € H which implies that I is an
element of Z0 X(H). m

Corollary 3.26 Let QX be the set of Scott-open filters of Q(RSpec(B)). Then QX =
Q(RSpec(BP)).

Proof.
]
Now let p : Bo — Bj be a strong homomorphism between two strong proximity

lattices. It induces point transformations between
pt o RSpec(B;) — pt o RSpec(By) or equivalently between (3.23)

RPFilt(B,) — RPFilt(Bs) (3.24)

In the rest of this section, we give an account of the above maps. We readily know that
we can obtain the transformation of expression 3.23 by putting f* := (RSpecpu)* in the

expression 3.17, i.e
pt o RSpec(u) : H — {a € QRSpec(Bs)|(RSpecu)*(a) € F} (3.25)

where H is a completely prime filter of rounded ideals of Bj.

The following lemma describes the transformations of the expression 3.24.

Lemma 3.27 Let Zp : RPFilt(B) = pt o RSpec(B) : ¥p be the isomorphisms as in the
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proof of lemma 3.25. Then the following two square diagrams are commutative.

-1
pt o RSpec(By) (Ln)

pt o RSpec(Bs2)
= | |, S5, | | S8, (3.26)

-1
RPFilt(By) — RPFilt(Bs)

Proof. It suffices to show that (| u)~! = Zp, o (1) "' o Xp,. We are going to prove that
for any H € pt o RSpec(Bj), we have that (| u) '(H) = Zp, o (1)~ o Xp,(H). The
definitions yield that

(1 )~ Y(H) {I € Q(RSpecB)|3J € H with (| u)(I) = J}
Ep, o () toXp (H) = {I<€QRSpecB)Tac By with | u(a) € H& ac I}

Let I € (| p)~"(H). Then there is J € H such that (| u)(I) =J € H. But I = \/'{|
ala € T}, so we have that

J=wI) = (w\/{laaeTl})
= VHU wla)laeT}

because (| p) := (RSpecu)* preserves directed joins as a frame homomorphism. The
fact that H is inaccessible by directed joins implies that there is ag € I such that (| p)(|
ap) € H. Using lemma 3.16, this fact becomes | u(ag) € H and by looking at its defining
expression above, this means that I € Zp, o (u)~! o Xp, (H).

Now let I € Zp, o (u)~! o Xp, (H). Then there is a € By such that | p(a) € H and
a € I. But using again lemma 3.16, | p(a) = (| #)(] a) € H, hence | a € (| p)~'(H).
Also the fact that a € I implies | a C I and (| p)~!(H) is upper closed being a filter,
therefore, I € (| pu)"'(H). m

Corollary 3.28 (i) By stipulating that
RPFilt (1)(F) := (1) ! [F]

for any strong homomorphism p : By — Bi1 and any rounded prime filter of By,
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the construction RPFilt is extended to a functor
RPFilt : StrPrLat — dcpo
and isomorphism 3.18 is extended to isomorphism between functors

RPFilt = pt o RSpec (3.27)

(i) Let X be a stably compact locale. Then we have the isomorphism
ptX 2 RPFilt o BX (qua dcpo)

Proof. (i) Obvious from lemma 3.27.
(ii) We put B = BX in 3.27 and we get the claimed isomorphism using theorem 3.24.
Note that if x is a point, i.e. a completely prime filter of QX , then the prime rounded
filter of BX that corresponds to x is

Y(z) ={(a, T)|a € x} (3.28)

This is deduced from expression 3.20 after setting H = x in its L.H.S. and H = 7(z) in
its R.H.S., where ~ is as in the proof of theorem 3.24. m



Chapter 4

Adjunctions in op

4.1 Introduction

Suppose that F : X = Y : G are functors between two small categories. Of the several
equivalent definitions of the adjoint situation F' 4 G, we cite the following two (see [Mac71],
IV, theorem 2)

Definition 4.1 G is right adjoint to F iff, for any object x in X and any object y in 'Y
there is a bijection ¢z,
Y(Fz,y) — X(z,Gy) (4.1)
x?y

which is natural both in x and y.
Definition 4.2 G is right adjoint to F iff there are natural transformations
n:idx = GoF and ¢: GoF — idy

such that the composites

nG Gec

G GoFoG G and

P (4.2)
F o7 EF

FoGoF F

are the identities of G and F respectively. This condition is usually referred to as the

triangle identities. (e is the horizontal composition of 2-cells.)

Of the two definitions, the second one can be interpreted in any 2-category. In partic-
ular, it can be interpreted in the 2-category Top of Grothendieck topoi. We rewrite this
67
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definition, adapting it for the context of Top plus a small change: we require the triangle

identities to hold only up to isomorphism.

Definition 4.3 Let F: X — Y and G: Y — X be two geometric morphisms between
two Grothendieck topoi. We say that G is the right adjoint of F' (F - G) iff there are
2-cells

n:idx = GoF and ¢:GoF = idy

such that the composites

G
G— ", GoFoG 225 LG and
. (4.3)
F *TroGor X . F

are both isomorphisms.

The aim of this chapter is to recover a sufficient condition for adjoint situations in Top
which is analogous to definition 4.1. The condition we establish is indeed analogous to
definition 4.1, only easier; naturality comes for free.

We shall demonstrate that the analogue of 4.1 in Top involves points x, y rather than
objects of X and Y and the Hom-sets appearing in 4.1 are promoted to categories whose
objects are 2-cells F ox = y and x = G o y respectively.

More specifically, given geometric morphisms F': X — Y and G : Y — X, we define

the following two topoi.
e The topos £ := [T¢] that classifies (theories whose models are) triples
(z,y; Fz = y)
where z: Z — X and y : Z — Y are arbitrary points (at any stage Z)
e The topos F := [T#| that classifies (theories whose models are) triples
(«',y'sa" = Gy)
where 2/, 3 are also points of X and Y at any stage.

& and F are topoi over X x Y. This is because one can geometrically construct maps
ig: &€ — X xY and ip : F — X x Y that simply forget the 2-cells F'z = y and
2’ = Gy’ from the ingredients of the theories T¢ and Tz respectively (model reduction
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functors). In words, the topos ig : € — X XY over X x Y classifies 2-cells F'x = y given
two points  and y of X and Y respectively.
Now consider the situation that ig and iz are equivalent in Top/(X x Y), ie. E~F

and the following diagram commutes in Top

& ~ F

ig\ '/Zf (4.4)

X xY

Let us see roughly when such situation occurs. Commutativity of diagram 4.4 means that
the two pairs of points coincide # = 2’ and y = 3. Equivalence of £ and F in Top means
that models (z,y; Fxr = y) (say in SZ) of Tg are equivalent to models (in the same SZ7)
(x,y;x = Gy) and since the point parts have been identified already, the situation in

discussion happens when models of the two kinds of 2-cells are equivalent (in §Z).
(Fx = y) ~ (x = Gy) (4.5)

which is indeed analogous to the 1-categorical bijection 4.1.

We shall be referring to the topoi £ and F the geometric inserters of the diagrams

Fop, D1
XxY—=Y XxY —=xX (4.6)
P2 Gopy

respectively, where p; and ps are the first and second projections. The goal of this chapter

is to prove the following theorem.

Theorem 4.4 If the geometric inserters £ and F are equivalent over X XY, then FF 4 G.

4.2 QOutline of the chapter

This section is intended to be a guide for the rest of the sections of this chapter. Pointers
to literature are not provided as all the notions mentioned here are discussed in detail in
the sections that follow.

Consider the diagram in Top

F
G

X

Y (4.7)

that generalises the diagrams 4.6. The task in sections 4.3-4.5 is to write a geometric theory
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Te whose models are pairs (z; f) where z is a point of X and f is a 2-cell Fox = Gox.
Such a theory Tg must contain the ingredients (sorts, function symbols, relation symbols,
constants and axioms) of the theory Tx that X classifies plus new function symbols (say
E) that correspond to the 2-cells F'ox = (GG oxz. We also need to incorporate in Tg certain
new naturality axioms for k.

The subtlety lies in how one formally defines the “new function symbols that corre-
spond to the 2-cells Flox = Gox”. F and G correspond to functors between the sheaves
of the topoi X and Y and not homomorphisms between the geometric theories Tx and Ty .
Our method is to construct site morphisms F° and G° out of the geometric morphisms
F and G in the following sense.

Suppose that (C,J) and (D, K) are the syntactic sites for the topoi X and Y respec-
tively. Then we can consider a subcategory C’ of S(C, J) such that together with some
Grothendieck topology J' on C’

e C’ contains the image of D under both F* and G* and
e S(C,J)~(C,J.

The existence of such a topology J’ comes directly out of the Giraud’s theorem but we
prove it independently of that theorem in section 4.3.

Given such a site (C’,J’), precomposing the inverse image functors F* and G* with
the Yoneda embedding yp (the topology of the syntactic site is subcanonical) we obtain
a pair of site morphisms

Fo

(C, ') 2 — (D, K) (4.8)

Now we exploit the fact that X and Y classify the geometric theories (say T’y and Ty
) of flat and continuous covariant functors over the sites (C’,J') and (D, K) respectively.
Such geometric theories have languages with sorts and function symbols formally equiv-
alent to the objects and arrows of the categories C and D respectively. In this context,
F? and G° map sorts and function symbols of the geometric theory that Y classifies to
the geometric theory that X classifies. This means that it is perfectly legitimate now to
define the aforementioned new function symbols k as function symbols between sorts of
the form

F?(d) — G°(d) for any object d in D

The additional axioms needed are essentially the ones that guarantee that k are actually

the components of a natural transformation between the functors F'” and G° (naturality
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axioms).

Diagrams of the form 4.7 in any 2-category admit a particular well known 2-categorical
(weighted) limit called the inserter. Section 4.6 offers a quick review of weighted limits and
inserters. In section 4.7 we prove that, for a given pair of parallel geometric morphisms in
Top, its inserter is equivalent with the geometric inserter.

Next we focus on the diagrams of the special form 4.6. Being able to interchange
between the inserter and the geometric inserter facilitates the proof of the main theorem
4.4. This is done in section 4.8.

We have already discussed in section 4.1 how the equivalence of the categories of
homomorphisms in expression 4.5 entail that £ ~ F over X x Y. In section 4.9 we explain
how such an equivalence entails from a mere “set”-theoretic bijection between the objects

of these categories.

4.3 Enhancing sites

Let X be a Grothendieck topos. Let C be a small category with pullbacks and J a topology
on C such that the category of sheaves on the site (C,J) is equivalent to the category
SX.

The aim of this section is to prove that if C’ is a subcategory of SX that contains the
image of C under ayc, then there is a Grothendieck topology J on C’ such that

SX ~8(C',J)

We start with some well known facts. We denote by ayc : C — SX the composite
yc : C — Sets®” followed by a : Sets®” — S(C,J), where yc is the Yoneda
embedding and a is left adjoint of the inclusion functor i : S(C,J) — Sets®” i.e. the
associated sheaf (or sheavification) functor. The Yoneda embedding functor yc preserves
whatever limits there are in C. The associated sheaf functor a preserves finite limits
([MM92],I11.5) which means that the composite ayc preserves whatever finite limits there
are in C. In particular, our assumption is that C has pullbacks, so the following is always

a pullback square in C

2

ayc(c xccj) ayc(c;)

7%‘1]‘ ay(f;)

L oo
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for any arrows f; : ¢; — c and f; : ¢;j — c. It is well-known that any object x of SX i.e.
a sheaf on the site (C, J) has the form x = colimi{ayc(cx)} for an appropriate diagram
of objects {cx} in C. This in particular implies that the objects of ayc(C) generate the
category SX in the sense that for any object z of SX the set of arrows

{ayc(ci) — z|c; object in C}

is a jointly epimorphic family. Since the objects of the category ayc(C) generate the
category SX, obviously the objects of any subcategory C’ of SX that contains ay(C)
also generate SX. Therefore, we know by Giraud’s theorem that SX can be written as
(equivalent to) S(C’, J') for some appropriate Grothendieck topology J' on C’. What this
section offers is a “shortcut” to the proof of Giraud’s theorem in the much simplified case
where SX is already the category of the sheaves on a site S(C, J).

We fix the assumption that C’ is any subcategory of SX that contains the image of C
under the functor ayc.

The following lemma provides a hint about the choice of the Grothendieck topology
J on C'.

Lemma 4.5 Let SX = S(C,J). A family {fi : ¢i — ¢} is a sieve in J(c) iff the map

H ayc(ci) — ayc(c)

(2

is epi in &.

Proof. [MM92| m

We define the topology J' as follows. A sieve S on an object u in C’ is included in
J'(u) iff S is a set of jointly epimorphic arrows in SX. A set {h; : u; — u} is a set of
jointly epimorphic arrows in & exactly when [[; u; — u is an epi arrow in SX. This in
turn is equivalent to the fact that for any pair of distinct arrows f,g : u — v in §X,
there is an arrow h; in S such that f o h; # go h.

Lemma 4.6 The above collection of sieves on objects of C' is indeed a topology on C’

Proof. (i) The fact that C’' contains ayc(C) guarantees that for any object u in C’
there is at least one epimorphism h : ayc(¢) — u, for some object ¢ in C. Hence, J'(u)
includes the maximal sieve.

(ii) Let S be a sieve in J'(u), i.e. S is a family of jointly epimorphic arrows f; : u; —

u. Let also h : v — u be any arrow in C’. Then the family of the pullback arrows
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fi 1 ui x4 v — v in € is also epimorphic.

ki fi

ayc(cij) e Uy 22—

fi

U ————— U

Now, the fact that objects of the form ac(c), with ¢ an object in C generate SX means
that for each object u; x,v there is an epimorphic family k;; : ayc(cij) — u; X v, where
ci; are all objects in C. Therefore, the composite arrows f;" o k;; constitute an epimorphic
family whose codomain is v. Moreover, by the defining property of the pullback, ho [ is
an element of S which forces ho f; o k;; to be an element of S. So, the epimorphic family
{f} ok;;} is a family of arrows in C’ and is contained in the sieve h*(S). That means that
h*(S) is an epimorphic family and so h*(S) € J'(v). This proves stability.

(iii) Finally, transitivity is easily verified for J'. m

We denote by X’ the Grothendieck topos defined by SX’ := S(C’, J’). We shall prove
that X ~ X’ in Top.

First we define a functor
U S(C,J) — Sets©”

U(P)=Poayc

for any object P in S(C’,J’). We prove that this functor actually sends a J'-sheaf over
C’ to a J-sheaf over C.

Lemma 4.7 Let P be any object in S(C',J’). Then the presheaf ¥(P) = Poayc is a
sheaf over C with respect to the J'-topology.

Proof. Let S = {f; : ¢ — ¢} € J(c) be a sieve that covers an object ¢ in C. Suppose
that f; — x4, € Poayg(c;) is any matching family for this sieve. Lemma (4.5) guarantees
that the family of arrows ayc(fi) is jointly epimorphic in C’. It is not necessarily a sieve
though, but it generates a sieve in J'(ayc(c)). Indeed, we denote by S’ the family of

arrows in ay(C’) defined as
S'={G:b—c|G=aya(f;) o F}:=1ay(f;)

where F' is any arrow in ayc(C’) with codomain ¢; for some index i. This family is
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obviously a sieve on ¢ in C’. Moreover, it is a sieve in J'(c¢) because it is still a jointly
epimorphic family of arrows with codomain ¢ because for any ¢; the maps ayc(f;) o id,
are included in S” which means that S’ O {ayc(fi)}-

Now, the matching family for the presheaf P o ays and the sieve S naturally induces
a matching family for the sheaf P and the sieve S’ as follows.

For an arrow of the form G = ayc(f;) o F in S’ define a matching family given by
zq = P(H)(zy,)

where {z,} is a matching family for the presheaf P o ayg and H is any arrow in C’ such
that G = ayc(fi) o H. This definition is in fact independent of the choice of H and f; as
demonstrated below. Let it be the case that G = ayg(fi) o H = ayc(fi) o K.

b
v

(&
RN

ayc(ci) ayc(cj)
ayck A (f5)
ayc(c)

In the above diagram IIj; = ayc(w};) and II}; = ayc(n;) as in diagram (4.3). By

definition

Tayo(f) = P

But f; o7}, is an arrow in S and {zy,} is a matching family for P o ayg, so P(I) o
(P o ayc(ﬂilj)) (@f,) = P(I)(%f,0m1 ) = P(I)(f,0r2 ) (because of the property of the pull-
z 1] (¥
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back). Hence,

I (xf] 071'1.2]. )

)
Io (P ° a}’c(”i?j)) (zg;)
I) o P(IT3;) ()

Layc(fi)

The above proves that we have well-defined a matching family for a sieve S’ € J'(ay(c)).
The assumption is that P is a sheaf for the J'-topology, which leads to the conclusion
that this matching family has a unique amalgamation, i.e. a unique element = € ayc(c)
such that z¢ = P(G)(z) for all G € S’. This element is clearly also an amalgamation
for the matching family f; +— xy, for the sieve S and sheaf P o ays. It is also unique
for this matching family. For if there was an other element 2’ € ayc(c) such that zy, =
Poayc(f;)(2), then for the arbitrary arrow G = ay(fi)o F € 9,

P(G)(z') = Playc(fi) o F)(a') = P(F)o Playc(fi)(z)
= P(F)(xfz) = Tay o (f;)oF
= z¢

which proves 2’ also an amalgamation for S’ € J'(ayc(c)). Sox’ =z. m

On the other direction, we can define a functor
d: 85X =8(C,J) — Sets®”

taking an object u in SX to the presheaf SX(—,u) : C'”? — Sets and an arrow
f:u1 — w9 in SX to the morphism f,, defined by

r € SX(d,uy) then f, () =xo f

The refer to ([MM92],Appendix) for the proof of the following lemma.

Lemma 4.8 Let C' be a full subcategory of SX whose objects generate SX. Let also J'
be a topology on C' consisting of sieves of jointly epimorphic arrows for each object of C'.
Then SX(—,u) is a J'-sheaf for any object u of SX.

This lemma guarantees that the functor ® sends objects of SX to objects of S(C’,J’).
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Indeed, the above lemma is applicable in our case because C contains the category ay (C),

which in turn generates SX. This lemma has an immediate corollary.

Corollary 4.9 The Yoneda embedding map ycr : C' — SetsC" takes objects of C' to

J'-sheaves over C'. In other words, J' is a subcanonical topology on C'.

Proof. Since C' is a full subcategory of SX, we have the following equality of sets.
SX(u',u) = C'(v,u)

for any objects u, v in C'. So ycr(u) = SX(—,u) when u is an object of C'. m
We are going to evoke this corollary later as indeed the following lemma also proved
by Mac Lane & Moerdijk in [MM92],Appendix.3, lemma 4.

Lemma 4.10 Let in: C' — SX be the inclusion functor Then the functor
SX(in,—) : SX — §(C', J)

u— SX(in(—),u)
preserves colimits.

Finally, we will demonstrate that the pair of functors ®, ¥ is an equivalence of cate-

gories.
Theorem 4.11 The categories S(C, J) and S(C', J') are equivalent.

Proof. We need to show that ¥ o ®(u) is naturally isomorphic to the identity w, for
any sheaf u in SX and that ® o ¥(P) is naturally isomorphic to the identity P, for any
sheaf in SX(C', J'). For the former isomorphism is effectively demonstrated in [MM92];
it manifests itself in two stages. Let i be the inclusion SX < Sets®”, then
SX(ayg, u) — SetsC” (ye,i(u)) —— u (4.9)
Yoot Yy
The map ¢y, is the isomorphism (natural in u) of Hom-sets stemming from the adjunc-
tion a i and ¢y, is the isomorphism of the Yoneda lemma which is also natural in u
(see e.g. [Bor91(1)], theorem 1.3.3).
To prove that ® o ¥(P) = P, for P any J'-sheaf over C’, we demonstrate that for any

object ¢ in C’ we have an isomorphism

SX(d,Poayc) = P(d)
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We first prove the above isomorphism for any representable sheaf yc/(c;) in S(C’,J'),
for ¢ an object in C’. (Recall that the Yoneda embedding ycr : C' — Sets€” in fact
takes objects of C’ to sheaves (corollary 4.9).)

It holds that ycr(c;) = SX(—,c}), as discussed in corollary 4.9 and so

yo(d)oaye = SX(ayc(-),c) (4.10)
>~ ¢! (the same natural isomorphism as in 4.9) (4.11)
Therefore
SX(¢ yold)oaye) = SX(¢,d) (4.12)
= yo(e)() (4.13)

Now, any object P in S(C’,J’) can be written as a colimit P = colim;yc(c}) for an

appropriate diagram {c;}. So we have

SX(d,Poays) = SX(,(colimiyci(cy))oayc)
=~ (,colim; (yor(c;) oaye) (colimits of sheaves are computed pointwise)
=~ colim; SX(,yc/(c;) oaye) (because of lemma 4.10)
=~ colim; (ycr(c;)(¢)) (because of 4.12)
> (colimiyer (e))(e)
~ P(d)

Hence, the functors P and SX(—, P o ay) are isomorphic.

It remains to prove that this last isomorphism is natural in P. We argue as follows. The
inclusion functor in : C' — § = §(C, J) is in fact flat and continuous with respect to the
J'-topology. It is flat because, trivially, it preserves finite limits (see theorem 4.13 below).
Continuity of in with respect to the J’ topology is also trivial (check with definition 4.14
below). Therefore, in gives rise to a geometric morphism SX — S(C',J') +++++++

]

The pair ®, U defines an equivalence of the categories S(C,J) and this implies that
® 4 V¥ and also ® - ¥ ([Mac71],IV.4, theorem 1). We introduce two geometric morphisms

e

X X' (4.14)

e/
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by stipulating that e is formally defined by the pair ¥ 4 ® and e’ by the pair ® 4 ¥. This
is possible because e and €’ have both a left and a right adjoint, so they preserve all limits

and colimits and in particular finite limits.

4.4 2-categorical aspects of Top with respect to sites

Let FF: X — Y be a geometric morphism between two Grothendieck topoi as before.
We can assume that the topoi are isomorphic to sheaves over sites SX = S(C,J) and
SY = S8(D, K). Starting with the geometric theories Ty, Ty that are classified by the two
topoi, the typical construction of SX,SY identifies C andD as the syntactic categories of
Tx and Ty respectively. In this construction the Grothendieck topologies are subcanonical,
i.e. the Yoneda embedding functors y send objects of the syntactic categories to sheaves.

It is well known (e.g. [MM92], VIL.7) that, for any Grothendieck topos X and any site

site (D, K) there is an equivalence of categories

>

—

Top(X,S(D, K)) FlatCont((D, K),SX) (4.15)

o fiR

where the R.H.S. of the equivalence 4.33 is the category with

e objects the functors D — SX that are flat and continuous.

e arrows the natural transformations between such flat and continuous functors

We are not going to include the general definition of a flat functor here. In the case where a
functor F': D — SX targets a Grothendieck topos, it holds that F' is flat iff it is filtering
([MM92], VIL.9, Theorem 1). We outline what a filtering functor targeting a Grothendieck
topos is. We start with the case where SX = Sets.

Definition 4.12 Let C be a small category and F : C — Sets a functor. Then F is
filtering iff it fulfills the following conditions.
(i) F is nonempty, i.e. there is object ¢ of C such that F(c) # (.

(i1) For any two elements x € F(c) and y € F(d), there exists an object a of C, mor-

phisms f :a — ¢, g : a — d and an element z € F(a) such that f(z) = z and

9(z) = y.

(iii) For any two parallel arrows f,g : ¢ — d in C and an element x € F(c) with
f(x) = g(y), there is an arrow h : a — ¢ in C and an element z € F(a) such that
foh=goh and h(z) = x.
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Definition 4.12 may assume that F' targets Sets, but it transpires from it that the
theory of filtering functors is in fact geometric and therefore makes sense in any topos. All
that one has to do is to rewrite definition 4.12 in a diagrammatic form. If we now demand

that the domain of a functor F' has all finite limits we get the following theorem.

Theorem 4.13 ([MM92],VIL.9) If D has all finite limits, then a functor D — SX s
flat iff it preserves finite limits.

Next we recall the definition of a continuous functor.

Definition 4.14 Let (D, K) be a site and X a Grothendieck topos. Then a flat functor
D — SX is continuous with respect to to the topology K iff it sends K -sieves to jointly

epimorphic families in SX.
Remark 4.15 The Yoneda embedding is a flat and continuous functor.

Proof. Obvious from lemma 4.5. =
We conclude that, provided that the category D has all finite limits, the objects of
the R.H.S. of the equivalence 4.33 are K-continuous left exact functors. Also we mention

that, if K is a subcanonical topology, then the geometric morphism
F:8X — S(D,K)
corresponds under the equivalence 4.33 to the flat continuous functor
F#:(D,K) — SX where F#:=F*oyp (4.16)

Indeed F# is obviously left exact because both F* and yp are left exact. For a proof of the
continuity of F# we point at [MM92], VIL.7. We shall not need the explicit construction
of the opposite direction of the equivalence 4.33. The reader is again referred to [MM92].

One direction of the equivalence 4.33 can be taken a stage further. Let D have all
finite limits as before and let SX = S(C, J), where C also has all finite limits. We have

the following definition.

Definition 4.16 Let (D, K) and (C, J) be two sites where C and D are small categories
with all finite limits. Then a site morphism F° : (D, K) — (C,J) is a functor F7 :
D — C that preserves finite limits and also preserves the Grothendieck topologies in the
sense that if R is a sieve in K(d) on an object d in D, then the sieve T F°(R) generated
by F7(R) is a sieve in J(F7(d)).
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Given such a site morphism F? : (D, K) — (C, J) and assuming again that J and K are
subcanonical topologies, there is an obvious induced geometric morphism F : (C,J) —
S(D, K) ([MM92],VII.10). Indeed the composite

ycoF?7:8X «— (D,K)

is flat and continuous. For, in view of theorem 4.13, yc o F'7 is left exact because F'? and
yc are left exact. Also, F7 sends K-sieves to families that generate J'-sieves (definition
4.16) and y¢ being continuous (remark 4.15) sends J-sieves to jointly epimorphic families
in SX. So, for a K-sieve {g;}, yc(T F?({g:})) is a jointly epimorphic family in SX and
thus yc(F?({gi})) is also a jointly epimorphic family in SX. This amounts to yc o F

being continuous. In fact we have just proved

Lemma 4.17 Let F° : (D, K) — (C,J) be a site morphism and a* : (C,J) — SZ be

flat and continuous. Then a* o F is flat and continuous.

For the rest of this section we fix a pair of geometric morphisms between two Grothendieck

topoi
F

G
where SX = §(C,J) and SY = §(D, K), with C and D small categories having all finite

limits and J and K being subcanonical.

X Y

Definition 4.18 Let C' be the closure under finite limits of a small full subcategory C”
of SX that contains the images of the following three functors.

e ay: C — SX.
o ['#:D — SX, where F#* = F* oyp.
o G* :D — SX, where G = G* o yp.
Let also J' be the topology on C' as in section 4.3, i.e. such that S(C',J") ~ SX.

Remark 4.19 The category C' is still small.

This enhancement of the generating category C provides the possibility to have a descrip-

tion of F' and G by means of site morphisms.

Lemma 4.20 The functors F# and G# factor uniquely through site morphisms F°,G :
(D,K) — (C',.J') .
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Proof. By construction of C’, the images of the functors F# and G# are confined inside
C’. We rename them as F° and G°. They are left exact and hence flat (C’ has all
finite limits adjoined so theorem 4.13 is valid). Also continuity of F# and G# means that
they send covering K-sieves to jointly epimorphic families of arrows in SX. So, by the
definition of J’ in section 4.3, if S € K(d), for an object d in D, then F#(S) € J'(F°(d))
and similarly for G#. So F” and G° are site morphisms. m

Let now 1 : F = G be a 2-cell in Top. The enhancement of the generating category
C also provides the means to define a natural transformation 7? : F7 — G out of 7.
We recall that a 2-cell 5 : F = G between two geometric morphisms F,G : X — Y is
generally defined by a natural transformation n’ : F* — G* (note that 1’ has the same
direction as 7n’). For the sake of completeness we note here that, for any such natural
transformation 7/, there is always a unique natural transformation n” : G, — F, and
conversely.

The components of 7, : F*(y) — G*(y) for any object y of SY satisfy the usual
naturality square. By restricting the arguments of F™*, G* to objects of the form yp(d),
with d object in D, 1’ induces a natural transformation n° : G° — F? by stipulating
that its components are 77 = 7). In other words, the following diagram is commutative

for any arrow g : d — d’ in D.

g

T4

G (d) Fo(d)
G7(9) F(g)
oo (d) i po(a)

We close this section by mentioning that geometricity also provides us with an internal
picture of 2-cells in Top. A pair of parallel geometric morphisms F, G : X — Y can also
be construed as two (generalised) points of Y at stage X. A 2-cell between F' and G then
carries the meaning of a “transformation between points”. More concretely, if Y classifies
a geometric theory Ty then the inverse image functors F* and G* send the universal model
Uy of Ty in SY to two models F*(Uy) and G*(Uy) of Ty in SX. A 2-cell n: F = G
is a natural transformation that corresponds to a homomorphism between the models
F*(Uy) — G*(Uy) in SX.

Remark 4.21 Obuviously, we can generalise the above result for any (finite) number of
parallel geometric morphisms F; : X — Y : We can always choose a small full subcategory

with finite limits C' of SX and a Grothendieck topology J' on C', such that SX = S(C',J’)
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and the functors Fi# factor through site morphisms F? : (D, K) — (C', J').

4.5 The geometric inserter

Now, let us argue on the fact SX ~ S(C’,J’). We have started with the assumption
that X classifies a geometric theory Tyx. At the same time we have managed to write
SX as the topos of sheaves over the site (C’,.J’) (up to equivalence). We know that such
a construction invariably yields that X (also) classifies the geometric theory (say T') of
flat continuous covariant functors over C’. A model of this theory in the sheaves of an
arbitrary topos Z corresponds to a flat continuous functor C' — SZ. Equivalently, there
is also the internal way of describing flat continuous functors, according to which, a model
of T’y in §Z is an internal flat continuous functor on !*(C’) inside SZ. !*(C’) stands for
the internalised version of this category in SZ, i.e. the pullback of C’ along the essential
unique geometric morphism ! : 7 — 1.

We now present the geometric theory Tx- of flat continuous (covariant) functors over

(C',J’) (external version).

sorts: a sort X; for each object X; of C’
functions: F1. a function symbol f : X1 — X, for each arrow f: X; —
XQ in C,

axioms: Al. VzeX (T = [dXL (x) = x)

A2 eeX (T = fgo) = (F29)@)).
where g: X - Y, f:Y - Zin C

A3. T = Vx,co {Elm € Xi(x = :x)}

Ad. VaeX VyeY (T = Ve {32€Z (x = f(x)Ay = §(z), for f:
Z—X,g:Z—YinC")})

A5. VzeX ((f(z) = §(x) = Vyec{32€Z (x = h(z), for h :
Z— X, foh=goh)}),
where f,g: X — Y in C’

A6, VzeX (Vy, {yeXi(z = fi(y)}),
where {f; : X; — X} is a J'-sieve on X

Axioms (A1,A2) are covariant functoriality, axioms (A3,A4,A5) are flatness (c.f. def-
inition 4.12) and axiom (A6) is J'-continuity (c.f. definition 4.14). The last one actually
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dictates that in a model (M) of Tx/ in any topos, the arrows fi(M) are jointly epimorphic.

Now we return to the pair of site morphisms F?,G? : (D, K) — (C',J’) of lemma
4.20. Let d be any object in D. In accordance with our nomenclature, we denote by F/'C_’\@j)
and (% the sorts of the geometric theory Tx- that correspond to the objects F?(d) and
G?(d) of C' respectively. Also, for g an arrow in D, we denote by }4% and C/l‘_’\(g/) the
function symbols of Ty that correspond to the arrows F7(g) and G?(g) respectively.

It is worth remarking that the category D can be viewed as a “set” of indices for part
of the sorts and functions of the geometric theory Tyx/. The two ways of assigning sorts
and functions of Ty to the indices are provided by the applications of the two functors
F? and G? on the objects and arrows of D.

We enhance the geometric theory [4.5], by adjoining the following ingredients to its

presentation.

—_~

functions: F2. a function symbol kq : Fo(d) — G°(d) for each object d
of D, (i.e. for each pair of objects F(d),G%(d) of C', for d
object in D)
axioms: A7. VreFo(dy) (Go(g)(ka(x)) = kg (Fo(g)(x))), where ky, :
Fo(d) — Go(dy), ka : F7(da) — Go(dy) and g : dy —
do in D
Axiom (7) can be categorically formulated by demanding the following naturality

square to commute.

— kdl

Fo(dy) — G7(dy1)
Fo(g) G7(g)
—_ %;2/ —_
Fo(dy) — G?(d2)
We denote the geometric theory presented by all the above ingredients by Tg. We also
denote by & the classifying topos of this geometric theory.
The fact that T¢ D Ty implies that, in any topos Z, a model of the geometric theory
Tg is also a model of the geometric theory Tx. We define a “model reduction” functor

mry

mry : Mod(SZ,Tg) — Mod(SZ,Tx)

by stipulating that mrz sends a model of Tg in SZ to itself and a homomorphism between
two models of Tg in SZ to itself.
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We evoke the fact that when Tg is a geometric theory and R its classifying topos then

the following pair of maps is an adjoint equivalence of categories

TZ
Mod(SZ,Tg) o Top(Z, R) (4.17)
o0z
So, we can define the composite functor
Mod(SZ,Te) — 22 . Mod(SZ,Ty)
0z Tz (4.18)
Top(Z
Sop(2,€) - PEE) L 2op(7, %)
By putting Z for £ in [4.18], we get a functor
Mod(SE,Te) — 28 . Mod(SE, Tx)
og TE (4.19)
Top(E,
Top(e,€) -~ PETE) L e, x)

We denote by ig the geometric morphism that is the image of the identity idg in Top(E, E)
along the functor 7¢ o mrg o g¢. Using the terminology of section 1.2, the defining ge-
ometric construction mry of ig is a geometric transformation and corresponds to the
postcomposition with ig.

The geometric construction of i¢ exhibits the following obvious fact which is important

to bear in mind in what follows.

Corollary 4.22 Let X be a sort in Tx: and X an object in the universal model of Tx
in S(C',J') (denoted Ux:). Then ii takes X to an object X' in SE which is the object
of the universal model of Tg in SE (denoted Ug ) that corresponds to the same sort X in
TX’ g Tg.

Proof. We read diagram [4.19]. The functor 7¢ by definition constructs a geometric
morphism i¢ such that
iz(UX/) = mrg(Us)

where the R.H.S is the “reduct” of Ug.
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Now, let Tg be any geometric theory, (B(Tr), L) its syntactic site and (hence) SR =
S(B(Tg), L) the sheaves over its classifying topos. It is known (e.g. [MM92]) that the
universal model Ur in SR is the same (up to equivalence) with the image of the Yoneda

embedding yg T, : B(Tr) — SR, i.e.

Ur = yg(T,) B(Tr))

(the topology on the syntactic site is subcanonical). If in particular Tg is the geometric
theory of flat continuous covariant functors on a category B with respect to a topology L,
then its syntactic site is (B, L) itself.

Hence, if X, is a sort of Ty, corresponding to an object ¢ in C’, then yor () is the
object in Ux- that corresponds to X, and it oycr(c) is the object in Ug that corresponds
to XV(’: |

The geometric morphism g is a universal 1-cell associated with the classifying topos £.
There is also a universal 2-cell. For any object d in D, let [k4] be the arrow corresponding
to the function symbol of type [F2] kg : E‘_’\(E) — C/J‘_’\(E) in the universal model Ug of
Te in SE. Axiom [A7] dictates that for any arrow g : d — d' in D, the following is
commutative

Fo(d)] 24 (6o

[F7(g)] (G (g)] (4.20)

o ki o
[F7(d)] — [G7(d)]
Using the insight of corollary 4.22, the object e.g. [F7(d)] in Usg is obtained as

[F7(d)] = it (F7(d)) = iz o yo (F7(d))

Therefore the square becomes for any object d in D

it (P () e (67 ()
if(F(g)) i£(G7(9) (4.21)
kg

it (Fo(d)) ~% if(G7(d))

Hence the arrows k,; are the components of a natural transformation k : z? oF9 = z? oG°

and by lemma 4.17, the functors z? oF'? and z? o(G? are flat and continuous. The image of



CHAPTER 4. ADJUNCTIONS IN TOP 86

k along the arrow part of the functor ¢ is a natural transformation (say) € : Foig = Goig.
Definition 4.23 We call the triple (€,ig,€) the geometric inserter of the diagram

F
G

X Y (4.22)

in Top. The choice of the adjective “geometric” reflects the fact that both the topos € and

the geometric morphism ic have been defined entirely geometrically.

4.6 The 2-categorical inserter

In this section we introduce the notion of the inserter in the 2-category Top.

An inserter is an example of a weighted limit. A thorough study of weighted limits is
in [Kel89] and [PRI1]. Let D and K be two 2-categories and let CAT be the 2-category
of all categories. We consider 2-functors P : D — K and F : D — CAT. P can be
interpreted as a diagram in K (in the appropriate 2-categorical sense) and F' as a weight
on D.

Definition 4.24 The F-weighted limit of the diagram P is an object LimpP in K such

that for any object Z in K, we have the equivalence of categories
K(Z, LimpP) ~ [D,CAT| (F,K(Z,P(-))) (4.23)

which is natural in Z. The objects of the R.H.S. 2-category above are the natural
transformations from F to K(Z, P(—)) and can be viewed as F-weighted cones over P

with vertex Z. Its arrows are the modifications of these F'-weighted cones.

The above definition is a weaker version of the standard one appearing e.g. in [Kel89] and
[PRI1] in that it demands 4.23 to be natural equivalence instead of natural isomorphism.
We point out that, if it exists, a weighted limit of a given weighted diagram is unique up
to equivalence.

An inserter is the F-weighted limit for the special case where D is the category

N1

do ————= dy

f2

and the weight F" sends dj to the category 1 and d; to the category 2, the category of two

objects 1 and T and one arrow between them 1: | — T apart from the identities. It
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also sends f; to the arrow that maps - (the single object of 1) to L and fo to the arrow
that maps - to T. We fix the notation of the diagram P(D) as below

F=P(fi)
= 2

We are interested in giving a concise description of the category [D, CAT] (F,K(Z, P(—)))
for the special case of the defining diagram and weight of the inserter. The following lemma
gives an equivalent definition of this category after discarding the redundant data of the

above definition.

Lemma 4.25 The category [D, CAT|(F,K(Z,G(-))) for the weight and the diagram

F
G

X Y (4.24)

of the inserter in a 2-category K is (isomorphic to) the category whose objects and arrows

are as below

e objects are pairs (a,a) where a : Z — X is an arrow in K and a: Foa = Goa
is a 2-cell in K.

o Let (a,) and (b, 3) be two objects in [D, CAT|(F,K(Z, P(—))), witha,b: Z — X,
a:Foa=Goaandf:Fob= Gob. Then an arrow (a,a) — (b, 3) is a 2-cell
1 :a = b such that the following diagram commutes

Fen

Foa Fob

o B (4.25)

Gen

Goa Gob

(The symbol e stands for “horizontal” composition of 2-cells.)

Now, we we consider the special case where K is the 2-category Top of Grothendieck

topoi and geometric morphisms. For brevity we denote
I(Z) := [D, CAT] (F,%op (2, P (-)))

and we preserve all the notation of the above lemma. In the next section we are going to

prove that there is an adjoint equivalence between the categories I(Z) and Top(Z, £), where
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€ is the geometric inserter of F, G (section 4.5), and that this equivalence is natural in Z.
Such a natural equivalence implies that the Grothendieck topos £ is the (2-categorical)
inserter of a diagram of two parallel geometric morphisms F,G : X — Y in the sense of
definition 4.24.

4.7 Equivalence of inserter and geometric inserter

In this section we are going to demonstrate that there is a natural equivalence
I(Z) ~Fop(Z,E)

for any topos Z. We shall be using the construction of section 4.3 and relying on the

natural equivalence
-

Mod(8Z,Ts) = Top(Z,€) (4.26)
o
as well as the natural equivalence 4.33 of section 4.4.

We are going to describe the construction of a pair of functors Ay : Mod(SZ,T¢) =
I(Z) : ¥, with great detail so that the fact that they are inverse to each other becomes
obvious.

We first define a functor

Az MOd(SZ, ']Tg) — I(Z) (427)
Let ./\/lg be a model of Tg in SZ. The model reduction functor
mry : Mod(SZ,Tg) — Mod(SZ,Tx) (4.28)

defines via the equivalence 4.26 a geometric morphism a : Z — X’ corresponding to the
model mrz(M¥Z).

a F
Z X' Y (4.29)
G
a* el !l e
SZ SX' < (,.J) i (D, K) (4.30)

Now, the fact that M? is a model of Tg implies that for any object d in D, ./\/lg fixes an
arrow

[ka] : [F7(d)] — [G7(d)]
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—_~

in SZ that corresponds to the [F2]-function Ky : F7(d) — G(d) of the language of T.
By the way a is defined we immediately know that

[F7(d)] = a® (F7(d)) and [G?(d)] = a*(G7(d))

because yc/ (F?(d)) and yc/(G?(d)) are the objects corresponding to the sorts F(d) and
G?(d) in the universal model of Ty in SX’ (see corollary 4.22).
The axiom [A7] in MZ asserts that for any arrow h : d — d' in D the following

naturality square commutes

()] M (oo a)
P (1) G ()] (431)
[ka

Obviously we also have that [F7(h)] = a¥(F°(h)) and [G°(h)] = a” (G (h)), so if, in

addition, we denote

the square 4.31 becomes

(o}

a# o F7(d) 2ds o# 0 G7(d)

a® o F7(h) a® o G?(h) (4.32)
ag,
a o Fo(d') —% o 0 G7(d)
This demonstrates that af are the components of a natural transformation o : a#oF7 =
a” 0 G?. The functor a¥ is just a* oy and hence it is flat and continuous. By the lemma
4.17 we conclude that the functors a# o F” and a# o G are flat and continuous.
Hence o induces a natural transformation F' o a = G o a via the equivalence of

categories
0

Top(Z,Y) = ConFlat((D,K),SZ) (4.33)

¢
The natural transformation a is an arrow between objects a* oy 0 G° and a* oy o F@
in the R.H.S category in 4.33. These objects are actually (G o a) and O(F o a). Hence
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#(a”) provides as with a 2-cell a: po@(F oa) = ¢o0(Goa). ¢od isisomorphic to the

identity on the L.H.S. category in 4.33, hence we have constructed a 2-cell
a:Foa=Goa (4.34)

We have therefore proved the following lemma.
Lemma 4.26 The pair (a,«) defined above is a well-defined object in 1(Z).

We know turn to the arrow part of the functor Az. Let /\/lg and N, 5Z be two models of
Te in SZ, corresponding to objects (a,«) and (b, ) in I(Z). Let H be a homomorphism
between the two models. The sorts of Tg¢ are indexed with respect to the objects of C/,
so the components of H are arrows H : []; — [¢/]2 for any object ¢ of C', where [¢/];
is the object in SZ that corresponds to the object ¢ in C’ as fixed by the first model and
[']2 the object in §Z that corresponds to the same object in C’ as fixed by the second
model. Such components H. are, by definition, subject to the property that the following
diagram is commutative for any arrow f : ¢ — ¢, in C’; equivalently for any function
symbol f : fc//l — )?,;2 , where Xc/; is the sort in T¢ that is indexed by .

/ Hcll /
[ci]1 —— [ci]2

[f11 [f]2 (4.35)

/ 60/2 /
(o1 —— [e9]2

By assumption, [¢[]1 = a* oycr/(c}) and [¢f]a = b* o ycr(c)) (i=1,2). We first choose [f] to

)

correspond to the function symbols [F1]. Then the above commutative square becomes

* / Hc/l * /
a’oyci(c)) —> b oyci(ch)
CL* o yC/(f) b* o yC/(f) (436)

* / HC/z * /
a*oycr(ch) —> b oycr(cy)

Repeating a previous argument, a* o yor and b* o yo are flat and continuous functors

and the above diagram asserts that H is a natural transformation between them. Via the
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equivalence

0
Top(Z, X') = FlatCont((C',J'),57) (4.37)
)
it corresponds to a 2-cell  : a = b. Before we claim that this natural transformation is a

morphism of I(Z), we have to prove that n also makes the diagram 4.25 commutative.
Lemma 4.27 The natural transformation is an arrow in I(Z).

Proof. We go back to the diagram 4.35. 5(;1 and ),(;2 can be any sorts in Tg and f any
function symbol connecting them. We set ¢} = F7(d), ¢, = G°(d) and f = [ky] for any
d object in D which corresponds by definition to a function symbol f : Fo(d) — G(d).

Then diagram 4.36 becomes

HFU(d)

a* (F7(d)) b* (F7(d))

af = [kal1 By = [kal2

HGO’(d) b#

a*(G7(d)) (G7(d))

which corresponds exactly to the desired diagram 4.25. (e.g. the horizontal composite
Fenisnp.) m

Now we define a functor on the opposite direction
Y:XI(Z) — Mod(SZ,T¢) (4.38)

Let (a,a) be an object in I(Z), where a is a geometric morphism a : Z — X and « is a

natural transformation F' oa — G o a. Let a’ be the composite geometric morphism

74 .x ¢ .x

where e is the geometric morphism defined at the end of section 4.3.

It is intuitively clear that a is going to specify a model of Tx: in §Z and « will adjoin
to that the arrows in SZ that correspond to the function symbols [F2] subject to axioms
[A7] so that they “add up” to a model of Tg in SZ.

The functor a’* readily provides a model of Tx/ in SZ. Namely, the model

M, =d*(Ux) = a* o e*(Ux) (4.39)



CHAPTER 4. ADJUNCTIONS IN TOP 92

with Uy being the universal model of Txs in SX’. Note that (section 4.3)

The natural transformation « is defined by a natural transformation o' : a* o F* —
a* o G*, i.e. by arrows ay : a* o F*(y) — a* o G*(y) for any object y in SY', subject to
the commutativity of the naturality square

a/
a* o F*(y1) = a* o G*(y1)
a* o F*(h) a* o G*(h) (4.40)
/

* * ay2 * *
a* o F*(y2) —> a* o G (12)

for any arrow h : y; — yo in SY. In particular, by choosing y to be any representable
sheaf y = yp, we get an arrow a’yD(d) ca* o F*(yp(d)) — a* o G*(yp(d)) for any object
in the category D. Note that one of the fixed assumptions of this chapter is that the
topology K on D is subcanonical (e.g. by choosing (D, K) to be the syntactic site of Ty ),
so that yp(d) is a sheaf in SY. The square [4.40] now becomes

0 o F*(yp(d1)) 2L 4% o G* (yp(dy)
a* o F*(yp(g)) a* o G*(yp(9)) (4.41)

Oy (da)
a* o F*(yp(da)) —22+ a* 0 G*(yp(da))

where g : di — ds is any arrow in D and the functoriality of yp was used. By definition
F*oyp = F? and G* oyp = G7 (remark 4.21). We also denote

[kl = o a) (4.42)

YD

For any object d in D the above is an arrow between objects a* o F'?(d) and a* o G7(d) in

SZ that makes the following square commutes for any arrow g : d; — ds in D

[kd1]

a*oyci o Fo(dy) — a"” oycr 0 G(dy)

a*oycro F7(g) a*oyc 0 G(g) (4.43)

k
a” oycr o F7(ds) @l a” oycr 0 G7(ds)
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where we used the identity

e*oe, =Vod=1idsy

proved in theorem 4.11, together with the fact that ® acts on C’ as the Yoneda embed-
ding ycr and that a™* = a* o U. The definition (4.42) gives the right arrow with respect
to definition (4.39) because objects in M)Z(,, corresponding to sorts of types }% and
C/l‘_’\@, are (up to isomorphism) a*(yc/(F?(d))) and a*(yc/(G?(d))) respectively (corol-
lary (4.22)). So the arrows [kg] have the correct sources and targets in M%,. The validity
of the argument is “up to isomorphism” because of theorem (4.11) again.

Therefore, we stipulate that the object part of the functor ¥ is defined by (4.39) and
(4.42) in the sense that X(a, ) is the model o™ (Ux/) together with the arrows [kq] of
(4.42). We denote

Y(a,a) = M?’(a)

We now define the arrow part of . Let (a, ) and (b, 3) be two objects in I(Z), such that
¥(a, ) and X (b, B) are two respective objects MZ and NZ in Mod(SZ,Tg). Let also n
an arrow between them in I(Z), i.e., 7 : @ = b is a natural transformation rendering the
diagram (4.25) commutative. Such an 77 amounts to component arrows 7., : b*(z) — a*(x)

for any object x in SX satisfying two kinds of properties:
e the naturality square

e the following commutative diagram

! F*
a0 P ) T o ey

ay 8, (4.44)

(7’], ° G)y b* o G* (y)

a* o G*(y)
If we restrict = to being an object ¢ in C’ C SX then

Hy =l a*(d) — b*() (4.45)
or by interpolating the identity idsx as before, we have that

Hy =1l :d" oyc () — V*oyci(c) (4.46)

where a’* := a*o ¥ and b'* := b* o ¥, are maps of objects in MZ to objects in NZ. Indeed,
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the source of 77", in (4.46) is the object in MZ that corresponds to the sort X that in turn
corresponds to the object X» in C’. The target of 1, is the object in N, gZ that corresponds
to the (same) sort X. This is obvious when we recall that yc/(¢/) is the object in the
universal model of Ty in S(C', .J’) that corresponds to X, (see also corollary (4.22)).

In order to prove that H is actually a homomorphism between the two models Mg JNZ,
it suffices to show that it respects the interpretations of the function symbols of T¢ in SZ.
There are two types of functions in Tg. We will prove that H respects the interpretations of
function symbols [F1] by using the naturality of 7" and that it respects the interpretations
of function symbols [F2] by using the commutativity of the diagram (4.44).

It is straightforward to verify that the naturality of 1’ yields respect of the function

symbols [F1]. For any map f: ¢; — ¢ in C’, the following is commutative
/
1% / 778/1 b /
a*oyc(cy) — b oy (ch)

a” oy (f) b oyci(f) (4.47)

/
N
a"oyc(cy) — " oyci(ch)
By the discussion following equation (4.46), a’* oy (c;) (i = 1,2) is the interpretation of

the sort X:c/i in MZ, so we can denote it [c}];. Similarly, b* o ycr(c}

') is the interpretation

of the sort X, in NZ and we denote it [¢}]s. The same goes for the functions: a* oy (f)
and b"™* o yc/(f) are the interpretations of the function symbols (of type [F1]) in the two
models and hence denoted [f]; and [f]z respectively. Hence, by denoting H; := 1.,, the

above square becomes

H(a,b)
)] — 2 [¢)]a
[t [f]2
o
AR 2 [ch]a

which proves that the components H_. respect the interpretations of function symbols of
type [F1].
Now we turn to the square 4.44. For any object d in D, we consider the components

of i’ of types
® Nps(ypa) =1 EF7(d) = (1" F*)yp )

® NG (yp(y) =1 (G7(d) = (1" ¢ G")yp )
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The commutative square (4.44) then reads

/

* o nF* d * o
a0y (F7(d)) —— 22Dy oy, (F7(d))

Yyp(d) Byp(d) (4.48)

/
G+ (yp(d))

a” oy (G7(d)) " oy (G7(d))

The horizontal maps in the above diagram are Hpo(q) and Hgo(gq) by virtue of the es-
tablished notation of (4.46). Adhering to the nomenclature of the discussion that follows
diagram (4.47), we denote [F7(d)]; = a™* o yo/(F(d)), [F(d)]2 = b oy (F7(d)),
[G7(d)]1 := a"™* oyc/(G7(d)) and [G7(d)]s := b"™* 0 yc/(G?(d)). By also using the notation
of (4.42), the above diagram becomes

[kal1 (ka2 (4.49)

This proves that the maps H for ¢’ object in C’ also respect the interpretations of function
symbols of type [F2] in Tg¢. Hence, they constitute a well-defined homomorphism between
the two models ¥(a, ) and X (b, 3).

We stipulate that the arrow part of the functor ¥ is given by ¥(n) = Hg?’b) as defined
in equation (4.46).

The two constructions A and ¥ are explicitly inverse to each other, so oA (M g ) =M g
for any model MZ and A o X(a, ) is isomorphic to (a,«) in Iz. Therefore in this section

we have effectively proved the following

Theorem 4.28 The Grothendieck topos £ is the inserter in Top of the diagram of the
parallel functors F,G.

Proof. We have demonstrated that the category Iz is equivalent to the category to
Mod(SZ,Tg) and hence it is equivalent to the category Top(Z,£) due to the natural

equivalence 4.26. More specifically, the functors A’ and ¥’ defined as the composites

A
Top(Z,€) T4 Mod(SZ,Te) — 1(Z)
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by
1(Z) — > Mod(SZ,Te) ~4 Top(Z,€)

are an equivalence of categories.
Now let [ : Z' — Z be a geometric morphism in Top. It induces a functor I(I) :
I(Z) — I(Z’) by the assignments

(a,a) — (aol,ael) and n—mnel

The fact that I(l) acts by precomposition means that the following square is commutative
Yz
I(Z) —= Mod(SZ,T¢)

1(0) "

Y
(7)) —=Z Mod(SZ', T¢)
is clearly commutative and therefore the equivalence I(Z) ~ Top(Z,€) is natural with
respect to Z. So &£ is the inserter in Top of the diagram of the parallel functors F, G in
the sense of section 4.6. ®

After the preceding lengthy analysis, it is not difficult to observe the following.

Remark 4.29 Let A: Z — &£ a geometric morphism. Then the object part of the functor
AN essentially assigns

A (igo A, eo)
Let Ay, Ay : Z — € two geometric morphisms and n : Ay = Ao a natural transformation.
Then the arrow part of the functor A’ essentially assigns

n—mneA

ig and € are the universal 1-cell and universal 2-cell of the geometric inserter £ (section
4.5).
The following 2-categorical universal property of £ is then an immediate consequence of
the natural equivalence I(Z) ~ Top(Z, E).

Lemma 4.30 The triple (€,i¢g,€) satisfies the following two universal properties.

(i) Given a geometric morphism a : Z — X and a natural transformation o : F oa =
G o a, there is a unique geometric morphism A : Z — £ such that a = Aoig and

a=Aec.
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(i) Given two geometric morphisms ai,as : Z — X and two natural transformations
a1: Foay = Goay and as : F oas = Goay together with a natural transformation
1 : a1 = ag such that
(Gen)oay =azo(Fen)

there is a unique natural transformation H : Ay = As such that ic ¢ H = 1.

4.8 A criterion for adjunctions in Top

Let us suppose that we have two pairs of parallel geometric morphisms F},G1: X — Y]
and I, Go : X — Yo with SX = S(C,J), SY = §(D1, K1) and SY; = §(Da, K3), with
K7 and K5 being subcanonical topologies on D3 and D4 as before. We construct a site
(C1, J1) as in definition 4.18 taking the geometric morphisms F, G; into account (Cq, J7)
and an other site (Cag, J2) taking Fy, G2 into account. It holds

SX ~ S(Cl, Jl) ~ S(Cz, JQ)

Let (€,ig) be the inserter corresponding to the pair F;, Gy and (F,ir) the inserter corre-
sponding to the pair Fy, Go. Let I¢(Z) and I-(Z) be the respective categories of lemma
4.25 for the two pairs. We obtain a pair of functors AjMod(SZ,Te) = I¢(Z) : ¥1 and
AoMod(SZ,Tx) = 1x(Z) : 32 as in section 4.7 that are equivalences of categories. We

define the functors A} and X/ as the composites
g Al
Top(Z,E) — Mod(SZ,Tg) — Ic(Z)

)y
1e(Z) ——% Mod(SZ,Te) — Top(Z,€)
where ¢ and 7 are the functors of the equivalence 4.26 and correspondingly the functors
yah and 3.
We assume now that there are geometric morphisms ¢ : £ — F and ¢~ : F — &

such that the following conditions are both satisfied

e The pair ¢, ! is an equivalence of categories.
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e The following two triangular diagrams commute.

ie ir (4.50)

in the sense that there are 2-cells iFo¢ = ig and igo¢p~' = ir that are isomorphisms.

In other words ¢ and ¢! are maps between ig and iz in the slice topos Top/X.

Let
Top(Z,¢) : Top(Z,E) — Top(Z,F) and Top(Z, qb_l) :Top(Z, F) — Top(Z, F)

be the induced functors whose action is defined by postcomposition with ¢ and ¢! respec-
tively. This pair of functors is obviously also an equivalence of categories. Furthermore,
Top(Z, ¢) and Top(Z, ¢~1) induce the functors ¢ : [(Z) — I'(Z) and ¢~ defined as the

composites

5 1:(2) 2k Top(2,6) 22 wop(z, 1) 2o 14(2)
/ —1 /
e Ie(2) 2 wop(z.F) TP ) qppz.6) M 1(2)

By construction, the pair ¢, ¢! is an equivalence of categories, i.e., Ie(Z) ~ 1x(Z). We
pause and study the action of the functor qAﬁ on the objects and arrows of I¢(Z7).

An arbitrary object of I(Z) is a pair (a, ), where a : Z — X is a geometric morphism
and o is a 2-cell Foa = G oa. The geometric morphism A~! takes this pair to the unique
A:Z — & such that a = ig 0 A (c.f. remark 4.29 and lemma 4.30). Subsequently, A is
mapped to the object ¢po A in Top(Z, F). Finally, the geometric morphism ¥ takes ¢o A to
the pair consisting of the geometric morphism iro¢o A and a 2-cell qZA)(oz) : FloipogoA =
G’ oir o¢o A. Taking into account the commutativity of the diagram 4.50, this pair can

be written

A~

$(a, @) = (a,9(a))

In a similar way we can demonstrate that for any arrow n in I(2),

é(n) =n
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The action of the functor ¢! is the same as above, assuming that (a,) and n are an
object and an arrow of the category Ix(Z2).

It will be useful to formulate and prove the following two lemmas.

Lemma 4.31 Let x1,22 : Z — X be two points of X (at stage Z) and n: x1 — x2 a
point transformation, i.e., a 2-cell between the geometric morphisms x1,xo. Let also f,g
be natural transformations f : Foxy = Goxy and g : F oxy = G oxa, such that the

diagram below commutes

Fxq Gx
F(n) G(n) (4.51)
Fuxo Gxo
then the following diagram is also commutative
oy )
F'(n) G'(n) (4.52)
Flzy o(9) G'zy

Proof. The assumptions of the lemma can be rephrased as “(z1, f) and (x2,g) are two
objects of I(Z) and 1 : (z1,f) — (x2,g) is an arrow between them in I(Z)”. Indeed,
the commutative square (4.51) is just the property expressed by the commutative diagram
(4.25) in lemma 4.25). Applying the functor ¢ vields that

~

¢>(77) : é(xlaf) - ¢E($2,g)

is an arrow in I’(Z). But in the discussion above we showed that ¢(n) = 71, ¢(z1, f) =
(z1,0(f)) and ¢(x2,9) = (x2,6(g)) (up to equivalence). The fact that 7 is an arrow
between (z1,(f)) and (22, d(g)) by definition implies that the second diagram of the
lemma commutes. m

Moreover, the symmetric of the lemma 4.31 can also be proved in exactly the same

way (using ¢! instead of <ZA>)

Lemma 4.32 With the x1,x2,m as in lemma 4.31, if f,g are natural transformations
f:F'zy = Gz and g : F'zo = G'xy that make the L.H.S. square below commutative



CHAPTER 4. ADJUNCTIONS IN TOP 100

then the R.H.S square is also commutative.

-1
F/:L‘1 G/ZL'l F."L‘l ¢ (f) G:L'l
F'(n) G'(n) F(n) G(n)
F/CCQ G/l‘g FSUQ (;5_1(9) GSCQ

The importance of lemmas 4.31 and 4.32 become evident after their application in a special

case. Suppose now that F, G are two geometric morphism in opposite directions.

F
X Y (4.53)
G
We consider the following two diagrams in Top.
Fop b1
X xY XxY X (4.54)
P2 G ops

where p; and po are the first and second projections of the product topos X x Y. We
denote £ and F the inserters of these two diagrams respectively. Lemmas 4.25 and 4.28
essentially tell us that the points (at stage say Z) of £ are triples (z,y; f), where z,y
are points of X and Y respectively and f is a map f : Fox — y. Similarly, the points
of F (at the same stage Z) are triples (z,y;g), where now g is a map g : * — Gy.
Therefore, by construction, the X x Y-topos ig : £ — X x Y is the classifying topos
of the geometric theory (say T Fx,y)) whose models in any §Z are homomorphisms (of
models of Ty) Fx — y given two models x and y in SZ of the geometric theories Tx
and Ty respectively. Similarly the X x Y-topos ir : F — X x Y classifies the geometric
theory (say T, ay)) whose models in SZ are homomorphisms (of models of Tx) z — Gy
given two models x and y in SZ of the geometric theories Tx and Ty respectively.

The points of the topoi ig : £ — X XY and i : £ — X X Y can be contemplated
as the “geometric analogue” of the Hom-sets C2(F(c1),c2) and Cq(c1,G(c2)) with F, G
being two functors F : C; — Cg3 and G : Co — C; and Cy, Cs being small categories.

In category theory, the existence of an isomorphism between the two Hom-sets, which
is natural in both ¢; and ¢y, is usually adopted (see [Mac71]) as the definition of adjoint
situation between F and G (F - G). The next theorem and its corollary will demonstrate
that the equivalence of the topoi £ and F over X x Y implies adjoint situation of the
geometric morphisms F' and G of figure 4.53.
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Before we start, we draw attention on the fact that, among the equivalent definitions
of an adjoint situation (e.g. [Mac71],IV, theorem 2), the one involving the validity of the

triangle identities is “robust enough” to be used in our 2-categorical sense.

Theorem 4.33 Let F': X — Y and G: Y — X be geometric morphisms between two
Grothendieck topoi. Let also £ and F be the inserters of the diagrams 4.54. Suppose that
there are geometric morphisms ¢ : & — F and ¢~ : F — € such that (¢,¢~ ") is an

equivalence of categories and the following diagrams commute up to isomorphism

¢
£ . F
)
\ / (4.55)
ig ir

X xY

or in other words £ and F are equivalent topoi over X XY . Then, for any pointx : Z — X

and any point y : Z — Y there are natural transformations (2-cells in Top)
Ne:x —GoFox ey:FoGoy—y

such that the composite natural transformations

Ges
GoyﬂGoFoGoy—%Goy (4.56)
F
For—" poGoFor f*s Fouy (4.57)

are 1somorphic to the identity 2-cells idgy, and idp, respectively.

Proof.

We denote the inserter of the left diagram in (4.54) as I¢(Z) and the inserter of the
right diagram as Iz(Z). Let Z be any Grothendieck topos and z : Zs.t. X andy: Z — Y
be two arbitrary geometric morphisms that are fixed throughout this proof. Let also a

and b be two geometric morphisms Z — X x Y given by
a=<Goy,FoGoy> b=<Goy,y> (4.58)

meaning that, e.g., a is given as the geometric morphism that has the product universal
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property
G
z—Y .y X
G a F (4.59)
X2 xxy 2 .y

We consider the identity 2-cell f = idpgy : FoGoy = FoGoy. fis also trivially a 2-cell
[ =1idpgy: (Fopi)oa=proa (4.60)

which implies that (a, f) is an object of I¢(Z). If furthermore we look at the identity 2-cell
idgy : G oy = G oy, we observe that it is also a 2-cell

idgy :p1ob= (Gopy)ob (4.61)

i.e., the pair (b, idgy) is an object of the inserter I7(Z) (the inserter of the R.H.S. diagram
(4.54)). By the analysis that precedes lemma (4.31), ¢2*1(b, iday) = (b, qgfl(id(;y)) and this
is an object in I¢(Z). By definition this says that é_l(ide) is a 2-cell with qg_l(idgy) :
(Fop1)ob= pgoband hence qgfl(id(;y) : FoGoy=y. We denote

g:=0¢ '(idgy) (4.62)

Finally, the fact that idg, is a 2-cell between G oy = G oy and ng—l(z'de) is a 2-cell
between F' o G o y = y renders

N =< idgy, ¢ (idg,) > (4.63)

a 2-cell between a = b. Using f,g,7n, 1 = a and x5 = b, the square (4.51) of the lemma
(4.31) becomes

FoGoy ZdFGy FoGoy
Feidg, o~ (idey) (4.64)
=
FoGon5 (Zde) Goy

which trivially commutes because F' o idg, = idpg,! Therefore, by lemma (4.31), the
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diagram below also commutes

y ¢(idFGy)

Go GoFoGoy
idgy G e o (idgy) (4.65)
Goy idcy Goy

where for the bottom horizontal map, we used the fact that (Zﬁo qgfl(idgy) is isomorphic
to idg, dictated by the assumption that (qg, gZ;_l) is an equivalence of categories. So more
precisely, the diagram (4.65) commutes up to isomorphism.

For the second identity, we turn to lemma 4.32. In the same fashion we can choose
a=<zx,For>andb=<GoFox,Fox >. Also, f = q@(idpm), which can also be checked
that it is a natural transformation p; oa = (G opy)oa, and g = idgr,. Finally, we choose
n =< ¢(idpy), idpaz >. With these choices the L.H.S. diagram of lemma 4.32 becomes

~

s

T (;5(1 F ) GoFozx

Hidr) G eidp, (4.66)
GoFozx 4G ra GoFo

which again trivially commutes. Hence, by lemma 4.32, the following square also commutes

od
Fox i Fx

F e d(idpy,) idpy (4.67)

(ﬁ_ ! (idGF:t)

FoGoFox Fox

Corollary 4.34 Let the assumptions and notation of theorem 4.33 hold. Then G is the
right adjoint of F'.

Proof. We consider Z := X x Y and x = pry, y = pro the first and second projections
in Top respectively. Then the triangle identities 4.56 and 4.57 can be expressed by the
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commutativity (up to isomorphism) of the following two diagrams

ja
¢S GoFoa FI*l poGoF
\ Gec \ er (4.68)
) )
aq G ag F

4.9 Conclusion

Let FF: X — Y and G : Y — X be two geometric morphisms between two Grothendieck
topoi. Suppose also that we know that X classifies a geometric theory Tx and Y a
geometric theory Ty. Corollary 4.34 asserts that F' 4 G when the inserters of the diagrams
4.54 are equivalent over X X Y. Such an equivalence can be established geometrically. The
recipe for that can be outlined as follows. Consider arbitrary models M% and NZ of Ty
and Ty respectively inside the sheaves of an arbitrary topos Z. Then consider the category,
say C(ZF%y), whose objects are Ty-homomorphisms between models F*(M%) — NZ and
the category C(Zx’Gy) whose objects are homomorphisms M% — G* (N}g ). Prove that
there is a bijection between the objects of the two categories.

The specification of such a bijection need not be functorial. Indeed, an object assign-

Z Z
ment, e.g. C(F%y) — C(

.Gy’ determines a fortiori a functor between the two categories

by geometricity (c.f. lemma 1.4). We finally point out that “inside the sheaves of an
arbitrary topos Z” can be (mentally) substituted with “in Sets” as long as we restrict
ourselves to the domain of geometric mathematics.

In chapter 6 we shall apply corollary 4.34 when proving the adjoint situation of a pair

of functors between topoi that classify sheaves over strong proximity lattices (B-sheaves).



Chapter 5

Sheaves Over Strong Proximity

Lattices

5.1 Introduction

S. Vickers introduced the notion of a B-sheaf, i.e. a sheaf over a strong proximity lattice
B in [Vic98b] (draft). This section is a reworking of the ideas and results of this paper.

Section 5.2 opens the chapter with a result about sheaves of sets: a presheaf over a
locale is a sheaf iff it has binary (and hence finite) and directed pasting. This splitting
of pasting prepares the ground for the definition of B-sheaves. Distributive lattices can
accommodate only the notion of finite pasting. The extra strong order of a strong proxim-
ity lattice is enough structure to support the notion of continuity of approxrimation which
emulates directed pasting. All the basic definitions of approrimating presheaves and B-
sheaves are given in section 5.3 where also some properties are studied, most notably the
notion of the interior of an approximating presheaf.

Sheaves over a stably compact locale X and B-sheaves over a strong proximity lattice
B such that X = RSpec(B) are equivalent and this is proved in section 5.4. The theory
of B-sheaves is geometric, and this equivalence connects a non geometric construction with
a geometric one. Geometricity of B-sheaves is discussed in section 5.5. In particular it
is proved that for a stably compact locale X, the exponential [set]X in Top exists and
classifies the geometric theory of B-sheaves over the strong proximity lattice BX.

Finally, section 5.6 introduces what effectively is sheavification for approximating
presheaves.

The reader is prompted to compare the results in this chapter with the ones in [JJ82].

There, Johnstone and Joyal prove with different methods that a locale X is exponentiable

105
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as a topos iff it is metastably locally compact. The class of metastably locally compact

locales comprises the stably locally compact locales (not necessarily compact).

5.2 A note on sheaves of sets over locales

This section is about sheaves over locales. Their defining property of pasting is studied
developing separately its finite part (finite pasting) from the infinitary (directed pasting).
Let (F,r) be a presheaf over a locale X whose restriction maps are rg? for a; < ap in
QX . We state the standard condition for F' to be a sheaf over X.
Let {a;|i € I} be a family of opens Q2X. We say that a tuple {z(a;) € F(a;)|i €
I} is coherent iff for any two elements x(a;) € F(a;) and z(a2) € F(az2) in the tuple

Tainas (£(a1)) = afnay (€(a2))-

Definition 5.1 A presheaf (F,r) over QX has arbitrary pasting iff for any family of opens
{a; € QX|i € I} with \/ a; = a and any coherent tuple {x(a;) € F(a;)|i € I}, there is a

unique element z € F'(a), such that vy (2) = x(a;) for any i€ I.
Definition 5.2 A presheaf F': QX°P? — Sets is a sheaf iff it has arbitrary pasting.

We used the rather superfluous term “arbitrary pasting” in definition 5.1 in order to
introduce three restricted cases of pasting: directed pasting, binary pasting and finite

pasting.

Definition 5.3 A presheaf (F,r) over X has directed pasting iff for any directed family
of opens {a; € QX|i € I} with \/" a; = a and any tuple {x(a;) € F(a;)|i € I}, there is a

unique element z € F'(a), such that vy, (z) = x(a;) for any i € I.

Let lim;crF(a;) be the limit of the diagram F : L — Sets, where L is the full
subcategory of (X, <) that includes the opens of the family {a;|¢ € I}). In concrete
terms, any element x € lim;crF(a;) is a tuple of elements {z(a;) € F(a;)|i € I} with the
property that if a; < a; with i,j € I, then z(a;) = ro!(z(a;)) stemming from the fact
that lim;erF(a;) together with its projections is a cone of the diagram F' : L — Sets.
We denote by I' : F(a) — [[;c; F(a;) the map that takes elements z € F(a) to tuples
{ra.(2)]i € I}. Such tuples are actually elements of lim;c;F'(a;) because if a; < a; with
i,j € I with p,,(I'(2)) = z(a;) and pq, (I'(2)) = x(a;) then

v (a(a;) = v ope ol(z) =
rort (2) = 19.(2) =
PaoT(z) = a(a)
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In categorical terms, I' is the unique map with the property that p,, o I' = rg. for any

i € I, where p,, is the limit projection lim;crF'(a;) — F(a;).

Theorem 5.4 Let (F,r) : Q7 — Sets be a presheaf over the locale X. Then F has
directed pasting iff for any directed family {a; € QX|i € I} with Vg a; = a the map,

I: F(\/ Ta;) — limicr F(a;)
s an isomorphism.

Proof.

First let F' have directed pasting. We are going to show that the map I' is an iso-
morphism. Let z = {x(a;)|i € I} € lim;crF(a;). We show that x is a coherent tuple
of elements. By assumption, {a;} is directed, so for any two elements x(a;), z(a;) in the
tuple, there is an element a; with £ € I and a; < aj and a; < ai. Furthermore, by
the defining property of the limit, z(a;) = rg* (z(ax)) and z(a;) = rg*(z(ax)). Therefore,
Py (0(01) = T8n, 0 195 (2(ak)) = T (@(ak)) = Tr, 0 188 (2(ak)) = g (2(ay).
So, by assumption, there is a unique z € F'(a) such that rg (z) for any ¢ € I which shows
that I' is an isomorphism.

For the opposite direction, let it be the case that I' : F(a) — lim;erF(a;) is an
isomorphism and let {x(a;) € F(a;)|i € I} be a coherent tuple of elements. It is easy to
argue that this tuple is an element of lim;c;F'(a;). Indeed, if a; < a; with ¢,j € I then
coherence forces 15/nq, (x(az)) = 75 rq, (x(as)) or 74! (z(a;)) = x(a;). Since T is 1-1 and
epi, there is a unique z € F'(a) such that I'(z) = {x(a;)|i € I}. But I'(z) = {rg.(2)]i € I}
which proves that F' has directed pasting. m

Next, we introduce the notions of binary and finite pasting.

Definition 5.5 A presheaf (F,r) over X has binary pasting iff it possesses one of the

following obviously equivalent properties.

(I) For any pair of elements x € F(a1) and y € F(az) with ra: e, () = 42 pa, (y), there

ai1Vag
ai

ai1Vag

is a unique element z € F(ay V a2) with r (2) = and 731V (z) = y.

(II) F preserves pullbacks of the form

a1 Vay — aq

l l (5.1)

ag — a1 N\ a2
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Definition 5.6 A presheaf F' over X has finite pasting iff for any finite tuple of elements
{x; € F(a;)|i = 1,..., N} that are coherent, there is a unique element z € F(VX ,a;), with
\/N:laz‘ .
ra; =t ' (2) = x, foranyi=1,....N.
Naturally we anticipate that binary pasting implies finite pasting. This is indeed true

although there is some intricacy in how induction is used to prove it.

Lemma 5.7 Let (F,r) be a presheaf over a locale X. Then F has finite pasting iff it has

binary pasting.

Proof. Let {z; € F(a;)[i =1,..., N} be a finite tuple of coherent elements. We introduce
a “block” index s with ) # s C {1,..., N} and we write

as ‘= Njcs@;

It is obvious that there is a unique zs € F(as) such that i € s = 25 = 75 (x;). Moreover, let

{s,} be any total ordering of the subsets s C {1,..., N}, i.e. 7 = 1,...,n where n = 2V — 1.

We are going to prove by induction on n that there is a unique z € F(V]_,as,) such that
T(\l/i:ﬂs?« (2) = zs,

This suffices to prove finite pasting because V_jas, = VX a;. We observe that the claim

is trivially true for n = 1. Suppose now that if » = 1,...,n — 1 then there is a unique

2 € F(V"Zlas,) such that

n—1

rar o (2) = 2,
We are going to prove that

n—1

Vp—1Gsr N __ Gas
(\;:Lz_llasr)/\asn (z ) - Tv:‘:lz_llaw/\asn (an) (52)

T

This fact together with the binary pasting property of F imply that there is a unique
clement = € F((V'=las,) V as,) = F(VI_as,), such that

rVZillaST () =2 and r!LlasT (2) = as,

Vi _as, Sn
which will complete the induction.
Furthermore, to prove equation 5.2, we argue that it suffices to prove that

n—1

Vo
Tal e () = 152" vy, (25,) (5.3)
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vn_ll (as'r)

for all r = 1,...,n — 1. Indeed, the elements r,”=

aefas, (#') are obviously coherent, so, by

assumption, there is a unique 2 € F(V"Z](as, A as,)) such that

Vv~ Nas, Aas,,) vila,
_1 (as, Nas,, " —10sp (1
asrr/\asn (Z ) - asTT/\asn( ) (54)
Now, the elements
S = va;fasr (7)) and 2§ =r%r (%s,) (5.5)
1 v:‘bz_ll(asr/\asn) 2 v?;}(asr/\asn) Sn '

are clearly such elements because of equation 5.3. Therefore, uniqueness implies that
z{ = 2! which is equation 5.2.

Finally, we prove equation 5.3 for r = 1,...,n. The L.H.S. is the restriction of 2’ to
as, N as, which is an open (say) as,,, where the index s, is s, Us,, and hence 7’ # r. So,

according to the assumption of the induction we have

n—1

\ a
r=1“sr AN
TaST/\asn (Z ) = Zs,

The R.H.S. of 5.3 is also 25, by the definition of the elements zs, and the fact that
as,, < as,. This completes the proof. m

So combining lemma 5.7 and theorem 5.4 we arrive to the main result of this section.

Theorem 5.8 A presheaf over a locale F : X — Sets is a sheaf iff it has binary pasting

and transforms directed meets to codirected limits.

Proof. Let (F,r) be a presheaf over X that fulfills the theorem’s assumptions. From
lemma 5.7 and theorem 5.4 we know that F' has finite and directed pasting. It is easy
to shoe that this amounts to having arbitrary pasting. Let {a; € QX };c; be a family of
opens in QX and {z(a;) € F(a;)|i € I} a tuple of elements. We derive the family of opens

{bj eNX, je J’bj = Viemai, M C 1T ﬁnite}

From finite pasting, for each b; = a;, V ... V q;,, there is a unique element x(b;) that
restricts to x(a;, ) for any k = 1,...,n. The tuple {z(b;) € F(b;)|j € J} is coherent and

the family {b;|j € J} is obviously directed. Therefore there is a unique element
ze \/{bjli € J} = \Haili € I}
j i

that restricts to the elements {x(b;)|j € J} and hence to the elements {x(a;)|i € I}. m

The following is an obvious generalisation.
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Corollary 5.9 Theorem 5.8 holds for F' being C-valued presheaf over a locale X, where
C is any category with codirected limits. In particular it holds topos-valued presheaves (for

a topos where sheaves are definable).

5.3 B-Sheaves and Their First Properties

If B is a strong proximity lattice, we are going to denote by (B, <) the underlying poset
and by (B, <, =) the category with objects the elements of B and with arrows the relation

a < b plus the identities a = a.

Definition 5.10 Let B be a strong proximity lattice. A presheaf with approximation over
B is a triple (V,¢,0) such that

(i) (V,®) is a presheaf over the underlying poset (B, <), i.e. for any a < b in B, there
are functions ¢l : V(b) — V(a) such that for any a € B, ¢¢ = idy(qy and if
a <b<c then ¢f o # = ¢¢. We are going to refer to ¢ := V(<) as the weak

restriction maps of V.

(ii) (V,0,id) is a presheaf over the category (B,<,=), i.e. for any a < b there are
unctions : — a) such that if a < b < c then o = 06¢. SO
f 6 . V(b) V(a) h that if b hen 05 o 00 = 6. Also,

V(ie=a)= idy (). We are going to refer to ¢ as the strong restriction maps of V.
(iii) The strong restriction maps absorb the weak: If a < b < ¢ < d, then ¢Zoffogl = 6.

Definition 5.11 Let (V,¢,0) and (W, [3,5) be two presheaves with approzimation over
a strong prorimity lattice B. Then a morphism of presheaves with approzimation or an
approximating presheaf morphism is a transformation f : V. — W which is both natural
with respect to the weak and strong restrictions. That means that f is defined by component
functions f, : V(a) — W {(a) for any a € B, such that for ay < as or by < ba, the

respective naturality diagrams are commutative

Vi(az) 1%+ W(an) Vibe) —%e W(h)
a2 o2 0;2 0;2 (5.6)
V(ar) 2% W(ay) Vo) e W)

Sometimes we will refer to the left square as the “weak naturality square” and to the left
as the “strong naturality square”. We denote by PreBSh(B) the category of presheaves

with approximation over B and approximating presheaf morphisms.
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For any a € B, consider the full subcategory J$ of (B, <, =) that includes all the elements
a; € B with a < a;. J? is filtered because T a is an ideal. Let colimgy<q,V (a;) be the
colimit of the diagram V : J? — Sets, where (V, ¢, 0)) is a presheaf with approximation
over B. Note that the superscript * signifies that the diagram is with respect to the strong
restriction maps. There is an obvious map 0, : colimg<qe,V (a;) — V(a) (unique in that

it makes 6, 0 % = 0% where §% are the colimit injections).

Definition 5.12 Let (V,¢,0) be a presheaf with approximation over B. V is continuous
or equivalently V' has continuous approximation iff the map 0, : colimg<q,V(a;) — V(a)
is an isomorphism. We denote by ContPreBSh(B) the category of continuous presheaves
with approximation over B and approximating presheaf morphisms, i.e. ContPreBSh(B)
is a full subcategory of PreBSh(B).

In other words, if V is continuous V'(a) is approximated by the sets {V(a;)|la < a;}
1 “strongly over” V(a). This is in parallel with the notion of lattice continuity where

a = \/"{ai|la = a;}. This has the following impact.

Lemma 5.13 Let B be a strong prozimity lattice and (V,$,0) : B — Sets a presheaf
with continuous approximation. Then the strong restrictions ¢ completely determine the
weak restrictions 4.

In particular, if by,by € B with by < by and by < by, then for any x € W(by),
o) = 02 ().

Proof. Let by < by in B. Then V (b2) = colimy,<p, V (b;). Then, for any b; > bz, we have
b1 < by < b; = b1 < b;, so the functions ¢23092; = 92;' together with V' (b1) constitute a cone
of the diagram V' : J;, — Sets. Therefore, there is a unique function o : V' (bg) — V/(b1)
such that a o 92;' = 921 for any b; > bs which implies (bgf = a.

The second part of the lemma is more or less obvious now, but we are going to prove
it formally in order to establish the notation henceforth used! Let by < by and b; < bs.
Continuity dictates that V(b2) = colimp, <y, V(b;). Let 6% : V(b)) — colimy, <y, V (b;)
be the colimit injections and 6, the obvious isomorphism colimy, <,V (b;) — V (b2). To
prove that for any x € V (b2), d)lgi (x) = Hgf (x), it suffices to prove that for any b; > be and
for any = € V(b;), gbzf 00,4, 00%(z) = Hé’f 0 0,, 0 0% (z), which is the same as gbzf o 92; (x) =
92? o 02; (z). But (definition ??) this last equality is the same as 02;' (x) = HSj () which is
trivially true. m

The following definition pertains to the lattice structure of the strong proximity lattice.

Definition 5.14 Let (V,¢,60) be a presheaf with approximation over B. Then V has
pasting or equivalently V is a pasting presheaf with approzimation iff V(L) = 1 and for
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any a,b € B, the following is a pullback in Sets

aVvb
V(aVb) i

V(a)

5 Pan (5.7)

¢b
V(b)) —“% V(aAb)
We denote by PastPreBSh(B) the category of pasting presheaves with approximation over
B and approzimating presheaf morphisms; PastPreBSh(B) is also a full subcategory of
PreBSh(B).

Finally we have the following.

Definition 5.15 A B-sheaf is a pasting, continuous presheaf with approximation over
a strong proximity lattice B. We denote by BSh(B) the category of B-sheaves and ap-
proximating presheaf morphisms. Note that the category BSh(B) is a full subcategory of
PreBSh(B).

Note: If B is a strong proximity lattice, we shall be referring to a “B-sheaf” or
equivalently to a “B-sheaf over B” (in the latter case B- is calligraphic).

Next, we investigate the interplay between the continuity and pasting property of
approximating presheaves. Given a presheaf with approximation V', there is an obvious
continuous presheaf with approximation V' constructed out of V. What is less trivial is

that V' has pasting if V' has pasting.

Definition 5.16 Let (V,¢,0) be a presheaf with approximation over B. The interior of
V., (intV, 3,0), is the presheaf with approzimation defined by

intV(a) = colimgq,V (a;)

and for a < b (a < b), B (6°) are the obvious unique maps stemming from the fact
that J; is a full subcategory of J;. We are going to denote the colimit injections as

0% : V(a;) — colimg<q,V(ai).

Lemma 5.17 Let V be a pasting presheaf over a strong prozimity lattice B. Then its

interior intV also has pasting.

Proof. We are going to prove the property of definition 5.14. First we easily observe that
all the injections into colim | -4, factor through the map V(L) — colim <, because
1 < 1 and V(1) =1 by assumption. So intV (L) = 1[?][expression]
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Let x € V(a;) and y € V(b;) with a; > a and b; > b, such that

G007 (x) = Bin00"(y) &
eai,a/\b(x) — ebi,a/\b(y)

Since the diagram J?,, is filtered, the above equality is realised “before” the colimit, i.e.

there is an element ¢ with a A b < ¢ < a; A b; such that

02 (x) = 02 (y) (5.8)

B is a strong proximity lattice, so there are a’,b’ € B with a < @’ and b < b’ such that
a ANV < c. Also, let c1,co be two interpolants with a < ¢; < a; and b < o < b;. We
denote ag := a’ Acy and by := b’ Aco. The elements ag and by have the following properties

by construction.

a < ag < a; b<by<b;

ag Nby < ¢ aVb=<agVb

Since ag A by < ¢, equation 5.8 becomes 6!\, (r) = 922 by (@) Which is equivalent to

i _ b bi
¢38/\bo °© 030 (x) - (Zsa%/\bo o 9b0
V has pasting by assumption, so there is a unique z € V(ag V bp)such that

@20V (2) = 9% and ¢V (2) = 6} (x) (5.9)

0

We need to prove that #%V@0:2Vb(2) is the required unique element. For any interpolant

a < a1 < ag we have the following

Vb o gaovaoaVvh()  —  gaovboay)
= 090050V (2)
= 0" 0050 0 ¢ (2)
= 0" 00;° 00! (r)(equation 5.9)
= 0" o bgi(x)

= 0% x)
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Similarly we can prove B¢V0 o §a0Va0:aVb(y) = gai¢(x). This proves existence.
To prove uniqueness, suppose there are two elements z; € V(a;,) and 22 € V(a;,) with
aVb=<a; and aVb < a;, such that

,Ba\/b o 9ai1’a\/b(21) — ﬁgvb ° 9ai2,avb(22)

and ,Ba\/b o Hail,a\/b(zl) — gvb ° 9ai2,avb(22)

and with the property that the above expressions become equal when further weakly
restricted to intV (aAb). Let d be an interpolant aVb < d < a;, Aai, and let 2] := Ga”/\%
Gt na, (21) and 2 := 051" o ¢Zii% (22) To prove that §%17V0(z) = §%2%VP(z9), it

suffices to prove that §4%Vb(2!) = §4Vb(2,) given that
1 g

5avb o ed,avb(zi) _ ﬂavb o ed,avb(zl) =
and ﬁa\/b o Qd’a\/b(zi) — avb 0d avb( 2) =y
and
() = Bons(v) (5.10)

Since we are dealing with filtered colimits, equation 5.10 implies that 69(2}) = 69(2}) for
some element ¢ with a A b < ¢. Also, there are elements ¢1,co with a < ¢; < d and
b < ¢y < d such that 09 (2]) = 09 (2}) and 6% (2]) = 62 (). We call ¢| := ¢ A c; and
¢y = ¢ A cy. It holds that ¢} V ¢4 < d, therefore the last pair of equations yield

51008 () = 04 () (5.11)
chvel
=04 (20) = &4 7 00 () (5.12)
and similarly
chvel chvel
Geb 7005 (21) = 8 0 0%y (25) (5.13)

/

Furthermore, it holds that ¢} A ¢, < ¢, which means that if we post-compose (;52/1\/62 o
1

0., ,(#}) and ¢c1vC2 64,

c\/c ch

uniqueness of pastlng

,(2]) with ¢2 Adl and ¢Z? Al they become equal. Hence, by
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Vc’g,a\/boed

/ /
e (zi) — QCIVCQ,a\/bOQd
1V €2

e, (), o 01Ve(2)) = 0heVe(zh)

which in turn implies 61
as desired. m

The choice of the word “interior” in definition 5.16 is justified by the following theorem.

Theorem 5.18 Let V' be a presheaf with approrimation over B. Then its interior is a
continuous presheaf with approrimation. Moreover, the interior construction defines a

functor int which is the right adjoint of the inclusion functor
iz : ContPreBSh(B) — PreBSh(B)

This exhibits ContPreBSh(B) as a co-reflective subcategory of PreBSh(B).

Proof. To define the functor int, we set int(V') = intV, for any presheaf with approxima-
tion, as in definition 5.16. Let (V, ¢, 0) and (W, 3, d) be two presheaves with approximation
over B and g : V — W an approximating presheaf morphism. We are going to define an
approximating presheaf morphism between intV — intW.

Let 0% : V(a;) < colimg=q,V (a;) and 6% : W(a;) — colimg<q, W (a;) be the re-
spective colimit injections as before. For a < a;;, < a;, in B, all the loops are commutative

in the following diagram.

0a.2
Viai,) = V(aiy)
QG” a; Qaiz

Oa;;
W(ai,) < W(ai,)

(5.14)
5%1 ,a 5(11'2 ,a
colimeg=a;, W (a;

Indeed, the upper square commutes because of lemma 5.19 and the lower triangle because
it is the universal cone of the diagram W : J7 — Sets. So the functions §** o g,, with
the set colimg~q, W (a;) constitute a cone of the diagram V' : J? — Sets and therefore

there is a unique function int(q), : colimgq,V (a;) — colimg<q, W (a;) with the property
int(q), 0 9" = 0% o g, (5.15)

for any a; = a. Now we prove that int(g) is an approximating presheaf morphism between
V and W. We start with the strong naturality property. We denote by int(¢) and int(0)
the weak and strong restriction maps of int(V') and by int(3) and int(d) the weak and
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strong restriction maps of int(1W'). We consider the following diagram for a1 < a2 < a;

Qa;

V(ai)

gaisa l
int(V)(as)
int(0)22 l

W(CLZ)
léaiﬁQ

int (W) (as) (5.16)

lint(é)‘”

int(q)q,

al ai

int(q)a, .

int(V)(ay) int(W)(ay)

The left composite vertical map is just 8%+ and the right composite vertical map is §%*1,
Therefore, the outer diagram commutes as the defining property of int(q) (expression 5.15
above). For the same reason the upper square diagram also commutes. Therefore, the
lower diagram, which is the strong naturality square of int(q), pre-composed with (any)
colimit injection #** commutes which implies that it commutes.

In order to prove the weak naturality of int(q), we consider the corresponding diagram
for a; < az < a; with int(¢)32 instead of int(0)s? and int(3)s2 instead of int(0)32. The
argument is the same as in the strong case because ¢g2 o 69992 = 9% and ;2 0 §%9*2 =
ORI

Finally, we prove that int is the right adjoint of the inclusion functor ig : ContPreBSh(B) —
PreBSh(B). Let (V,¢,0) be a presheaf with approximation. It is easy to observe that
the maps 6, of definition 5.12 are the components of an approximating presheaf mor-
phism int(V) — V. Indeed, the strong naturality is demonstrated as follows for any pair

a1 < az and any colimit injection §%:92:

Oq, 0 int(0)g? o H2 B4, 0 090 =
= o=
082 00, 0 0%
The strong naturality is demonstrated similarly. We denote by 6 the morphism whose

components are the functions 0,. Let (W, 3,d) be an other presheaf with approximation

and f: W — V an approximating morphism of presheaves. Then the following square

commutes .
int () 28U e )
Sl lé (5.17)
W f 1%
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To demonstrate this fact, we consider any a € B and any colimit injection 6%* : W(a;) —
int(W)(a). Then

fo00,00%0 = f,048%
= 05 o f,, (strong naturality of f)
— G, 08%0 f,
= Ogoint(f), 00" (by the defining property of int(f))

Now, assume in addition that W is continuous, i.e. it has the property that  : int(W) —
W is an isomorphism (definition 5.12). We will prove that there is a unique morphism
f': W — int(V) such that f = 0o f’. Namely, let f’ := 6L oint(f). The commutativity
of the square 5.17 reads

foint(f)=fod < foint(f)od t=7f
& fof =f

We finally prove that f’ is the unique such map. Let f” be an approximating presheaf
morphism such that for any a € B, 0, o f = f,. We will show that for any = € W(a),

Ix) = f(’x) Since W is continuous, there is 2’ € W(a;) for some a; > a such that
0% (2') = x. Let b be any interpolant a < b < a;. We observe that since int(V)(b) =
colimpy<p, V (b;), there is y € V(c) for some ¢ > b such that

Yooy =00 (y) (5.18)
We have the following sequence of equalities:

fdodgi(a) = fiodsody(a))
— int(@)g o fy o6y (z') (by naturality of f”)
= int(0)? 0 6°°(y) (expression 5.18)
= 0" 06,00%(y) (by definition of int())
= oo fl o 8,1 (x") (expression 5.18)
= 0"0f, 067 (z") (by assumption)
— ghao 0y o fo,(x") (by naturality of f)
= int(6) o f,. (")

= flod%(z') (by naturality of f)
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This proves uniqueness of f/. =

5.4 B-sheaves are equivalent to sheaves

We recall from chapter 3 that if B is a strong proximity lattice, then there is a locale
X = RSpec(B) generated by B whose frame is the rounded ideal completion of B. In the
rest of the section we are going to prove that the category of B-sheaves and approximating
presheaf morphisms is equivalent to the category Sh(RSpec(B)) of sheaves over the locale
RSpec(B) and sheaf morphisms. Before the main theorem, we are going to need some
technical results.

Suppose that (V,¢,0) is a presheaf with approximation over B. We consider the
full subcategory L of (B,~<,=) that includes all the elements a; € B with a > a;.
We denote limgyq;V (a;) the limit of the diagram V : L — Sets and with pg the
limit projections p§ : limgsq,V(a;) — V(a). Furthermore, let az > a1 in B. For
any a; < a1, a; < az and this implies that limg,. o,V (a;) together with its projections
P2 limays-q,V (a;) — V(a;), for any a; < ay, is a cone of the diagram L . Hence there
is a unique function 352 : limgyeq,V (a;) — lima,»q;V (a;) that satisfies pg! o 852 = pj?
for any a; < a1. Repeating the argument for az > a; we define a function dg2.

Finally, for a > a; in B, the object V' (a) together with the restriction maps 65, con-
stitute a cone of the diagram L] and therefore there is a unique function ¢, : V(a) —

limasq;V (a;) with the property p3. o g, = 05, for any a; < a.

Lemma 5.19 Let (V,¢,0) be a presheaf with approximation over the strong proximity
lattice B. Then the assignment a — limgyq,V (a;) == W(a) for any a € B, together with
the maps Bg? and 0g? for ag > a1 and az > ay in B respectively define a presheaf with
approximation over B.

The maps q, are the components of a natural transformation q : (V,0,id) — (W, 4, id).

Furthermore, for any a1 < as, q1 0p3§ = 5gf

Proof. It is straightforward to check that the maps (3, § satisfy the properties of the weak
and strong restriction maps of definition 5.10. The second part of the lemma is slightly

less trivial. Let a1 < as in B. Then for any a; < a1, we consider the following diagram in
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Sets.
03>
V(al) - ! V(ag)
qa1 qag
a2
limg,va,V (a;) 4 limaysa,V (ai)
(5.19)
Pa; Pa;
V(a;)

By the definition of g, we have that pg! o q,, = 0! and pg? o g4, = 632 which entails
that the total outlying diagram commutes. Also, by the definition of 452, the triangular
diagram commutes. Therefore, the upper square diagram commutes by virtue of the fact
that the projections pg! are epi. This is the strong naturality square of g.

To prove the last claim of the lemma, for any projection Pg' (a; < a1), we have
Pt © qay © P2 = 05! o pg? by the defining property of g. The last composite is equal to

pe2 = pal 0 652 which proves the claim. m
Corollary 5.20 If in addition V is continuous then q is an approximating presheaf mor-

phism.

Proof. Let now a; < az. Then for any a3 with az < a3, the map 033 : V(a3) — V(a2)
is the colimit injection 6% : V(ag) < colimg,<q;V (a;). The outer diagram below

commutes because it is the strong naturality square of ¢ (lemma 5.19)

@ 05
V(a1> ! V(a2> 2 V(ag)
szl qa2 as (520)
a2 as

limg,sq,V (a;) < limaysq,V (ai) <22 limag<a,V (a;)

For the same reason the right diagram also commutes. This means that g, o ¢g? 0 053 =
Bg? © qa, © 053 for any injection 6g3. Therefore, the left square diagram commutes. ®

Finally, we are going to rely on the following technical fact.

Lemma 5.21 Let (V,¢,0) be a continuous presheaf with approzimation over B and q the
approximating morphism of presheaves as in lemma 5.19 and corollary 5.20. Then int(q)

is an isomorphism of B-sheaves.

Proof. We have to prove that

colimg<a; lima;=q,;V (a;) = V(a)
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In what follows, we denote v, := int(int),.

V(a:) L W(a)
f% 0%
colimeg=a;V (a;) colimeg<a;, W (a;)
. (5.21)
e
0, :
v
V(a)

For any a; >~ a, the projections pgi : W(a;) := limg,~q,V (a;) — V(a) together with the
vertex V' (a) constitute a cone of the diagram W : J5 — Sets because of the defining prop-
erty of the restrictions . That means that there is a unique map oy : colimg<q, W (a;) —
V(a) with the property

Qg 0 0% = pl (5.22)

where 6% is the colimit injection % : W(a;) — colimg~<qa, W (a;). Let 6, be the obvious
map as in the discussion preceding definition 5.12. By assumption V' is continuous and

hence 6, is an isomorphism. We will prove that a, has an inverse, namely the map

1

-1 . —1
Qg = ’yaoaa

First, we recall that by the definition of ¢, for any a; > a, p% o q,, = 6% (see right above

lemma 5.19). Furthermore,

Py o Ga, = 05
= qq00%0¢q, = 05 (by definition of a,)
= g0, 00% = 603 (expression 5.15 in theorem 5.18)
= g07,00% = 0,00% (by definition of ,)

Since 0% are the colimit injections, the last equality implies o, 0y, = 6, or that ag o (74 ©
0;1) = idy (q). For the other direction, for any colimit injection 6** and any interpolant

a’ with a < a’ < a;, we have

Yoo b0, o, 06%" = .00, op¥ (by definition of a)
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= 700, 00 opl

= 7,00%%0p% (because 62 = 6, 0 §)
= 6“0 gy op% (by definition of 7)

= 5% 6oi (lemma 5.19)

= v

n

This proves that (v, 00, 1) o o = id

colimg<a;lima; ~a; \4CHE

Theorem 5.22 Let B be a strong proximity lattice. Then the category BSh(B) is equiv-
alent with the category Sh(RSpec(B)) of ordinary sheaves over RSpec(B).

Proof. First we are going to define a functor ¥ : Sh(RSpec(B)) — BSh(B). Let
F : RSpec(B) — Sets be a sheaf. We denote by 752 : I'(az) — F(a1) its restriction
maps for a1 < as.

As an intermediate step, let (V, ¢, 0) be the triple where V(a) := F(] a) for any a € B,

a2 = rﬁf for a; < ap and 032 := rigf for a1 < as. (V,¢,0) is obviously a presheaf with

approximation over B. It is easy to demonstrate that V' has pasting. Let x € V(a) and
x € V(b) such that ¢2,(x) = ¢2,,(y). This condition translates as rﬁ/\lb(x) = rjz/\lb(y)
or rﬁla/\b) (x) = rﬁ’a/\b) (y). Because F' has binary pasting, there is a unique z € F(| aV | b)
such that rigvlb(z) = z and ri,‘fvlb(z) = y. But lemma ?? says that | aV | b =] (aVb)
and therefore, the last statement translates that there is a unique z € V(a V b) such that
$IV(z) = 2 and ¢§"¥(z) = y.

Now we are ready to define the object part of the functor ¥. We stipulate that

U(F) =intV =intF (] e) (5.23)

where int is as in definition 5.16 and theorem 5.18. We denote the weak and strong
restriction maps of W(F') as 3 and J respectively. Lemma 5.17 guarantees that (V(F), (3, 0)
has pasting and theorem 5.18 that it is continuous. For the arrow part of ¥, let f : F} —
F5 be a natural transformation. The components f|, : Fi(] a) — Fy(| a) define a
transformation f' : V/ — VJ, where V{(a) = F(| a) and Vj(a) = F(| a), which is
obviously weakly and strongly natural. We define U(F)(f) := int(f’).

For the opposite direction, we are going to construct a functor ® : BSh(B) —
Sh(RSpec(B)). Let (U, p,0) be a B-sheaf. For any rounded ideal I € Q(RSpec(B)), we
define

O(U)(I) = limgerU(a)
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The limit is on the diagram V' : L} — Sets where L7 is the full subcategory of (B, <, =)
that includes all the elements of the ideal I. For Iy C I, there is an obvious map
tf : limaer,U(a) — limger, U(a), unique in that it makes plt o t% = pl2 for any a € I,
where pll and p!2 are the respective projections of the two limits. We are going to prove
that (¥(U),t) is a sheaf over RSpec(B).

The arrow part of ® is defined as follows. Let g : U — U’ be an approximat-
ing presheaf morphism between two B-sheaves (U, p,o) and (U’,p’,0’) and let péi
limg,e1U(a;) — Ul(a;) and pfl : limg,e;U’(a;) — U’(a;) be the respective projections.
Its strong naturality of g property reads that for any a1 < as, ga, © 032 = 02 © ga,.
The composite maps g, opéi : limg,erU(a;)) — U'(a;), for any a; € I, together with
the vertex limg,erU(a;) constitute a cone of the diagram whose limit is limg,erU’(a;).

That is because, for a; < a2 in I, g4, © pgl = ga, © 042 © péQ which using the strong

/a2

a2 O Gay © péz. Therefore, there is a unique map

naturality of g becomes, g, © p£1 =0
D(g)r : limg,erU(a;) — limg,erU'(a;) such that pf{l o ®(g); = ga, opéi, for any a; € I.
The map ®(g) is a natural transformation between ®(U) and ®(U’) because for I C J

and any projection pl/,

plot?od(g); = plod(g)s
I
= a; OD) = Ga; ODh Ot]

= plo®(g)rot]

(®(U),t) is obviously a presheaf. To show that it has pasting we are going to rely on
theorem 5.8 according to which, it suffices to prove that it has binary and directed pasting.
First we show that it has binary pasting. Suppose that, for any pair of rounded ideals
I,J € RSpec(B), there are elements x € ®(U)(I) and y € ®(U)(J) that are coherent,
i.e. they satisfy

ting (@) = t1ns(y) (5.24)

We will prove that there is a unique element z € ®(U)(I V J) such that t{V/(z) = x and
tJI-VJ (z) = y. It serves the task ahead to think of the elements z,y in concrete terms.

Namely, x is an element of the limit limgc;U(a), so it can be represented as a tuple

{z(a)|la € I} € H{U(a)]a el} (5.25)

subject to the restriction that if z(a1) € U(a;1) and z(a2) € U(az) are two entries of the
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tuple with a; < as, then the identity
0q; (x(az)) = x(a1) (5.26)

must be satisfied. Note that we used the strong restriction map in equation 5.26 as the
defining limits of ®(U) are with respect to the strong restrictions. Nevertheless, if x(a)

and z(ag) are two entries of the tuple with a; < as (weakly less) then we must also have

pal(z(az)) = v(a1) (5.27)

For if a1 < ag in I, then from roundedness there is a, € I such that as < a) and hence

a; < ay. Then we have

pai(x(az)) = pg2o O'Z;Q (z(ah)) (because of 5.26)
= o4} (x(a)))

= x(a1) (because of 5.26)

Similarly, y is a tuple {y(a) € U(a)|la € J} € [],c; U(a) with the property that if a; < a2
(or a1 < ag) in J, then 03%(y(a2)) = y(a1) (or pg2(y(az)) = y(a1)). By the definition of
the restriction maps ¢, the restrictions ¢/, ;(z) and t{, ;(y) are the tuples {z(a) € U(a)|a €
I'NJ} and {y(a) € U(a)|la € I A J}. So, equation 5.24 can be read as

{z(a) eU(a)la e INJT} ={yla) € U(a)la € I NJ} (5.28)

Now, for any a; € I and any az € J, the pair of elements x(a1) and y(az) is coherent as
we briefly demonstrate. Since I is rounded, there is @} € I with a; < a). The identity 5.26

dictates that z(a1) = oq! (z(a})). Also a; Aag < a; < @} and so aj A ag < a}. Therefore,

U

Pt nas (1)) = piing, ©0al ((ay))
= UZ;AGQ(:L;(G‘Il))

= (a1 A az) (because of 5.26 and a3 Aag € I)

By the same argument, also pg2a,, (y(a2)) = y(a1 A az). The element a; A ag obviously is
an element of I NJ = I A J, therefore if we apply the coherence assumption for x and y,
i.e. equation 5.28 we get z(aj A az) = y(aj A az) and we just proved that this amounts to

Parnaz (%(a1)) = Paira, (y(a2)).
We exploit the coherence of pairs x(a1),y(as) as follows. U has pasting, so, for any
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a1 € I and ay € J, there is a unique element z(a1 Vaz) € U(ayVay) such that p21V* (z(a; Vv

az)) = x(ay) and p2V?(z(a1 V az)) = y(az). We recall that the ideal IV J is defined
as in theorem 3.6(iii). Our goal is to show that there is a unique tuple of elements
z:= {z(a) € U(a)la € IV J} such that 17/ (2) = z and t}Y7(2) = y. We consider the

following tuple
z = {09V (2(a1 Vaz))la€ IV Jand a; € I,ay € J with a < a1 V as} (5.29)

Before we actually demonstrate why the above does the job, we have to prove that such a
tuple is well defined and this will be rather painstaking. Let it be the case that there are
ai,ay € I and ag,ab € J such that a < a; V ag and a < a V a,. We have to prove that
piVa2(z(ay V ag)) = lelv“'Q (z(a} V db)). First we show that z(a; V a2) and z(a) V ab) are
coherent. We have that

P narvay) (2(a1 V az)) = (a1 A (a) V a5)) and
a)Vval
usn(avay) (2(a1 V a3)) = y(ag A () V a3)) (5.30)

because, e.g. piV®(z(a1 V az)) = z(a1) and a3 A (a} V ab) < a; and the entries of the
tuple x have obey the property 5.27. Now, a1 A (a} V a) € I and as A (a} V dfy) € J so by
a previous argument, z(a1 A (a] V ay)) and y(az A (@} V ab)) are coherent. Therefore, there

is a unique element 2’ € U((a1 V az) A (a} V af)) such that

SLTAV(ZZ)VAQZ?V%)(z’) = x(ay A (a3 Vay)) and
(a1Va2)A(ajval) , 1\ , , .
Pasn(a val) (') = ylaz A (a1 V ay)) (5.31)

It holds that a; A (a}] V ab) < (a1 Va2) A (a) Vab) < a1 Vag and as A (af V ah) <
(a1 V az) A (a} V aby) < a} V db, so the pair of equations 5.30 can be written

(a1Vaz)A(a)Val) a1Vas

a1A(a}Val) (alvgg)A(a’lva’Q)(Z(al N a2)) = x(al A (a/l v al2)) and

(a1Vaz)A(a]Vay) ayval,

Pasn(@ival)  © Plarvas)a(a;vay) (2(61 V @2)) = y(az A (a1 V a3)) (5.32)
so that by uniqueness of 2’ (expressions 5.31) we can infer that

\Y _ a}va, ’ ,
Plarvan) () vay) (F(01 Y 02)) = P(g v n(arvag) (7(a1 V @2))

which is the coherence property of the elements z(a; Vag) and z(a) Vab). So by the pasting
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property of U, there is a unique z” € U(ay V az V a} V a) such that

/ / / /
Parvas () = 2(ar1 V) and et () = 2(af v ah) (5.33)
which is enough to prove
/ !
ouVeE (a1 V ) = o@Ve o gt eV (o1
VazVa)Vaj Vval VaaVa)Val
ey i e )

= oi (2 (d} Vv ah))

Now we explain why the element z of expression 5.29 has the desired property tf\/‘] (2) ==
and t1V7(z) = y. What we have to show is that, e.g. for any a € I with a € IV J,
oi1Va2(z(ay V az)) for a1 € T and ay € J with a < a1 V az. Since 021V (z(ay V ag)) is
independent of the choice of a; and a9, we chose an element a; such that a < a;. Then
0812 (2(a1 V 02)) = 081 0 4% (2(a1 V az) = 081 ((ar)) = 2(a).

To conclude that ®(U) has binary pasting, we must show uniqueness of the tuple of
5.29. Suppose that we have an other tuple w := {w(a)|a € I V J}, such that w(a) = z(a)
if a € I and w(a) =y(a) if a € J. Let w(a) with a < a1 V ag, a1 € I,a2 € J be any entry
of the tuple w. Then there are aj < a1 and a5 < ag such that a < a} V a) < a1 V ag. We
have that a} € I, a), € J and the element a} V a5 is then an element of IV J. The entries

of w must observe the property of expression 5.26, so
w(a) = gt (w(d) V db)) (5.34)

We have

’ /
ayVay

p 2 (w(d) vah)) = w(a)) (asin 5.27)

= z(a}) (by assumption)

and similarly
ay Val

o8 (w(a) v b)) = y(ah)
But we have shown that the elements z(a}) and y(a)) are coherent and the unique element
that weakly restricts to them is z(a} Va}). Incorporating this information to equation 5.34,
we get ol (z(a} V dfy)) which completes the proof of uniqueness.

Now we prove that ® o U = idg,Rrspec(B))- Let (F,7) be a sheaf over RSpec(B).
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With theorem 5.4 we showed that
F(I) = F(\/ "{l ajla; € I}) = limg,erF (] ;)

Let qq, : limg,er F (| a;) — F(| a;) be the limit projections that coincide with the restric-
tion maps rfai. Also the maps 0y, : colimg, <q, F (| a;) — F(| a;) are the components of
an approximating morphism of presheaves 0 : intV — V| where V = F(| o) as before
(see proof of theorem 5.18 ). We denote by (3 the approximating morphism of presheaves
®(0). The defining property of ®(f) (see above in this proof) says that for any a; € I, the

following square is commutative
. . Br .
limaercolima, <a; F (1 aj) — lima,erF(1 a;)

Oa

colimg, <q,; F(| aj) : F(] a1)

We will prove that the functions f3,, are isomorphisms. To this end we define maps on
the opposite direction. For any a; € I, we fix an element a; € I with a; < a} (such
an element always exists because of roundedness of 7). With notational consistency, we
denote §%% : F(| aj) = colimg,<a; F(| a;j) the colimit injections. We will argue that the

outer diagram below is commutative for any pair a; < as in I.

F(I)
T ! I
"la] . "lap
oy :
, . Y , (5.36)
F(| a}) lima;ercolime, <a; F'(1 a;) F(| a))
9(1/1,(11 pél p£2 00‘/27[12

Oa;

colimg, <a, F(| aj) colimgy <a; F'(| aj)
Indeed, if a1 < ) and a1 < ag < af, then a; < a} A @ and so we have

i / i lal,
aj Aay,a1 o la) o 1 — ajA\ay,a1 o 2 o I
0 rl(a’l/\aé) rla& 0 rl(a’l/\aé) rla’Q <



CHAPTER 5. SHEAVES OVER STRONG PROXIMITY LATTICES 127

’ al,
ai,a1 o I 2 o I
9 ’I“iall = 9@1 T'Lalz

!
az ay,az I
= 50,1 o) 9 (o) Tla/g

Therefore, there exists a function a; that makes the rest of the diagrams in 5.36 com-
mutative. For any projection q;;_ = rfai, the following (up to the isomorphism F'(I) =
limaiEIF(l az))

qéi offfoar = b, opéi oy, (diagram 5.35)
= 0y, 00%% o rfa; (diagram 5.36)
= 932 o rfa;

= T,

_ 1
= Qg

Therefore 31 o ay = idp(r). For the other direction we have for any projection péi (again

up to isomorphism)

ploarofr = #%%o rfa; of; (diagram 5.36)
= %% o Ou opig (diagram 5.35)
= 933 o pé;
=

This completes the proof of ® o ¥ = idgp,Rspec(B))-

Finally, we prove that W o ® = idggy(p). Let (U, p, o) any B-sheaf. We recall that the
map with components g, : U(a) — limgyq,U(a;) is an approximating presheaf morphism
(corollary 5.20) and lemma 5.21 guarantees that int(g) is an isomorphism. We consider
the map ¢ o int(q)™! : ¥ o ®(U) — U with components

int -1 ’
MDa, timg < U(as) 2 U(a) (5.37)

colimg<a,lima,a;U(ay)

The composite & o int(¢)~! is an approximating morphism of presheaves because both
int(¢) and ¢ are (theorem 5.18) and in particular it is an isomorphism. This completes

the proof of the theorem. m
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5.5 B-sheaves as models of a geometric theory

Care has been taken so that all the definitions and results of the previous section are valid
inside the sheaves of any Grothendieck topos and not just Sets. To make this point more

concrete, we stress the following facts:

(i) The theory of approximating presheaves with pasting over a strong proximity lattice

(definition 5.14) is essentially algebraic in the sense of Freyd [Fre72].

(ii) The theory of presheaves with continuous approximation over a strong proximity

lattice (definition 5.12) is geometric.

(iii) Therefore, the theory of B-sheaves over a strong proximity lattice (definition 5.15)

is geometric.

Let us denote by Tpgp(p) geometric theory of B-sheaves over a strong proximity lattice B.

Its language contains
sorts: a sort V' (a) for each element a € B.

functions: 1. a function symbol qu’ for each pair of elements a,a’ € B
with a < d’.
2. a function symbol 6% for each pair of elements a,a’ € B

with a < d’.
It is straightforward to translate into formal geometric axioms (in the above language)

the essentially algebraic properties of definitions 5.10 and 5.14. The continuity axiom of
definition 5.12 can be expressed as
L Ve € V(@)(T = Vow{3' € V(@)(@ = 05 (2"))})
2. Yo,y € V(@)02(2) = 071 — Vazarza{f(2) =
0 (y)})

This is the concrete property of the filtered colimit colim,~qV (a"). For the rest of the

thesis, we use
PreBShy(B), ContPreBShyz(B), PastPreBShy(B), BShy(B)

to denote the categories of approximating presheaves, continuous approximating presheaves,
pasting approximating presheaves and B-sheaves inside the sheaves of any Grothendieck

topos Z. For example
BShyz(B) := Mod(SZ, Tpsn(n))

where Z is any Grothendieck topos.
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Now we revisit theorem 5.22. It It renders equivalent two notions; that of B-sheaves
which is geometric and that of ordinary sheaves which clearly is not. Unlike B-sheaves,
ordinary sheaves cannot be transferred freely between topoi. Nevertheless, the fact that
they are equivalent holds inside the sheaves of any Grothendieck topos and not just Sets.

We make the following upgrading of theorem 5.22 for future reference.
Remark 5.23 Theorem 5.22 is valid inside the sheaves of any Grothendieck topos.

Since the theory of B-sheaves is geometric, it merits a classifying topos [B — sh] and next
we are going to uncover just that. Before we start we point out that, more accurately,
we are in search of the classifying topos of B-sheaves given a strong proximity lattice B
where the latter is defined inside the sheaves of the our base topos, or more specifically in
Sets. The theory of strong proximity lattices is algebraic, so after a model B is defined
in Sets, we can pull it back along the inverse image functor of Z — 1 (the essentially

unique map) to obtain the strong proximity lattice I*(B) in SZ (see section 3.3).

Theorem 5.24 Let B be a strong proximity lattice and X be RSpec(B). Then the ex-

ponential [set]X (in Top) classifies the geometric theory of B-sheaves over B.

Proof. We must show that any point of [set]X at stage Z is equivalent to a B-sheaf inside

SZ. This is clearly the case for Z = 1; a geometric morphism 1 — [set]X corresponds
to its exponential transpose under the exponentiation adjunction, i.e. to a geometric
morphism X — [set]. The latter morphism corresponds to a sheaf of sets over X and
theorem 5.22 says that such a sheaf is equivalent to a B-sheaf over B.

To prove the claim for any topos Z, we argue as follows. Any geometric morphism
Z — [set]X is equivalent to its exponential transpose Z x X — [set] and the latter
is equivalent to geometric morphisms Z x X — Z x [set] over the topos Z, i.e., such

morphisms that make the following triangle commutative.

Zx X Z X [set]

pl\‘ ) '/q 1 (5.38)

The map p; stands for first projection which is a localic map, so p1 : Z x X — Z is a
locale over Z. The first projection map Z x [set] — Z is the object classifier over Z,
therefore the horizontal map in diagram 5.38 is equivalent to a sheaf of the locale Z x X

over Z.
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Now, p1 : Z x X — Z is trivially the pullback

7xx 2 x
ml It (5.39)

J —

So, by theorem 1.8, p1 : Z x X — Z is just the locale RSpec(!*(B)), i.e., the locale X
pulled back along the inverse image of ! : Z — 1. This implies that a sheaf of the locale
Z x X over Z is equivalent to a sheaf over X inside SZ and by theorem 5.22 and remark
5.23, this in turn is equivalent to B-sheaf over *(B). Therefore, in conclusion Z — [set]X
is equivalent to a model of the theory of B-sheaves inside SZ. m

]X

The above theorem shows that the exponential [set]* exists in Top. By a Johnstone

and Joyal result, this can be generalised for any topos instead of the object classifier [set].

Theorem 5.25 Let E be any topos. Then E is exponentiable in Top iff the exponential

[set]¥ exists in Top.

Proof. [JJ82], theorem 4.5. m

Therefore we have.
Corollary 5.26 If X is a stably compact locale then X is exponentiable as a topos.
Also, from the last part of the proof of theorem 5.24, we pick the following fact.

Corollary 5.27 Let B be a strong prozimity lattice in Sets. The object of Top/Z that
classifies the geometric theory of 1*(B)-sheaves over a Grothendieck topos Z is the first
projection

Z x [set]* — Z

5.6 The free pasting approximating presheaf

We are closing this chapter with a notion of sheavification for approximating presheaves.
We seek a construction that, given an approximating presheaf over a strong proximity
lattice B, it results to a pasting presheaf with approximation over B (not necessarily
continuous).

As mentioned in the beginning of section 5.5, the theory of approximating presheaves
with pasting is essentially algebraic. We adopt Freyd’s version of essential algebraicity
[Fre72]- see also [JV91] for a quick review. Without going into any detail, an essentially

algebraic theory is the theory where some operations are only partial, with domain of
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definition stipulated equationally. In the case of approximating presheaves, the partially
defined operations are the restrictions (weak and strong).

Most of the techniques of universal algebra can be extended to cover essentially alge-
braic theories. In particular, free constructions exist in the same sense as for algebraic
theories and they are geometric. Owing to the applicability of universal algebra, we can

readily accept the following.

Theorem 5.28 Let i; : PastPreBSh(B) — PreBSh(B)
be the category inclusion (inside any topos). Then iy has a left adjoint past. In other
words, if V' is a presheaf with approximation, then past(V) is the free pasting presheaf

with approximation over V.

Remark 5.29 The functor past provides a notion of sheavification for approximating

presheaves. Sometimes it will be referred to as the sheavification functor.

We have seen that the inclusion iz : ContPreBSh(B) — PreBSh(B) has a right

adjoint int. This together with lemma 5.17 has the following consequence.

Theorem 5.30 If an approximating presheaf V' over B is continuous then so is past(V),
i.e. past(V) is a B-sheaf.

Proof. First we use the universal property of the counit of the adjunction ig 4 int. Let
nv : V — iy o past(V)

be the unit of the (other) adjunction past 4 i; (i.e. the injection of generators). Then,
omitting the category inclusions, there is a unique morphism ¢ : V' — int o past(V),
such that the left diagram below commutes.

We continue to omit the symbols for the category inclusions. By lemma 5.17, int o
past(V) has pasting, so the universal property of the unit of the adjunction past - iy
says that given the morphism ¢ : V' — int o past(V'), there is a unique morphism
a : past(V) — int o past(V') that makes the right diagram below commutative.

9
past(V) pastV int o past(V) - _Oé_ - - paSt(V)

3 / C[
I 77V
%4 %

int o past(V)

The morphism 7y is an injection, so

EpastV C @ OoTny = Cnv
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= nv

implies that epasty © @ = idpagy(vy- Similarly, the fact that epase(v) is epi, gives

Epast(V) O = Z'dpast(V) =
Epast(V) © X0 Epast(V) = Epast(V) <
QO Epast(V) = idintopast(V)

In view of the previous theorem, we denote as
past’ : ContPreBSh(B) — BSh(B)

the functor that produces the free pasting presheaf over a continuous approximating

presheaf. We denote by
iq : BSh(B) — ContPreBSh(B) (5.40)
the inclusion functor. Then theorem 5.30 also implies that
past’ iy

Finally, the following are consequences of the fact that PastPreBSh(B) is a full subcat-
egory of PreBSh(B) and that BSh(B) is a full subcategory of ContPreBSh(B).

Lemma 5.31 (i) Denote as i; : PastPreBSh(B) — PreBSh(B) the inclusion func-
tor. Then past o iy = idpastPressnh(B)- 1his together with past - iy imply that
PastPreBSh(B) is a reflective subcategory of PreBSh(B).

(i) Denote as BSh(B) — ContPreBSh(B) the inclusion functor. Then past’ oigq =
idpsn(p)- This together with past’ iy imply that BSh(B) is a reflective subcategory
of ContPreBSh(B).

Proof. (i) The claim basically says that if V' is already a B-sheaf over B then shp(V) = V.
We will prove that indeed V' already has the universal property of the free presheaf above
itself. Let f : V — V' a presheaf with approximation morphism between V and any
B-sheaf V'. Then, by definition ??, f is also a sheaf morphism between V and V'. So f
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must be the unique extension of itself as in the diagram below.

£

Kh\

Vv
idBsh(B) l
v

So V is the free sheaf above itself.
(ii) Trivially from (i). m

133



Chapter 6

Functors Between Approximating

Presheaves

6.1 Introduction

In the opening section 6.2 we introduce the geometric notion of the stalk of an approxi-
mating presheaf. The important result there is that sheavification does not alter the stalks
in accordance with ordinary sheaf theory.

A strong homomorphism p : By — Bj induces two functors BSh(B;) = BSh(Bs)
much the same way as a continuous map between two locales induces two functors between
the respective categories of sheaves over the two locales. In this chapter we demonstrate
just that- in two stages.

In sections 6.3 and 6.4 we construct two functors

ContPreBSh(B;) ﬁ‘i, ContPreBSh(Bs)
Ty
and in section 6.5 we prove that p, 4 m,. We call p,, the inverse image functor and =,
the direct image functor; a brief justification of this choice is in the beginning of section
6.3.
The functor 7, actually takes B-sheaves to B-sheaves but in order to obtain a functor
BSh(By) — BSh(B), we need to consider p, followed by the sheavification functor past

of section 5.6. This is how we construct a pair of functors

*
BSh(B;) *= BSh(B,)
o

134
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in section 6.6 and prove p* = py.
The functors p* and p., are functors between the (generalised) points of the classifying
topoi [set]RSPec(B1) and [set]RSPec(B2) and have been constructed geometrically. There-

fore, they determine two geometric morphisms

—

P,

[Set]RSpec(Bl) <R_u [Set]RSpec(Bg)

Furthermore, by virtue of corollary 4.34, the adjunction p* - p. has a “sufficiently 2-
categorical value” to assert the adjoint situation R, - P,. All this is demonstrated in
section 6.7. There it is also proved that R, is nothing else but the exponential geometric
morphism [set]®SPee(1) in Top. To this end, the insight of section 6.2 on stalks of B-sheaves
is used.

The last result has an immediate consequence. The functor RSpec is a retraction of
the functor B (theorem 3.24), so if f : X — Y is perfect and X,Y are stably compact
locales, then the geometric morphism [set]? has a right adjoint. An important implication
of this fact is demonstrated in section 6.8; the direct image functor f, preserves filtered
colimits that are externally indexed (i.e. in the base topos), or, using the terminology of
the Moerdijk & Vermeulen monograph [MV97], f is relatively tidy.

All the results in this chapter are new.

6.2 The stalks of B-sheaves

We recall that, if B is a strong proximity lattice, a point of the locale RSpec(B) is a
completely prime filter of rounded ideals of B. Under the isomorphism of lemma 3.25
completely prime filters of rounded ideals of B correspond to rounded prime filters of B.
At the same time, we know how to calculate the stalks of sheaves over points of RSpec(B)

but we do not have the notion yet of stalk for a B-sheaf.

Theorem 6.1 Let (V,¢,0) be a B-sheaf over a strong proximity lattice B. Let (F,r) be
the sheaf over RSpec(B) that corresponds to V' under the equivalence of theorem 5.22,
i.e. F'=®(V) in the notation of theorem 5.22. Finally, let H be a point of RSpec(B),
i.e. a completely prime filter of rounded ideals of B. Then

stalkg® (V') = colimaecV (a) (6.1)

where G is the rounded prime filter that corresponds to H under the isomorphism of lemma

8.25. The colimiting diagram on the R.H.S. of isomorphism 6.1 is with respect to the strong
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restrictions.

Proof. We know (theorem 5.22) that stalkg®(V) = colimcplimaerV(a). Also from
lemma 3.25, I € H < I NG #. So the L.H.S. of 6.1 can be written as

stalkp®(V) = colimngzlima,erV (a) (6.2)
On the other hand, using lemma 5.21, the R.H.S. of 6.1 can be written as
colimgecV (a) = colimgegcolima<alimearsq, V(a;) = colimgeclimasq, V (a;) (6.3)

The last isomorphism above holds because G is upper closed with respect to <.

First we define a function from the colimit 6.3 to the colimit 6.2. Let r} : F(J) —
F(I) be the generic restriction map of F = ®(V) as derived by the restrictions of the
B-sheaf V' (theorem 5.22). We observe that, for any rounded filter G, a € G < | aNG #
(). Therefore, colimgeclimasq;V (a;) can be formally written as colimmGﬂlimaiejV(ai)
where I is any principal rounded ideal of B (i.e. I =| ¢ for some ¢ € B). We fix the
notation for the two types of colimit injections:

rla,G
limgsq,V(a;) — colimgeclimasa,V (a;)
(6.4)

I,H
lima,erV (a;) —— colimngzplima,erV (a;)

The set colimngxplima,erV (a;) together with the injections riaH for a € G, is a cone
of the diagram whose colimit is colimgecqlimasq;V (a;). So there is a unique function ag

that makes the following diagram commutative for any a € G.

limgyq,V (a;)
7,la,G

rleH colimgeclimasq,V (a;) (6.5)
aqg

colimngplima,crV(a;)

Defining a function on the opposite direction needs more care. Given a rounded filter G,
for all rounded ideals I with I NG # (), we fix an element b € I NG. Suppose that I} < I
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and the corresponding fixed elements are by € Iy NG and by € Is N G. We consider the

following diagram.

I
. rl
limg;en V (a;) < - lima,er,V(a;)
| I
"lhy 5
. I1,H Lo, H
limp, -q,V (a:) r T limpysq,V (a;)
(6.6)
plbo1,G COlimIﬁG?ﬁ@limaiEIV(ai)

Ba
v
colimaeglimasq,V (a;)

It can be verified by just composing the arrows that the outlying diagram commutes.
Therefore, the set colimgeglimegsaq,V (a;) together with the composites ribG o rfb, for all
I that meet G is a cone of the diagram with which has colimit colim ngplima,erV (a;).

Hence there is a unique function B¢ such that

Bg orhH = plbG o rfb (6.7)

for any rounded ideal I that meets G. It remains to be shown that the composites 710¢

or{b
are independent of the choice of the element b for any I. Let b1, bs be two elements in the
intersection I N G. Then the element by V by is an element of I because I is V-closed and

it is also an element of G because G is upper closed. So we have

1b2,G I e, G (Vb)) T _
T Orle = T Orle Orl(blvbQ) =
161,G L(b1Vvba) T o bh,G T
r ° 7 by OTl(brvbr) — T T by

LH (je. for

To prove that a4 o B¢ = id, it suffices to prove that for any colimit injection r

I,H

any I that meets G), og o fgor’" = rIH . We have the following sequence of equalities

I,H 16,G

agofigor = agor”o be (by equation 6.7)

_ plbH

o rfb (by diagram 6.5)

T'I’H

Finally to prove that B o ag = id, it suffices to prove that for any colimit injection

rleF (ie. for any a € G) it holds fg o ag o @& = rlaF In the following diagram, a
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is any element in G and b is a fixed element in the intersection | a NG (i.e. b < a and
beqG).

limgsq,V (a;)
Tia la,H
1b rlaG T (6.8)
, ribG ) . Qg . )
limpyq,V (a;) colimaeclimayq,V(a;) <= -7~ colzmmgﬂ)lzmaieﬂ/(ai)
Ba
For any a € GG, we have
Baoagort® = Bgort®f (by diagram 6.5)
= rlbGo rig (by equation 6.7)
/rlla7G

This completes the proof of the theorem. m
The above theorem in conjunction with theorem 3.24 have the following obvious con-

sequence.

Corollary 6.2 Let F' be a sheaf over a stably compact locale X and x a point of X. Let
also V.= VU(F) be the corresponding B-sheaf over BX (vis-a-vis theorem 5.22) and F the
rounded prime filter of BX that corresponds to x (given by the expression 3.28). Then we
have

stalky F = colimgerV (a)

Theorem 6.1 dictates that if V' is a B-sheaf over a strong proximity lattice B, then its
stalk over a rounded prime filter F' C B has to be

stalkpV := colimgerV (a) (6.9)

In fact we are setting this as the definition of stalks for any presheaf with approximation.

Definition 6.3 Let V be a presheaf with approximation over a strong prozimity lattice B.
Then its stalk is given by equation 6.9.

When we write stalk,V or colimg=,V (a) we shall be implying colimqcrV (a), where
F is the rounded prime filter of B that corresponds to the point x of RSpec(B) (as in
lemma 3.25).
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Remark 6.4 The definition of stalks of presheaves with approximation is geometric (it

involves a colimit) and so it makes sense inside the sheaves of any topos.
Next, we are going to promote the stalk construction into a functor

PreBShsz(B) — SZ

and prove some of its properties. Here, PreBShsyz(B) is the category of presheaves with
approximation and approximating presheaf morphisms inside the sheaves of a topos Z.
Once more, it suffices to argue about the case Z =1 (i.e. SZ = Sets), as long as we argue
geometrically and all the facts can be transferred inside SZ for any topos Z by means of
the inverse image of the essentially unique functor !: Z — 1

Let f : V1 — V5 be an approximating presheaf map between two presheaves with
approximation (V7, ¢, 0) and (Va, 3,0) over B. Then a function stalkp(f) between the sets
stalkp(Vy) — stalkp(Va) arises naturally. We denote as 0% : V;(a;) — colimg,erVi(a;)
and §%F : Vy(a;) — colimg,erVa(a;) the two generic colimit injections. As e.g. in the
proof of theorem 5.18, we observe that the composites 6% o fa; together with the vertex
colimg,erVa(a;) is a cone of the diagram V3 : Jj, — Sets. By the universal property of
colimg,crVi(a;), there is a unique function (which we denote stalkp(f)q, that makes the

following diagram commutative for any a; € F.

Vi(a) —2" e Va(ay
it st (6.10)
talkp(f)a
stalkpV; 2% o (£)ay stalkVs

The assignments V +— stalkrpV and f +— stalkp(f) define a functor
stalkp : PreBSh(B) — Sets

We recall from ordinary sheaf theory that if X is a topological space, then, for each
point of X, one can define a functor (usually referred to as the “skyscraper” functor) sky, :
Sets — Sh(X) by stipulating that for any set Z and any open a € QX, sky,(Z)(a) = Z
if z € a or skyy(Z)(a) = 1 if x ¢ a. Furthermore, it holds (e.g. Mac Lane & Moerdijk
[MM92]) that if in : Sh(X) < PreSh(X) is the inclusion functor, then sky, is right
adjoint to the functor stalk; o in. We are going to give a constructive version of the

skyscraper functor in the case if B-sheaves.
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Let a be any element of B and F' any prime rounded filter of B. By [a € F] we denote
the set defined as
[a € F]:={x€1lla€ F}

which is the constructive counterpart of the set which is the singleton if @ € F' and the

empty set if a ¢ F.

Definition 6.5 Let skyr : Sets — PreBSh(B) be the functor whose action on objects

and arrows of Sets is as follows:
o If Z is a set and a € B, then skyg(Z)(a) is the exponential Z*€F),

o If f: Zy — Zy is a function, then skyp(f) is the exponential transpose of the

composite

29 wae S g L4 (6.11)

where ev is the evaluation arrow.

The above definition does not give an account of the weak and strong restriction maps
of skyr(Z) as they emerge naturally (and trivially) as we see next.

Indeed, for ai,as € B with a1 < as or a1 < as, we have the following logical implica-
tions:

if x € [a € F], then a; € F and hence ag € F, i.e. * € [ag € F] because F' is upper
closed.

By the definition of the skyscraper sheaf the above line can be read as:

if * € [a; € F, then skyr(Z)(a1) = skyr(Z)(a2) = Z.

So, we define the natural weak and strong restriction maps to be id : skyg(Z)(az2) —
skyr(Z)(a1). We are going to use the simple notation |, for both the weak and strong
restriction skyg(Z)(a2) — skyg(Z)(ay), for an element * € skyg(Z)(az) in the case
where a; < ag or a; < az. The weak and strong restriction maps trivially compose in
a way that make skyg a presheaf with approximation over B. Moreover, the following

lemma asserts that skyr(Z) is a B-sheaf over B.

Lemma 6.6 For any set Z, skyg(Z) is a B-sheaf over B. Therefore skyg is a functor
Sets — BSh(B).

Proof. The fact that skyr(Z) is a pasting presheaf with continuous approximation
amounts to the fact that F' is a rounded prime filter.

First we prove that skyr(Z) has pasting. Let z € skyr(Z)(a) and y € skyr(Z)(b)
such that x|, ., = y|,.p- Suppose that x € [aVb € F|. Then either a € F or b € F because
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of primeness. This means that either skyg(Z)(a) = Z or skyr(Z)(b) = Z. Suppose
without loss of generality that skyp(Z) = Z. Then z as an element of skyg(Z)(a V b) if
restricted to skyp(Z)(a) remains identical. This is well defined because if both a,b € F,
then * € [a € F] and x € [b € F] then a € F and b € F and because F is a filter, aAb € F
or x € [aAb e F]or skyr(Z)(aAb) = Z and all four restriction maps are identities.
Finally, it easy to prove that skyg(Z) is continuous. Let * € [a € F] or a € F. Then
skyr(Z)(a) = Z. The assumption also implies that for any o’ > a, @’ € F or x € [d/ € F].
Hence, for any a' > a, skyr(Z)(a’) = Z. Therefore, colimgy . skyp(Z)(d')=Z. m

We also have the following result which is in accordance with the ordinary sheaf theory.

Theorem 6.7 Let B a strong proximity lattice and let i be the inclusion of categories
BSh(B) — PreBSh(B). Then for any prime rounded filter F, i o skyg is the right
adjoint stalkg.

Proof. First we study the counit of the adjunction. We are seeking a natural transfor-

mation ¢ : stalkg oioskys — idsets.- For any set Z, the components of € are functions

GF]—>Z

€y colimaieFZ[ai
The domain of € is just Z and so we set ¢z = idy. We need to show that for any
function g : stalkg(V) — Z, where V is any presheaf and Z any set, there is a unique
approximating presheaf morphism h : V' — io skyg(Z) such that the following diagram
cominutes.
. €z
stalkg oio skyp(Z) Z

stalke(h) | / (6.12)
! g

stalkp(V)

We consider the following composite maps between V' (a) x [a € F] — Z:
ot ' g
V(a) = colimgerV(a) — Z (6.13)

where 0% : V(a) < colimgerV (a) are the colimit injections. We denote h the exponential

transpose of the map whose components are given as the composites 6.13. To prove that
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it has the desired properties, we argue on the following diagram.

ha

V(a) Za€F]
Ga’Ff fina
talk
stalkp (V) SEREM) ot Zlocr] (6.14)
gl Eyz
stalkp(V)

The arrow in, is the colimit injection. The upper square commutes as it is the property, for
any a € F, of the map stalkg(h) given a map h (see diagram 6.10). The lower triangular
diagram is diagram 6.12.

To prove uniqueness of h, we observe that for any a € F, ZI%€F] the colimit injection
ing is the identity. We have established that stalkgZ [@€F] o~ 7 and defined £; = idy.
Therefore, if the lower diagram commutes, the outer diagram commutes and this yields
hq = go6%F . This asserts that h thus defined is indeed the only possible map that makes
the diagram 6.12 commutative.

To prove that h actually makes diagram 6.12 commutative, we observe that the outer
diagram in 6.14 is commutative by the definition of h and the upper square is always
commutative. This together with the fact that %% is 1-1 implies that the triangular
diagram is commutative. ®m

We recall (definition 5.15) that BSh(B) is a full subcategory of PreBSh(B). That

means that the inclusion functor
i: BSh(B) — PreBSh(B)
is full and faithful. Similarly the following category inclusions are full and faithful
iy : PastPreBSh(B) — PreBSh(B)
iz : BSh(B) — PastPreBSh(B)

where PastPreBSh(B) is as in definition 5.14. Using this insight, theorem 6.7 has the

following corollary.

Corollary 6.8 For any prime rounded filter F of a strong prorimity lattice B, the fol-

lowing adjoint situations hold:

(i) stalkg oi - skyp.
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(ZZ) stalkF @) i1 = i2 o SkyF

Proof. (i) For any B-sheaf V' and any set Z, we have the following sequence of isomor-

phisms between hom-sets that are natural in both V' and Z:

Sets(stalkp(i(V)),Z) = PreBSh(B)(i(V),ioskyr(Z)) (theorem 6.7)
~ BSh(B)(V,skyr(Z)) (iis full and faithful)

(ii) In the same fashion, for any presheaf with pasting V' and any set Z, we have

Sets(stalkp(i1(V)),Z) = PreBSh(B)(i1(V),ioskyr(Z)) (theorem 6.7)
PreBSh(B)(i1(V),i1 o iz o skyr(Z))

PastPreBSh(B)(V,iz o skyr(Z)) (i1 is full and faithful)

12

12

Now we are in position to prove the main result of this section which is that sheavifi-

cation leaves the stalks intact.

Theorem 6.9 LetV be a presheaf over a strong prozimity lattice B and let F' be a rounded
prime filter (point) of B. Then, the stalk of V' over F is isomorphic to the stalk of the

free pasting presheaf past(V') above V' over F, or in other words
stalkg o ijpast(V) = stalkg (V)

where past is as in theorem 5.28.

Proof. We have seen (theorem 5.28) that past is the left adjoint of i;

past stalkg o1
PreBSh(B) —— PastPreBSh(B) Sets
i1 is o sky¢

The two adjoint pairs stalkg o i; - iz o skyp (corollary 6.8(ii)) and past - i3 compose
nicely to yield that

stalky o i; o past 1i; oig oskyr or stalkg oij o past 4ioskyp (6.15)

But by theorem 6.7 stalkg - io skyp and uniqueness of the left adjoint forces stalky o
i1 o past = stalkp =
If X is a locale then its points are morphisms 1 — X in Loc, i.e. continuous maps

from the terminal object (of Loc) to X. The nomenclature of this thesis dictates that a
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global point of the topos of sheaves over X is still to be denoted as
z:1— X (6.16)

where now 1 is the terminal object and x an arrow, both in Top. The consistency of
this notation is of course due to the full embedding of Loc in Top. By definition, an
arrow in Top is a geometric morphism z : 1 — X which amounts to a pair of functors
x* : Sh(X) — Sets and z, : Sets — Sh(X) such that x, is right adjoint to z* and z*
is left exact. In standard textbooks (e.g. Mac Lane & Moerdijk) one can pin down the

adjoint pair * 4 x,: if I is a sheaf over X and A a set then
" = stalk, F x, = sky,A

where stalk,F' := colimg=,F(a) is the stalk of F' over a point of the locale X and sky,A
is the “skyscraper” sheaf with respect to the point . Obviously, there are as many pairs
stalk, 1 sky, as points of X.

Next, for X a stably compact locale, we are going to discuss the evaluation map

ev : [set]X — [set] (in Top)

We make two remarks before we start. First that the exponential [set]X exists in Top (as
shown in chapter 5 and also by Johnstone Joyal in [JJ82]) and hence merits an evaluation
map. Second, that having given a geometric account of the pair stalk, 4 sky, in the case
where X is stably compact, is going to facilitate the arguments.

We recall that ev is the map €[y, where ¢ is the counit of the adjunction (—)*
(— x X) with (=)%,(=) x X : Top — Top. Note that this is an adjunction up to
equivalence. The universal property of ev says that given a stably compact locale X, then
for any Grothendieck topos Z and any geometric morphism f : Z x X — [set], there is an
(up to equivalence) unique geometric morphism f’ : Z — [set]X such that the following

triangle commutes

ZxX
# % id, S (6.17)
v
[set]X x X v, [set]

Theorem 5.24 proves that [set]® ~ [BX-sheaves]. therefore the (global) points of the

product [set]X x X are pairs (V, ), where V is a B-sheaf over the strong proximity lattice
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BX and z a point of the locale X. We claim that the geometric morphism ev acts on
global points as
ev: (V,z)— stalk,V := colim,e,V (a) (6.18)

Although it is with respect of global points only, the above description is geometric since it
involves a colimit and so it is sufficient to specify the map ev up to equivalence. We have
to show that the map that, on global points, acts as in expression 6.18 has the universal
property 6.17. Let us call it s. We first consider the special case where Z is 1. Then the

triangle 6.17 pre-composed with a global point map 1 — becomes

1xX

# % id, f (6.19)

'
[set]X x X . [set]

Fixing a geometric morphism f is the same as fixing a sheaf over X in Sets (which we
still denote as f) and we know that this is the same up to equivalence with a B-sheaf over
BX. Let us look at the composite

1t x

[set] (6.20)

Its inverse image functor z* o f* first picks the sheaf f and then calculates its stalk at the
point z. By theorem 6.1, this is the same (up to equivalence) as calculating the stalk of
the corresponding B-sheaf over BX and this description of z* o f* has the advantage of
being geometric. So, if we let f’ : 1 — [set]X ~ [B-sheaves] be the map that picks the
same B-sheaf (i.e. the exponential transpose of f), the triangle 6.19 commutes and clearly
f! is the unique map with such property (up to equivalence).

What the above tells us is that the functor

® : Top(1, [set]™) = Top(X, [set]) (6.21)

defined on objects by f — so < f,id > is an equivalence of categories. To generalise
the argument for any topos Z, it suffices to consider the functor ® and equivalence of
6.21 over any topos Z. The terminal object over Z is the identity map id : 7 — Z.
Also, [set]X is the classifying topos of B-sheaves over BX, therefore the L.H.S. of 6.21
becomes Top/Z(Z,['*(BX)-sheaves] ), where [!*(BX)-sheaves]; is the classifying topos

over Z of the geometric theory whose models are "(BX)-sheaves and by corollary 5.27
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this is the same as the Z-topos p2 : [BX-sheaves|] x Z — Z (where py is the second
projection).[?] Furthermore, over Z, the locale X becomes the localic geometric morphism
p2 : X X Z — Z (the second projection) and the object classifier [set]; over Z is
p2 : [set] x Z — Z. Therefore, over Z, the equivalence 6.21 yields

Rop/Z(Z, V" (BX)-sheaves|z) ~ Top/Z(X x Z — Z,[set]z)
< Top/Z(Z,[BX-sheaf] x Z) =~ Top/Z(X x Z, [set] x Z)
& Zop/Z(Z,[set] x Z) ~ Fop/Z(X x Z,[set] x Z) (by [?])
& Top(Z, [set]) ~ Top(X x Z,[set]) (by [?])

2

)
)
This proves that the map that we denoted by s indeed satisfies the universal property

reflected in diagram 6.17 and hence s is identical up to equivalence to ev. This fact

together with corollary 6.2 yield the following conclusion.

Theorem 6.10 Let X be a stably compact locale. Then the evaluation map ev : [set]X x

X — [set] acts on global points as
(F,x) — stalk, F' (non geometric version)
where F' is a sheaf over X and x a point of X, or equivalently as
(V,x) — stalkgV  (geometric version)

where V' is the corresponding B-sheaf over BX and F the rounded prime filter that corre-

sponds to x.

6.3 The inverse image functor

Let p: Bs — Bj be a strong homomorphism between two strong proximity lattices. We

show in this section that this induces a functor
pu : ContPreBSh(B;) — ContPreBSh(B)

between the categories of continuous presheaves with approximation over By and By. The
reason why we call this functor “inverse image” will be obvious in section 6.7 although it
is not hard justify. In chapter 3 we demonstrated how the map p gives rise to a perfect
map RSpec(n) : RSpec(B1) — RSpec(B2), where RSpec(X), RSpec(Y) are stably

compact locales. We see, therefore, that p : By — By is pointing at the same direction
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as the defining frame homomorphism (RSpecu)*.

It is interesting that the object part construction W — p,(W), where W is an ap-
proximating presheaf over Bs, does not rely on the continuity of W (but it always yields a
continuous presheaf with approximation over B;). Nevertheless, we need to assume that
W is continuous in order for p, to be functorial. Indeed, we show that given a morphism
g: WO — W we can construct a map f* : p, (W) — p, (W) which is natural
with respect to the weak restrictions or, alternatively, a map f* : pM(W(l)) — pM(W@))
which is natural with respect to the strong restrictions. We find that the two maps coincide
when W) and W® are continuous and so f* = f* is then an approximating presheaf
morphism.

All the constructions and proofs are geometric, so these categories may well be inside

the sheaves of any topos. In particular the construction of p, involves colimits.

Definition 6.11 Let y: Bo — By be a strong homomorphism between two strong proz-
imity lattices and W : By — Sets a continuous presheaf with approzimation. By V'(a)

we denote the set
V'(a) = [[AIW (b:) € B X, a =< (b))}

Now, let x1,22 € V(a) and in particular x1 € W(b1) and xo € W(by). We define the

equivalence relation ~ in V(a), generated by
T1 ~ To if by < by and a < p(bs)
So finally we define the assignment V : By — Sets that maps any a € By to V'(a)/ ~

We make the observation that the equivalence relations on the sets V'(a),a € By are
defined in relation only to the weak partial order of the strong proximity lattice. We are

going to use the following lemma.

Lemma 6.12 ' In V'(a),a € By, let x1 € W(b1) and xo € W(bs). Then x1 ~' x9 iff
there is big < by A by € By with a < u(a) such that T1),,, = T2,

Proof. First we prove that ~’ is an equivalence relation. It is obviously reflexive and
symmetric. It takes a small proof to show that it is also transitive. Indeed, let x1, 22, x3 €
V(a) and in particular 1 € W(by),z2 € W(be),x3 € W (bs) such that 1 ~' x5 and
9 ~' x3. This means that there are b1 < b1 Abg and bes < by Abs such that T1l, = T2y,

T have an other version of this one, but I have to extract it from my laptop first! Please skip this
lemma-we have gone through it on the board anyway.
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and T2y = T3y, Since bia A bag < bio and bio A bog < bag we deduce that L1y o nbg —

and T2, b . Therefore, L1y nbys . The restrictions of

x2‘612/\623 = x3|b12/\b23 = x3|b12/\523

x1 and z3 coincide in W (b2 Aba3), so they have to coincide in W (bj2 Abas Aby Abs), because
b12 A bag A by A by < bia A bag. So we have proved that L1y Ao Aby b and
bia A bag Aby Abg < by Abgie. x1 ~' x3 by the definition of ~/.

Now we prove that in fact ~'=~. Let x1,22 € V(a) and 21 Rzy. That implies that
x1 € W(by) and x9 € W (bz) with b; < be and a < ®(b;) such that Ta), = 1. This
equality can be rewritten as L1y, nby since by A by = b1. And this is the defining

property of z1 ~' x3. So R C~'. But because ~ is the smallest equivalence relation being

- $3‘b12/\b23/\b1Ab3

= lebl/\bQ

a superset of R, we deduce that ~C~/.[!!!]

Working for the other direction, let z1,22 € V(a) and in particular z; € W (b;) and
x9 € W (be) with T1),, = T2, for some b1z < by Aby in By. Then ."L‘1R1‘1|b12 and :Ung2|b12,
SO 1 ~ Z9. Therefore ~'C~.

This proves that the two equivalent relations are the same. Henceforth they are going
to be denoted ~. m

We point out here that the equivalence relation ~ is defined with respect to the strong
order < of the strong proximity lattice By; sometimes we shall denote as “~*”. In fact,
we can also use the weak order < of By to define equivalence relations as follows. On
the sets V’/(a) we introduce a relation R* by stipulating that given that z1 € W (b1) and
x9 € W(by) with a < pu(by) and a < u(be), z1R% x4y iff by < by and 1 = ﬁé’f(wg), where 3
are the weak restriction maps of W. We define ~" to be the equivalence relation generated
by R™. In correspondence with the strong case, we also define a relation ~ on V'(a) by
stipulating that for 1 € W(by) and xo € W(b2) with a < u(b1) and a < pu(be), x1 ~™ 9
iff there is b1y < by A by with a < p(b1) such that By (w2) = B2 (z2). We have the

following lemma.

Lemma 6.13 Let (W, 3,0) : B, — Sets be a presheaf with approrimation.

(i) The relation ~" defined above is an equivalence relation and ~""=~".

(i) If in addition W is continuous then ~=~".

Proof. This proof of (i) is a slight modification of the proof of lemma ??. To prove that
~" is transitive and hence an equivalence relation, we first weakly restrict 1 and xs to
b12 A bag where now bija < by A by and bog < by A b3. We next further weakly restrict to
bia A bag A by A bs. The restrictions of 21 and z3 coincide in W (bia A ba3), so they have
to coincide in W (b12) A baz A by A b3), because bia A baz A by A bg < bia A bag. So we have

proved that Bgllﬂ\b%/\bl/\bg (r1) = ﬁ§f2Ab23Abl/\b3 (z2) and b1g A baz A by Abs < by Abs. Also
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a < (b2 A baz A by A bs) because a < u(bi2), a < pu(bas), a < u(by) and a < u(bs). Hence
x1 ~"Y x3 by the definition of ~.

Reflexivity of the weak order < makes the proof of ~¥Y=~'" trivial. For x1,xs as
in the proof of lemma 7?7, z1R%¥xs means that b < by and z; = ﬂgf(xg). Choosing
bia := by Aby = by < by A bg proves that RY C~". The other direction is obvious (and
the same as lemma ?? with bjs < by A be instead of bya < by A bs.)

Finally, suppose that (W, 3,6) is continuous. We prove that ~“=~. Let x; € W (b;)
and x9 € W(by) with a < pu(b;), ¢ = 1,2 and x1; ~ x3. Then there is bja < b1 A bo
with a < p(b12) such that 62;2 (x1) = 52?2 (x2). We repeat the simple trick of choosing
bly = bia A by Aba. Then by < by Aba, a < u(biy). We have also that bly < bja < by A ba,
i.e., bjy < by Aby. x1 and x5 coincide when strongly restricted in W (b12) so they have to

coincide in W (b)) because 52,1'2 = Z,llj o 51131'2 (z;) (1 =1,2). Lemma 5.13 guarantees that
ﬁg; (r1) = 52112 (z1) and ﬁ,l;fg (x2) = 5232 (x2), therefore 62’,112 (x1) = ﬁg,; (z2) which means

that 1 ~% xs.

For the other direction, let 1 € W(by),bo € W(bs) and x1 ~" x3, meaning that
there is bjg < by A by with a < p(bi2) such that 61?112 (x1) = ﬂgfz (z2). Then, p being a
strong homomorphism, there is b}y < b2 with a < p(b12). Then it holds that 52{2 (z;) =
52’,3 o ﬁg; (z;) (i=1,2) and so 52,; (x1) = 52?2 (x2). m

The second part of the above lemma is a facet of the fact that if W is a presheaf with
continuous approximation then its weak restriction maps are determined by its strong

restriction maps.

Definition 6.14 Assuming that (W, 3,0) is a presheaf with a (not necessarily continuous)

approximation, for each a € By, we denote
Ve(a) :=V'(a)/ ~ and V¥(a):=V'(a)/ ~"

We now express them using categorical language. Consider the category (Bs, <),
i.e., the lattice By qua poset with respect to its weak order. We denote by J” the full
subcategory of (B, <) that includes all the elements b; of By such that a < u(b;). Then

W J?¥ — Sets becomes a diagram in Sets with JY’ the index category. When writing

colimy 5,y W (bi)
we mean the colimit of the diagram W : J?’ — Sets. It is routine to check, by looking
at definition 7?7, that

colim®

a=p) W (0i) 2V (a)/ ~*
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We can apply the same logic to the construction of V*(a). Now the structure (Ba, <),
i.e., the strong proximity lattice with only the strong order is not a category because
of the absence of the identities. We therefore define (Bs, <,id) to be the category whose
objects are the elements of By and whose arrows are those given by the relation < together
with the identity relation for all elements of By. As before, we define J; to be the full
subcategory of (Bz, <, id) that includes all the elements b; with a < p(b;). We denote by

colim?

CHH(bi)W(bi)

the colimit of the diagram W : J7 — Sets. Again it is easy to check that

colimy_,, 4, )W (bi) = V?/ ~ (6.22)

(Adjoining the identities in the index category J; is within our freedom because = ~* z).

The following is a consequence of lemma 6.13.

Corollary 6.15 Let W : B, — Sets be a continuous presheaf. Then

colimyg_,, 5, )W (bi) = colimg_,,, W (bi)

Using coproducts, the same isomorphisms are written as

IT wey/~= 1 w)/~ (6.23)

a=<pu(b;) a=p(b;)

The R.H.S. “strong” colimit (and its index category J:) is henceforth going to be denoted

without the superscript °.

The next step is to define weak and strong restriction maps ¢, 6 on the family of sets
V(a) := colim, 4,4, )W (bi), a € B.

Suppose that a; < ag in Bj. Then, with the above notation, as < pu(b;) implies
a; < p(b;) for any b; € By, which renders J,, a full subcategory of .J,,. The cone of

colimyg, <, v,y 1s a cone of the diagram W : J,, — Sets. So there must be a unique map
Ou; + colime, <, v )W (bj) — colime, <6,y W (bi)

For a; < ag in By, the fact that < o <=, allows us to repeat the argument of the
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above paragraph to determine a unique map

ar  colimgy <) W (bj) — colimg, 2w W (b;)

We have the following lemma.

Lemma 6.16 Let (W,[3,0) be a presheaf with approxzimation over the strong proximity
lattice By. Then (V,,0), with V(a) = colimg,u, W (b;) and ¢,0 defined as above, is a

presheaf with approrimation over the strong proximity lattice X;.

Proof. We need to prove that the maps ¢, 0 behave as restriction maps, or more specifi-
cally that

(1) ¢ =idy (e and for a1 < az < az, 52 0 P33 = P33.

(ii) for a; < ag < a3, 052 0 033 = 033.

(iii) the strong restrictions absorb the weak ones, i.c., for a; < ag < a3 < a4, 032 0 ¢33 o

a4 —_ pHas
6 = 6%,

All these properties can be easily verified by looking at the defining diagrams of ¢ and 6.
]

Switching back to the concrete description of colimits in terms of coproducts (disjoint
unions) we give the following equivalent definition of the weak (strong) restriction maps
B (6). For a1 < as (a1 < ag), we define the obvious inclusion maps 3’ : V'(ag) — V'(a1)
(0" : V'(a2) < V'(a1)). Then, denoting [z] the equivalence class with respect to ~% (~*)

of an element = € V'(ay), we have

1B ()] = a3 ([=]) - (1027 ()] = 053 ([]))

The following lemma demonstrates that the assignment of the lemma 6.16 yields a

presheaf with continuous approximation.

Lemma 6.17 Let p: Bo — By be a strong homomorphism between two strong proximity
lattices and W a presheaf with approximation over By. Then the presheaf with approxi-

mation (V, ¢,0) over By, defined as above, is continuous.

Proof. We have to show that for every a € By the obvious map

04 : colimg oV (a;) — V(a)
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is an isomorphism. By evoking the freedom given to us by the isomorphism 6.22, we

choose to construe V as the assignment

a— H W(b;)/ ~*

a=p(b;)

First we show that 6, is an injection. We assume that for z1, zo € colimg~q,V (a;) we have
04(z1) = 0a(22). We are going to prove that z; = z5. We use 6 with single superscript to
denote the colimit injections and 6, (single subscript) to denote the obvious map 6.3. We
also denote 6,(z1) := 1 and 0,(22) := xo.

Let 2} and z5 be any elements in V'(a;) and V’(az) respectively whose image in
the colimg~q,V (a;) is z1 and z9 respectively (i.e. 6/ (x)) = 21 and 0'%2(z))) = 29). The
universal property of 6, says that 6% (z}) = 0,00 (2}) = 1 and 0/*2(z})) = 0,00 () =
xo. It suffices to prove that there is @’ with a < @’ < a1 and a < a’ < as such that
0.5t (xh) ~* 0/5%(xh), i.e., that 2} and x5 become equivalent before they “reach” the colimit.

Suppose in particular that =i € W (b)) and x5, € W(be) with a < a1 < u(b1) and
a < az < p(bg). The assumption says that there is bjo < b1 A by with a < u(bi2), such
that 62112 () = (5232 (x4). The fact that a3 < u(by) implies a1 A ag A u(bi2) < a1 < p(by)
which yields

ay A ag A p(bia) < p(by) (6.24)

Similarly,
a1 N\ ag A\ /L(blz) < /L(bQ) (6.25)

Also, by the definition of the strong proximity lattices, a < a1, a < as and a < u(bi2)
implies that a < a; A ag A u(b12). Since < is an interpolative order, there is @’ such that

a < a' < ay ANag A p(bi2). Combining this with the expressions 6.24 and 6.25 we have that

a<a <pu(b) and a<ad < u(b) (6.26)
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V(al) V(CLQ)
0 pa »/93%@
V(ay A as)) V(u(b12))

9&1/\0,2
\\iu/\az/\,u,(blz) /
gH(b12)

V(a1 A ag A p(br2)) a1AazAp(bi2)

0(11 Nao /\/l,(b12)
V(a')
Wil’
0 colimg~q,V (a;)
o
V(a)

Expressions 6.26 guarantee that 2} and 2% can be strongly included in V'(d’), i.e.
0.5 (), 052 (z4) € V'(a’) (as in proof of lemma 6.16)

Furthermore, obviously

a < ay N\ az A\ ,u(blg)

which yields a’ < i(b12). Hence, by definition 65 (z) ~* 6/92(z%) in V'(d’), or
0q ([x1]) = 027 ([z5])

This in turn means that z; = 0% () ~° 0 (24) = 2z, which proves the 1-1 property.
Next we prove that the morphism 6, is a surjection. Let x € V(a) and in particular
x € W(b). This means that a < u(b). By the interpolative property of <, there is ' € By
such that a < a’ < p(b). So z can be written as z = 6% (z), with z an element of V(a/)
with @’ = a. Because of the universal property of 6,, eg’ has to factor through 6,. So 6,

is epi. This completes the proof of colimg<qe,V(a;) = V(a). m

Corollary 6.18 Given a strong homomorphism p : Bo — By, we have determined an
assignment (which we now denote p,) of presheaves with approximation W over By to

continuous presheaves V over Bi. This map is defined by

pu(W)(a) = colimg,,u,)W (bi)
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and with weak and strong restrictions as in lemma 6.16

Next we are going to extend p, to a functor between the categories of presheaves with
approximation over By to the category of continuous presheaves over B;. We have the

following lemma.

Lemma 6.19 Let g : (WM §5(1)) — (W) ,5(2) be a morphism of presheaves with ap-

proximation over By. We write

p(WW,B(1),8(1)) := (V. 9(1),0(1)) and p (W), 5(2),6(2)) := (VI?),6(2),6(2))

We shall argue that for each a € By, there is a unique map f, as depicted in the diagram

below. )
&2 (1)
V(bj1) - <l W (bjs)
5b 1 §biz
gbﬂl J 5’92 2) / lgbﬁ(l)
bj1) W (b))
\ / (6.27)
1
1 (2 colzmH“ b; )W ) (by) 52(2)
colzmw W@ (b))

Proof. Let us denote as J." and J2 the two defining index diagrams of colim, 5y, )W(l) (bi)
and colimﬁgf(bi)(W(Q) (b;)) respectively, in the sense that, e.g. colimq_gs@ )W( )(b;) is
the colimit of the diagram

W JO . Sets

By assumption, g is a morphism of presheaves with approximation over Bs, i.e., a natural
transformation between the functors (W), §(1)) and (W®), §(2)) which makes the square
diagram on top commutative. That means that the composites 6% (2) o gv,, for any b; with
a < p1(bi), together with the vertex colim, s, (W) (b;)) constitute a cone of the diagram
Jél). So there must be a unique map f, such that §%(2) o gy, = fa O 6% (1) for any index
. |

We stress that this definition involved the strong restriction maps of W) and W),

Next we prove that they commute with the strong restriction maps of V1) and V®).
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Lemma 6.20 The maps are the components of a natural transformation f between the

functors
Proof.
W(l)(bl) 9u; W(Q)(bz)
dgs, (1) 30 (2)

colimaﬁﬂ(bi)W(l) (bi) &2» colz’maﬁ“(bi)W(z) (bi)

0a; (1) 02:(2)

COliTTLa1 <M(bz‘)W(1) (bz) &L COlima1<u(bi)W(2) (bl)

We want to prove that the bottom square commutes for any a; < as. Since 6% (1) is the

generic colimit injection, it suffices to prove that, for any b; with as < u(b;),
032(2) © fay 0 03 (1) = far 0 032(1) 0 055, (1) (6.28)

But by the definition (6.16) of 6(1), 632(1) o 62 (1) = 6% . Also, the top square is com-
mutative being the defining diagram of f,,. So the L.H.S. of the expression 6.28 becomes
022(2) 0 6% (2) o gy, But, by the definition of 6(2), 622(2) o 6%i (2) = 6% (2), which means

that expression 6.28 becomes
623 (2) O gy, = fal o 6211 (1)

which obviously holds by the definition of f,,. This proves the claim of this lemma. m
We saw f defined by the “strong” diagram 6.27 commutes with the strong restrictions.

In general it does not commute with the weak restrictions though. On the other hand,

if we make the additional assumption that (WM 3(1(,6(1)) and (W), 3(2),(2)) have

continuous approximations we have the following fact.

Lemma 6.21 Let W) and W@ be presheaves with continuous approzimation over Bs.
Let f be the natural transformation defined by the diagram 6.27. Then f is a natural

transformation between the functors

(V,6(1)) — (V®,6(2))
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i.e., they also commute with the weak restrictions.
Proof. For any a € B;, we can define a map
f;ﬂ : COlima<p(bi)W(1)(bi) — COlimcHu(bi)W@) (bl)

by repeating the argument of the diagram 6.27 but with weak restrictions 3 instead
of the strong restrictions 0. This “weak” definition gives a unique map f between

colimZLM(bi)W(l)(bi) — colimg<u(bi)W(2)(bl-) and lemma 6.15 guarantees that
fo colimﬁu(bi)W(l)(bi) — colimﬁu(bi)W(z)(bi)

We can also prove that these are the components of a natural transformation f% between
the functors (V) 4(1)) — (V) ¢(2)) in the same way as in lemma 6.20. Therefore,
to complete the claim, we have to prove that f* = f. As before we denote by Bgi(l) and
(% (2) the (weak) colimit injections

W (b;) — colim gy WP (0:) and W (b;) — colimg sy W (by)
respectively. In order to prove f¥ = f,, it suffices to prove that for all b; with a < p(b;),
i 0 BR(1) = fao B (1) (6.29)
Since W and W) are continuous,
WO (b;) = colimy, <, W (by) and W (b;) = colimp, <y, WP (by;)

and the maps (527 (1) and 52? (2) are (isomorphic to) the colimit injections. So to prove
6.29, it suffices to prove that

J2 0 B (1) 06,7 (1) = fao BY (1) 06,7 (1) (6.30)
Bhi(1) 5,0 (1)
colimg W (b;) ~2== W (b;) <= W (by)
fa b, b,
\

b..
bi (9 6,7 (2
colima oy W () LLE o, %'(2) W (b))

Now, in the above figure, the right square diagram is the naturality square of g, so it
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commutes. The left square also commutes from the definition of the “weak” f which

makes the outer diagram commutative. So 6.30 becomes
) bis ) bis
B3Y(2) 08,7 (2) © gb,, = fa 0 BE(1) 06,7 (1) (6.31)

A strong restriction followed by a weak colimit injection amount to a strong colimit injec-

tion, so the above expression becomes
da (2) ©Gb;; = fa©da (1)

which is true for b;; such that a < pu(b;;), being the defining property of the (“strong”)
map f,. This proves that f¥ =f. m

The combination of lemmas 6.21 and 6.20 asserts that the assignment g — f of lemma
6.19 produces a morphism of presheaves with approximation when W®) and W® are

continuous. So, by stipulating that

pr(g) = f

the assignment py of corollary 6.18 extends to a functor

py : ContBPreSh(B;) — ContBPreSh(B,)

6.4 The Direct Image Map

In this section we are going to define a functor
BSh(B;) — BSh(Bs)

given a strong homomorphism p : By — B; between two strong proximity lattices. This
construction is more obvious and less technical than the inverse image functor construction
of the previous section. The reason is that the direction of u is convenient; a B-sheaf over
By can be precomposed with p to give a B-sheaf over By. This is analogous to the direct
image functor between sheaves over locales; a sheaf over a locale X; can be precomposed
with f* to give a sheaf over a locale X5 given a continuous map f : X; — Xo. To
elaborate the analogy we juxtapose the preservation of finite meets, finite joins and directed
joins by f* with the preservation of finite meets, preservation of finite joins by u and its

strongness.

Definition 6.22 Let i : Bo — By be a strong homomorphism between two strong proz-

imity lattices. We define a functor m, between presheaves with approximation over By and
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presheaves with approxzimation over By as follows

(i) Let (V,¢,0) be a presheaf with approrimation over By and b € By. Then
ru (V) = V o u(b)

The weak restrictions of m,(V') are given by ﬂgf = gﬁZEZf; (for by < by ) and the strong

restrictions are similarly given by 55)? = 951(@) (for ba < by) .

(ii) For f: V1) — V@ o morphism between presheaves with approzimation over B

(mu ()b = Fu)

Sets Sets
Vv VoBf
Bx " B,

It is routine to check that the assignment 7, indeed produces approximating presheaves
over By. The maps § are weak restriction maps because p is monotone and the maps ¢
are strong restrictions because p preserves the strong order. For the same reasons 7, (f)

is a morphism of presheaves with approximation. Furthermore, we have the following.

Lemma 6.23 Let y : Bo — By be a strong homomorphism between strong proximity
lattices and (V, ¢, 0) a presheaf with approzimation over By. Then m,(V') is continuous if

V' is continuous.

Proof. Suppose that V is a continuous presheaf with approximation. We will prove that
V o is continuous, i.e. that colimp<p,V o pu(b;) =V o u(b).
The fact that W is continuous implies that V o uu(b) = colim,,p,)<q,V (ai). We will
prove that
colimp<p, V' 0 ju(bi) = colimy, )4,V (ai)

We denote 6%, the generic injection of the L.H.S. colimit and #%, the generic injection of
the R.H.S. colimit. We define a function

f i colimpp, Vo pu(bi) — colimy,y)<q,V (ai)

in the following way:
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Since y is strong we have b; = b == u(b;) = u(b). Therefore the maps 0#() together
with the vertex colim,, )4,V (a;) constitute a cone of the defining diagram of colimy<p,V o

w(b;). So there is a unique map
f i colimpp, Vo pu(bi) — colim,y)<q,V (ai)

that makes the left square diagram below commutative (for any b; > b).

V(a;)
O510s,
VoBf(b) — V(Bf (b)) oo
sbi 9Bf(bi)
colimp<p,V o Bf(b;) ------ T - COlime(by)<a¢V(ai)

We prove that f is epi. Let y € colimyy<q,V (a;). Then there is y' € W(a;) with
wu(b) < a;, such that 6% (y') = y. Since u is a strong homomorphism there is b;, for an
index 7 with b < b; such that pu(b;) < a;. This implies that 0% (y') = g4 o Hzi(b.)(y/)

(because the R.H.S. diagram is a cone). Hence
=0 0050, ) = o0 o B )

or, by calling y" = 6% o Gz%bi)(y’), we have y = f(y").

It is easy to demonstrate that f is into. For any colimit injection 8%, the composite
f o éb is an injection because it is equal to (i) (by commutativity of the right square
diagram). So f must be an injection. m

By virtue of lemma 6.23, we can stipulate that 7, to be a functor
7, - BSh(B1) — BSh(By)

for any strong homomorphism p : Bs — by between two strong proximity lattices. Also

we have the following.

Lemma 6.24 7,(V) has pasting if V' has pasting.
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Proof. This is fairly obvious. If V has pasting then, by definition V(L) = 1. But
u(L) = L because p is a lattice homomorphism. So V o pu(L) = 1(= {*}). Also

V :(B1,<) — Sets
preserves pullbacks of the form 5.7 that exist in (B, <). Also,
Mo (BZa S) — (Bla S)

preserves pullbacks of the same form in (Bz, <) being a lattice homomorphism. Therefore,

the composite V o i preserves these diagrams in (B2, <). =

6.5 Adjoint functors between

continuous approximating presheaves

We begin this section by restating the main points about functors between presheaves
with approximation over strong proximity lattices. Let u : Bo — Bj be a strong homo-
morphism between two strong proximity lattices.

In section 6.3 we defined a functor
pu : ContPreBSh(B;) — ContPreBSh(B)
and in section 6.4 a functor
7, : ContPreBSh(B;) — ContPreBSh(B>) (6.32)

All the mathematics involved in their definitions and in proofs were geometric so the
two categories ContPreBSh(B;) and ContPreBSh(B>) might as well be inside any topos
Z. We reiterate that these two categories are designated to signify SZ-valued continuous
approximating presheaves, where Z is any Grothendieck topos.

Therefore, by virtue of geometricity, we have also defined a functor between the classify-
ing topoi of the respective geometric theories of continuous presheaves with approximation

over By and over Bs.
[TcontPresn(By) — [TContPreSh(Bs)] (6.33)
whose induced functor between points (models) is 6.32.

In this section we are going to prove that 7, is the right adjoint of p, and we are going

to do that geometrically so that it will also be valid inside any topos. To that end, we
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rely on the theorem 4.33 and corollary 4.34. The recipe outlined in section 4.9 says that

it sufficient to demonstrate a bijection between the “sets”
ContPreBSh(B)(W,m,(V)) = ContPreBSh(B1)(p.(V), W) (6.34)

Let £ be amap in the L.H.S. of 6.34. It is a morphism between presheaves with (continuous)

approximation over Bj, it amounts to a family of maps
& W) — mu(V)(@) or &:W(b) — Vo pu(b)

for any b € Bs, subject to the naturality conditions with respect to the weak and strong

restriction maps of W and 7, (V). We are going to define a function
ContPreBSh(Ba)(W,m,(V)) = ContPreBSh(B1)(p.(V), W)

with £ — ¢ by using the argument of the following lemma.

Lemma 6.25 Let{: W — 7, (V) be a morphism of presheaves with approzimation with
W a continuous presheaf over Bs and V' a continuous presheaf over By. Let also, for
each a € By, J; be the index category as in the discussion preceding corollary 6.15 and
colimg,, v, )W (bi) = pu(W)(a) the colimit of the diagram W : J; — Sets. Then there
is a unique map (Y¢)q that makes all the diagrams below commutative, i.e., 9{;““ o0&, =
(Yg)q 0 8%, for any b; € By with a < u(b;).

572
W(b1) - (b2)
b
fbll %1 5/ ngg
Ty (0 22
Vo pu(by) ! Voo pu(ba)

(6.35)
l b;)
9# o) co Zm(H# eu(bz
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Moreover, for a1 < az, the following naturality property holds for 1

(¢§)a2

colime, <5,y W (bi) V(asg)

pu(8)3 o (6.36)

(¢E)a1

colimeg, 2y W (b;) V(a1)

and also the corresponding naturality square for as < a.

Proof. The composites g1 o &, with a < p(b;) and the vertex V'(a) constitute a cone
of the diagram W : J7 — Sets. The reason is that the top square diagram always
commutes for by < by because £ is a morphism of presheaves with approximation and as

such it is natural in b € By. Therefore, for any by < by

10 0, 00 = dfEom(6) o8,
000Gy = 0o,

where we used the fact that by definition, 7ru(9) =0 gbf; and the composition law of the

strong restriction maps 6 for a < p(by) < u(b2). So there must be indeed a unique map

(’lﬁg)a : COlima1<u(bi)W<bi) — V(a)

Now we prove the strong naturality of 1¢. The layout of the proof is similar to that of
lemma 6.20. To prove the commutativity of the diagram 6.36, it suffices to prove that for

any colimit injection 6% : W (b;) — colimy, < (b)) W (b;), the following equality holds
(6o, © Pu(0)e; 0 dgh = 047 0 (), © 02, (6.37)

The defining property of ¢ (see diagram 6.35) says that (@Z}E) oébl = 9” ogb , it suffices
to prove that
(the)q, © Pu(8)2 0 68 = 032 0 04" 0 &, (6.38)

But Hgfoﬁggbi) = 0/") and, by the definition of pu(0) (c.f. lemma 6.16), p,,(6)%2068% = 6% .
So equation 6.38 becomes

06" o &, = (1), © 00t (6.39)

But again this is true as part of the definition of )¢ (see diagram 6.35).
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To prove the weak naturality of 1)¢ amounts to proving the commutativity of the far
right square in the diagram below

oy pu(B)ez
W(b;) —2~ colimg, < (v,) R e colim, <y,

&, (%) q, (Ve) g, (6.40)

0" B
Vou(b) — V(iag) ——— V(aq)

where now it involves the weak restriction maps p,(8) and ¢. We work exactly as in
the proof of strong naturality. We need to recall that the weak restriction maps p, ()
are also defined using the strong colimit diagram (see discussion preceding lemma 6.16).
Therefore, the top horizontal maps compose to 633 and the bottom horizontal maps to
051(bi) (because the strong restriction maps absorb the weak ones). So the equality that
needs to be proved is 951(‘”) o0&y, = (¢§)a1 o 6211 which is exactly the equation 6.39.

So the conclusion is that )¢ is a morphism of (continuous) presheaves with approxi-
mation over B;. m

This defines a functor
ContPreBSh(B)(W,m,(V)) — ContPreBSh(B:)(p.(V), W)

We are going to define a functor in the opposite direction.
Let ¢ : pu(W) — V be a morphism of presheaves with approximation with W a
continuous presheaf over By and V' a continuous presheaf over By. For any b € Bs, we

can consider the component v, of the morphism .

wu(b) : COZimu(b)<;¢(bi)W(bi) e V(M(b)) (6.41)

Now, continuity of W yields W (b) = colimp<p, W (b;) and perfectness of o guarantees that
b < b; = u(b) < u(b;). So there is a unique colimit inclusion map i, : colimy<p, W (b;) —
COlimu(b)-<u(bi)W(bi)-

Definition 6.26 Given a a morphism of presheaves with approzimation ¢ : p,(W) =
colimg, b,y — V, with the above notation and for any b € By, we define maps the (&),

as the following composites

~ i . ()
W (b) —— colimyp, W (bj) b colimm, by <pu(b,) RIOR 78 w(b) (6.42)
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Lemma 6.27 The maps of definition 6.26 are the components of a morphism of presheaves

with approximation over Bs.

Proof. Once again we have to demonstrate both the strong and weak naturality of ;.
To prove the strong naturality, we first look at the diagram below for b; < by < b; in Bs.
522 . Uy .
W(bz) — COlzmb2<biW(bz‘) — COlZm“(b2)<#(bi)

b
5@\‘ 55;31 | pu(8)12) (6.43)
by

colimp, <p, W (b;) — oLy (b)) < pu(by)

The colimit injections 52;' and 52; are indeed the strong restrictions (as their notation
suggests) because colimp,p, W (b;) =2 W (by) and colimy, <p, W (b;) = W (b1). Also for the
same reason, the left vertical map is the restriction (5;)’?. By the definition of the maps
ip, and ip,, the composites ip, o 62; and 14, o 52;' are just the colimit injections (557(1)2)
and 5zi(b1) respectively. So the outer diagram commutes by the definition of p,(d). The
triangular diagram on the left obviously also commutes as it is the composition rule of
strong restriction maps §. Hence, the square diagram on the right commutes. This is the
strong naturality square of the map ¢ in the definition 6.26. The map ¢ is also strongly
natural by assumption, therefore, the maps (£y), are the components of a strongly natural
map &y

To prove that & is also weakly natural we work in exactly the same way taking into
account the comments made in the corresponding part of the proof of lemma 6.25. So &
is a morphism of presheaves with approximation over By. ®

Now we prove that the two translations § — 1)¢ and 1 — &, are inverse to each other.

Theorem 6.28 For any continuous presheaf with approximation V over Bi and any con-

tinuous presheaf with approrimation W over By, we have the bijection

ContPreBSh(B)(W,m,(V)) = ContPreBSh(B1)(p.(V), W) (6.44)
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Proof. s

W (by) < h W (o)
. by . by
€b1 t wm m lé‘bz
() v
Voo pu(by) = Vo u(bs)
COlimb<biW(bz‘) - W(b)
i ! (6.45)
\4
) colimy,v)<u(v;) (W (bi))
Tr“ b 1
()
WO o

<« - — — — -

Vo pu(b)
By combining lemma 6.25 and definition 6.26, we verify that given a morphism of presheaves
with approximation, § : W — m,(V'), the map &y, which is the target of two successive
assignments & — ¢ — &y, is defined as in the diagram 6.45. Its components (fwg)b are
the composites

(61/1,5)[] = (wﬁ)u(b) © Z‘b Shet

In diagram 6.45, b € By and b < b1 < ba. 4y is the colimit inclusion map as in definition 6.26
and cand 7 are the isomorphism maps (aoy = id and yoa = id). Also, the maps in®* and
in®2 are the colimit injections and by virtue of the isomorphism colimyy, W (b;) = W (b)),

we have
aoinb = (521 and aoin? = 522 (6.46)

We are going to prove that (§¢€)b = &, which is by definition the same as (@bg)u(b)oiboy =&.
This equality is the same (up to isomorphism) with (wf)u(b) 0ip 0oy = &y or

(lbf)u(b) o 1p = & (6.47)

Since in® for any b; = b are the colimit injections, to prove equation 6.47 it suffices to

prove it pre-composed with any such in®!, i.e.

Vb1 = b () © B 0 in" = & 0 aoin” (6.48)
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But from the definition of iy, i 0 in®' is the same as the colimit injection 621@ W (b)) —

b1 By virtue

colimy, ) <uv,) Wbi- So, equation 6.48 becomes (wg)“(b) o 521(5) =&oaoin
of the defining property of (Q[)g)u(b) (lemma 6.25) and equation 6.46, this last equation
becomes 7TH(9>21 o0&y, =& 0 (521. But this is just the strong naturality property of &, so it
holds for any by > b. Therefore, &y, = &.

Now we are going to prove the other direction, i.e. that the assignment ¢ — &, — ¢,

produces a map identical to .

W (bx,)
légi 51)2
W(b1) b W(bQ)

b, | i,
Colimmbl)w(bj)w(bjp) (50 ol 5)u(bf>o“mu(bz)<u<bj>W(bj)
uer) | \Puld)a ul0)a™™/ } (o)

Voo p(br) < Vo pu(b2)
7Tu(‘g)bQ

gg(bl)

The above is part of the defining diagram of the component (v 1p)a for a < w(by) and
b1 < by (and hence p(b;) < u(b2)). The maps iy, and iy, are the colimit inclusions,
e.g. iy, : Wi(b1) = colimy, <5, W (b;j) — colimy )<, (Vis-a-vis definition 6.26). Hence
the vertical composites 9,,,) © ip, and 9, ,) © i, are the maps (@)b1 and ((Sw)b2 of
the definition 6.26 respectively. The map (1 w)a is the unique map that makes all the
diagrams commutative. To prove that ()¢ w)a = 1), it suffices to prove this equality pre-
composed with any colimit injection 6% : W (by) — colimg,, v,y W (bi) for any by € By
with @ < p(by). Furthermore, to prove this last fact, it suffices to prove that for any
bj = b,

(te,), © 0% o in =1 0 8% 05y’ (6.49)
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where, due to continuity of W, 52{ are (up to isomorphism) the colimit injections

5y s W (b;) < colimy, <p,W (b1) = W (by)

Also, from the defining property of i,, we can substitute 62! o 62{ with pu(é)g(bl) o (53@1).

Therefore, the equality we wish to prove becomes (for any b; > by and for any b; with
a < p(br))
b; b
(te,), 0 pu(@h) 087, = tha 0 pu(d)4®) 0 6%, (6.50)

But from the diagram 6.5, (wfw)a o Pu((s)ff(bl) — 95("1) 0 Yyy(by), S0 6.50 becomes

b, b;
gr) o Yu(r) © 0,04,y = Pa © pu(5)g(b1) © 8, 1b) (6.51)

which is true because 02 Ypu(by) = Ya © pu(é)ﬁf(bl) is just the strong naturality property

of 1 for a < u(by) which is implied in the assumption.
This completes the proof of the isomorphism 6.34. m

Corollary 6.29 The functor m, is the right adjoint of p,,.

6.6 Adjoint Functors between B-sheaves

We saw in section 5.6 that for any strong proximity lattice B there is the sheavification
functor

past’ : ContPreBSh(B) — BSh(B) (6.52)

that takes a presheaf V' with approximation to its free pasting presheaf with approximation

over V. This functor is the left adjoint of the inclusion functor
iy : BSh(B) — ContPreBSh(B) (6.53)

As briefly discussed in section 5.6, the application of past on a presheaf with approxima-
tion is a free construction of an essentially algebraic structure. Therefore, it is a geometric
construction and the functors of the expressions 6.52 and 6.53 are considered inside the
sheaves of any topos Z.
Also recall that if  : By — Bj is a strong homomorphism, p, and 7, are the two
functors
7, : ContPreBSh(B;) = ContPreBSh(B3) : p,

constructed in sections 6.3 and 6.4. In section 6.5 we proved that p, - 7,. Now we are
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going to “refine” this to an adjoint situation involving functors between the categories
BSh(Bl) and Bz.

Definition 6.30 Let u: By — By be a strong homomorphism between two strong prox-

imity lattices.
(i) We define p* : BSh(By) — BSh(B1) to be the composite functor past o p, oig.

(i) We define p. : BSh(B1) — BSh(Bs) to be the composite functor past o m, o ig.

BSh(B,) BSh(B>)
1
ig| |past’ iqy| |past’ (6.54)
T
ContPreBSh(B;) = ContPreBSh(Bs)
Pu

We need to point out the following two properties. The first is lemma 5.31(ii), i.e. that
for any B-sheaf V' in BSh(B),
pastgoig(V) =V (6.55)

The second property is given by the next lemma
Lemma 6.31 For any B-sheaf V in BSh(B), m, 0 ia(V) = ig o p (V).

Proof. This is an immediate consequence of lemma 6.24; application of 7, on a B-sheaf
yields a B-sheaf. m

The section culminates with the next theorem.
Theorem 6.32 The functor p. is the right adjoint of p*.

Proof. We have the following sequence of isomorphisms between categories of morphisms,
for any B-sheaf V over B; and any B-sheaf W over Bs.

BSh(By)(u*(W),V)

= BSh(By)(past o p, 0 ig(W),V) (by definition)

= ContPreBSh(B1)(p, 0 ia(W),ia(V)) (because past - ig

= ContPreBSh(B;)(is(W), 7, 0i4(V)) (because (corollary 6.29) p, - m,)

= ContPreBSh(By)(ia(W),ig o u(V)) (because of lemma 6.31)

=~ BSh(Bs)(past’ o ig(W), (V) (because past’ —i4)

& BSh(B2)(W, (V) (because of 6.55)
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So we have proved the isomorphism
BSh(B1)(u* (W), V) = BSh(B)(W, p(V)) (6.56)

which by definition implies that . is the right adjoint of yu*. =

6.7 (Geometric morphisms between the exponentials
[Set]RSpec(Bl) and [Set]RSpec(Bg)

Here we use the 2-categorically sound criterion for adjunctions between Grothendieck topoi
developed in chapter 4 to “lift” the adjunction of theorem 6.32 to an adjunction between
the corresponding classifying topoi.

Let p: By — Bj be a strong homomorphism between two strong proximity lattices.

In the previous three sections we defined an adjoint pair of functors pu* - p,

*
BSh(B;) ‘M_—, BSh(B3) (6.57)
1
All the work has been done geometrically and this means that the categories BSh(Bj)
and BSh(Bz) can be construed in their internal sense, i.e. inside the sheaves of any
Grothendieck topos. That means that the pair u*, u, determines a pair of geometric mor-
phisms between the corresponding classifying topoi of the theories of B-sheaves over Bj
and B-sheaves over By (see section 1.2). By theorem 5.24 we know that these classify-
ing topoi are [set]RSPec(B1) and [set]RSPec(B2) respectively. Therefore, the pair of 6.57
uniquely determines a pair of functors
Ry
[set]RSPectBL) < [set]RSPec(B) (6.58)

Py
Moreover, as proved in chapter 4, the fact that u, is the right adjoint of p* implies that
P, is the right adjoint of R,. Indeed, in the notation of section 4.9, theorem 6.32 proves

that there is a bijection
Z ~ 2
Cr.vw) =Cupw
for any Z-point of [set]RSPe¢(By), i.e. a B-sheaf V over By and any Z-point of [set]RSPeC(By),
i.e. a B-sheaf W over Bs.

We can easily demonstrate that we know the map Ry, : [set]RSPec(B2) —, [get|RSpec(B1)

from an other source. Let X and Y be two stably compact locales and f: X — Y any
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continuous map between them. The topoi [set]X and [set]¥ are exponential in the 2-
category Top of Grothendieck topoi. Category theory asserts that there is always an
arrow in Top (the evaluation arrow)

ev : [set]’ XY — [set]

Therefore we can define the following functor.

Definition 6.33 Let f : X — Y be a continuous map between two stably compact locales.
We define [set]! : [set]Y — [set]X to be the exponential transpose of the composite

id[set}y X f

[set]Y x X [set]Y x YV v, [set] (6.59)

We have shown in chapter 3 that given a strong homomorphism p : By — B, RSpec(u)
is a perfect map between the locales RSpec(B;) — RSpec(B3). Therefore, the following

is a special case of the definition 6.33.

Definition 6.34 Let 1 : By — By. We define [set]RSPee(W) to be the exponential trans-

pose of the composite map

id[set]RSpec(B2) X RSpec(M)

[set]RSPec(B2) « RSpec(B;) ~ [set]RSPec(B2) « RSpec(B;)
ev
[set]
(6.60)

We can actually describe the composite map of 6.60 concretely by its action on points.

A (generalised) point of [set]RSpeC(B?)

x RSpec(Bj) is a pair consisting of a B-sheaf W
over By (inside SZ) and a point x of the locale RSpec(Bj) (theorem 5.24). Such a point x
amounts to a completely prime filter of rounded ideals H of B; and lemma 3.25 says that
this is the same as a rounded prime filter F' of B;. The map id[set]aspec<32> x RSpec(u)
takes such a pair (W, F') to a pair (W, pt o RSpec(u))(H), where pt o RSpec(u) is as in

the expression 3.25 and by corollary 3.28 this is the same as (W, RPFilt(u)(F')) where
RPFilt(u)(F) = (u) ' [F]:={b€ Bs|Fa € F:a = pu(b)}

Finally, the map ev calculates the stalk of W above the point RPFilt(u)(F'). Hence, the
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map of the diagram 6.60 acts on points as
(W, F) = colimpg ()11 W (b) := colim,)erW (D) (6.61)

After this insight we prove the following.

Theorem 6.35 The functor R, is isomorphic to the functor [set]RSPec(n),

Proof. We know by category theory that R, is the exponential transpose of the composite
ev o (R, X idrgpec(B,)); 50 effectively we need to demonstrate that the following square

commutes

’lzd[set}RSpec(BQ) X RSpeC(ILL)

[set]RSPec(B2) o RSpec(B;) [set]RSPee(B2)  RSpec(B,)

R# X idRSpec(Bl) ev

[set]RSPec(Bl) o RSpec(B;) i [set]

(6.62)
We also give an account of the action of ev o (pg X idrspec(p;)) on points. The functor
R, X idRspec(B,) takes a pair (W, F') to a pair (u*(W), F), where p* is the functor of the
definition 6.30. Then ev calculates the stalk of the B-sheaf p*(W) above the point F'.

Also we know

I

stalkp(p*(W)) stalkp(past(p,(1V))) (definition 6.30)

= stalkp(p,(WW)) (theorem 6.9)
= colimaerpu(W)(a) (definition 6.3)
= colimgepcolimg, W (b) (section 6.3)

= colimypyerW (D)

The last isomorphism holds because the sets A := {b € Ba|u(b) € F'} and {b € Bz|3a €
F :a < u(b)} are identical (B C A because T F'= F and A C B because F is rounded).

This shows that ev o (R, X idrspec(B,)) has the same effect as ev o (id[seﬂRspquQ) X

RSpec(p)) on points of the topos [set]®SPec(B2) and this fact suffices to prove that the

square 6.62 commutes (up to isomorphism). Therefore, the claim of the theorem is true

RSpec(1)

because [set] and R, have isomorphic exponential transposes. m

An immediate consequence of the above theorem is the following.
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Corollary 6.36 If i : By — By is a strong homomorphism between two strong prozimity

lattices then
[Set]RSpec(,u) . [Set]RSpec(Bg) _ [Set]RSpec(Bl)

has a right adjoint.

Proof. By theorem 6.35 and theorem 6.32. =
In chapter 3 we saw that a perfect map between two stably compact locales always
gives rise to a strong homomorphism between the corresponding strong proximity lattice.

In this context, corollary 6.36 yields the following result.

Corollary 6.37 (i) Let f : X — Y be a perfect map between two stably compact
locales. Then

[set)’ : [set]Y — [set]X
has a right adjoint.

(i) The functor Rgy acts on points as f* : Sh(Y) — Sh(X) and the functor Pgy as
fe: Sh(X) — Sh(Y).

Proof. (i) We apply corollary 6.36 for the case By := BX, By := BY and p = B(f),
where B is the functor of theorem 3.13. Thus, we establish that the map

[Set]RSpecoB(f) . {Set]RSpecoB(Y) . [Set]RSpecoB(Y) (663)

has a right adjoint. But by theorem 3.24, RSpec o B = idstkLoc and so the map in 6.63
reduces to the claimed one.

(ii) It is obvious that Ry acts on points as f* (up to equivalence) from the fact that
Rpy is equivalent to [set]f. That Pgy is equivalent to f, follows from the uniqueness of

the right adjoint. m

6.8 Conclusion: perfect maps and filtered colimits

If f: X — Y is a perfect map between two stably locales, then what is the character-
isation of f as a geometric morphism X — Y qua topoi? The answer given here will
be that f is relatively tidy in the sense of Moerdijk & Vermeulen [MV97], i.e. that f
preserves filtered colimits indexed by an external category. External category here means
a category in Sets but Sets could be substituted with any Grothendieck topos with a

natural number object.
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We start by noting that for any Grothendieck topos X, the category of its points at
stage (say) Z has all set-indexed filtered colimits (Johnstone [Joh77] Corollary 7.14). We
are going to outline a demonstration of this fact in order to establish notation and context.

First we recall the following theorem (see Johnstone [Joh77], section 2.2).

Theorem 6.38 Let C be a category with finite limits and coequalisers and J an internal
category in C. Then the functor A : C — C7 that sends an object of C to the corre-
sponding constant diagram has a left adjoint which we denote colimsy. If C is cartesian

closed category, then A has a right adjoint lims.

By definition the colimit of an object D of C?, i.e. an internal J-diagram in C is the image
of D along the functor colims.

Now we restrict to the case of interest where Z is a Grothendieck topos. Then we have
that Z"J 2 is also a topos and that

colimy 4 A and A Hlimy (6.64)

If furthermore J is directed, then colimy preserves finite limits (Johnstone [Joh77], 2.58).

The three functors of expression 6.64 can organise themselves as
= A, m = limg, o0 :=colimy, 004 :=A (6.65)

to yield a pair of geometric morphisms

o0

Z Z°3 (6.66)

™

Now let E be a Grothendieck topos classifying a geometric theory T and I a directed
small category, i.e. a category in Sets. Then the exponential topos X 7 (where 7T is the
topos with ST = [I, Sets]) classifies theories whose models (say) in SZ are I-diagrams of
models of Tg in SZ (Johnstone & Joyal [JJ82], lemma 4.1).

Such models are equivalent to geometric morphisms Z — E T by the classifying topos

property and these are in turn equivalent to geometric morphisms Z x T — E by the

2With this symbol we refer to the topos whose category of sheaves is SX”. See the discussion on topos
notation in section 1.1.
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exponentiation adjunction. The product topos Z x T is the trivial pullback in Top

VA

T

—_—

and so it is the topos Z 1*(I) whose sheaves are SZ'"() | i.e. I*(I) diagrams in SZ, where
I*(I) is the SZ-internalised version of I. This comes out of the Diaconescu’s theorem (see
[Joh77], Corollary 4.35).
We consider the definitions 6.65 and 6.66 for the case J =!*(I). The geometric mor-
phisms co and 7 induce, by pre-composition, a pair of functors in the point categories
Top(oo, E)

Top(Z x I, E) ————* Top(Z, E) (6.67)
Top(r, E)

or equivalently, a pair of functors between the categories

oo 1= colimy« ()
Mod(S(Z x T),Tg) = Mod(SZ, E) (6.68)
a* = A

The L.H.S. is the category of I-diagrams of models of Tg inside SZ and the functors
oo and 77 are the pullbacks along the inverse image functors oo* and 7*. It also holds
oo - 7#, which means that calculating the colimit of a I-diagram of models of T,
amounts to obtaining its image along co™. Equivalently, a filtered diagram of points is a
geometric morphism Z x T — FE and its colimit is obtained by pre-composition with the
geometric morphism oo. This shows that the categories of points of Grothendieck topoi
have filtered colimits just as the posets of points of locales have directed joins.

Moreover, it is trivial to demonstrate that the action of geometric morphisms on points

preserves the filtered colimits.

Z

0| | (6.69)

R F
Zx "1

[TE]

[TH]

It is basically a manifestation of the associative property of the composition of arrows in
Top! For let F' be a geometric morphism £ — H and D a diagram of Tg-models in SZ,
i.e. (equivalent to)an object of Top(Z x T,H). Then applying F' on the diagram first
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and then taking the colimit corresponds to (F' o D) o oo whereas calculating the colimit
first and then applying F' corresponds to F' o (D o o). Therefore we demonstrated the

following.

Theorem 6.39 The categories of points at any stage Z of Grothendieck topoi have all
filtered colimits. Geometric morphisms acting on points preserve these filtered colimits.

Let now f : X — Y be a perfect map between two stably compact locales. In chapter
5 we showed that the exponentials [set]X and [set]” classify BX-sheaves and BY -sheaves
respectively. In this chapter we showed that f induces a pair of geometric morphisms

(with the notation of section 6.7)

RBf
[set]X —= [set]¥
Plgf

such that Rpy 4 Pgy and Pgy acts on BX-sheaves, or equivalently on Sh(X), as f, :
Sh(X) — Sh(Y). Let us consider diagram 6.69 with [Tg] = [set]X, [Ty] = [set]¥ and
F = Pgy. The interpretation of

Pgyo(Dooo)=(PgsoD)ooc
is that

ft« (colimits of diagrams of " (BX)-sheaves) = colimits of p. ( diagrams of !"(BX)-sheaves)
(6.70)
We know that !*(BX)-sheaves are equivalent to sheaves over the locale Z x X — Z, so

the property 6.70 tells us that the geometric morphism

fxid

XxZ Y x Z (6.71)

in Top/Z has a direct image functor that preserves filtered colimits that are indexed in
SZ. Therefore f is relatively tidy (relative to any base topos) (see definition 1.24 in
introduction).

Conversely, if X,Y are any two stably compact locales and f : Sh(X) — Sh(Y) a
geometric morphism such that f, preserves filtered colimits, then f, it preserves filtered
colimits of the representable sheaf y(X') which is equivalent with the fact that f, : QX —
QY preserves directed joins or that f: X — Y is perfect. So we have established

Corollary 6.40 A map between two stably compact locales is perfect iff it is relatively
tidy.
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In chapter 2 we demonstrated that the Beck-Chevalley condition holds for lax pullbacks
of perfect maps in Loc. Now we revisit the Beck-Chevalley condition. Combining Moerdijk
and Vermeulen’s result (see theorem 1.25 in the introduction) and corollary 6.40 we obtain

the following.

Corollary 6.41 We write the base topos as B, implying that SB = Sets, the constructive
version of sets we have been working inside throughout the thesis. Let h : Y — Z be a
perfect map between two stably compact locales in Loc/B and f : X — Z any geometric

morphism whose domain is any topos over B. Consider the lax pullback in Top/B

0P
X=7Y Y
9 7 h (6.72)
X / VA4

(i) The geometric morphism 91 is proper.

(ii) The Beck-Chevalley condition holds for this lax pullback, i.e. the natural transfor-
mation
ffohy = 11,005

is an isomorphism.

We finish with a characterisation of stable compactness in Top. We consider the
terminal object 1 in Loc. We know that 1 is compact regular and hence stably compact.

We also know that the map (in Loc)
X —1

is proper iff X is compact. So assuming that X is stably compact entails that ! : X — 1 is
a proper and hence perfect (between two stably compact locales). Therefore, by corollary
6.40, the essentially unique geometric morphism ! : X — 1 is relatively tidy in Top, i.e.

the direct image functor !, which is the global sections functor
I': Sh(X) — Sets

preserves filtered colimits. Moerdijk & Vermeulen call a topos that possesses this property

strongly compact. We, thus, demonstrated the following.
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Corollary 6.42 If a locale is stably compact, then it is strongly compact as a topos.



Chapter 7

Further Work

We do not know yet what a stably compact topos is. There are a number of approaches
one can adopt in order to generalise stable compactness from locales to Grothendieck topoi.
Such a possible generalisation is in the spirit of the work of Johnstone and Joyal [JJ82]
on continuous categories. Define a strong proxzimity category to be a small category with
all finite limits and finite colimits with also an extra class of “strong” arrows that obey a
suitable generalisation of the properties of the strong order of a strong proximity lattice
(see definition 3.1). A Grothendieck topos X should then be called stably compact, iff there
is such a strong proximity category B such that SX is equivalent to the ind-completion
ind — B of B. Here by Ind — B we mean the category whose objects are the “rounded”
filtered diagrams of B.

In this section we wish to outline a different avenue based on the generalised Priestley
duality (section 1.4 or end of section 2.1 for a short spatial account), according to which,
the category of stably compact spaces and perfect maps is equivalent to the category of
partially ordered compact Hausdorff spaces and continuous monotone functions. In other
words, a stably compact space X is equivalent to a compact Hausdorff space PatchX
together with a partial order on the points of PatchX stemming from the specialisation
order of X.

A possible generalising direction of the above equivalence is the following. If a topos
is stably compact then it is equivalent to a locally ordered compact Hausdorff space (or
compact local pospace) as in definition 1.27. We elaborate this idea.

The set of points of a topological space are endowed with the specialisation order.

Correspondingly (and more generally), the points of a topos are connected with speciali-

'"Most of the arguments and intuitions in this chapter are non constructive. Lemmas 7.1 and 7.2 are
constructive.
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sation morphisms. We would like, in the special case where X is a stably compact topos,
its category of points to be (equivalent to) a category whose objects are the points of a
compact Hausdorff space and whose arrows amount to a local partial order.

An example could be a topos X whose category of (say) global points ‘Iop(l,Sﬁ)
(denote it ?) is equivalent to the 1-dimensional circle S' together with specialisation
morphisms given as follows. If €1 and ™2 are two points on S, then the set of arrows

e — €2 ig isomorphic to the set of paths
ng, .9, ¢ [0,1] — S*

given by

91 +(2 Vo —11)t
n191ﬂ92(t) =e’! (2nm+62=01)

i.e. anticlockwise paths from ¢! to ¢™’? winding 0, 1,2, ... times around the circle.

Intuitively at least, the category 5%1 is equivalent to the locally ordered circle of section
1.6.

We demonstrate the passage from topological spaces (specialisation order, global par-
tial order) to topoi (specialisation morphisms, local partial order). Consider the unit
interval [0, 1] with the upper (Scott) topology (stably compact space). Suppose we at-
tempt to “bend” it in such a way that its top and bottom points become identical. This

can be done by means of the coequaliser of the diagram

T

0,1

The coequaliser of the above diagram in Sp is obviously the terminal local 1. Identifying
the top and bottom points of m causes all the points in between to become equal to
T = L due to the specialisation order of [OT]

On the other hand, such a coequaliser in Top gives non trivial results. We concretely
work out what happens in the case of the Sierpinski locale, trying to argue constructively
when we can?.

Lemma 7.1 By the symbol N here we understand the monoid (N,+,0), i.e. the category
with a single object and whose set of arrows endowed with composition is isomorphic to

the set of natural numbers endowed with addition. Then N is the coequaliser in Top of

2This example is attributed to S.Vickers (presentation at the 74th Peripatetic Seminar on Sheaves and
Logic, Cambridge, 2000
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the diagram
-

L

where $ is the Sierpinski topos (see section 1.2).

Proof. Recall that for any small category C, the representable presheaves yc(c), for any
object ¢ of C, are flat and therefore points (models) of " C. It follows that any point of
"C is a filtered colimit of the principal points yc. In our case where C is the monoid N,
we have one principal point corresponding to the single object of N. This principal point
obviously has to be a set (call it) N together with an endomorphism s : N — N. We

define the obvious map e : $ — "N on points L — T of $ as below

T N
ﬂ|—€>ﬂ s
1 N

The map e trivially agrees on L and T.
Conversely, suppose that there is a map €’ : $ — FE to a topos F agreeing on | and T,
i.e. points z, of E with x = y. Let C(E) be the category of diagrams of the form z = y,

where z, are points of E with z = y. To prove that there is a (up to an isomorphism)

unique ¢ : "N — E, such that ¢/ = ¢ o e, it suffices to show that there is an equivalence
T(N,E) ~ C(E)

Define a functor T(N, E) — C(FE) by

E F(N)
Ffi—"— 1 F(s)
"N F(N)

This functor is trivially full, faithful and essentially surjective. This proves the claim of

the lemma. m

Lemma 7.2 The points of the functor topos N are equivalent to sets M such that
(i) M is inhabited.
(ii) If x,y € M then there isn € N withx =n-y ory=mn-x.

(iii) If n-x =mn-y for somen €N and x,y € M, then z = y.
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(iv) Only the identity map 0 has fizpoints, i.e. if n-x = x for somen € N and x € M,
then n = 0.

Proof. We know by the Diaconescu theorem that points 1 — "N are equivalent to flat
presheaves N — Sets and the latter are the same as the filtered presheaves of definition
4.12. We will check that the conditions of definition 4.12 are the same as the conditions
of this lemma.

First assume that M : N — Sets is a filtering presheaf. N has a single object, so M is
a single set (with automorphisms) and therefore condition (i) of definition 4.12 coincides
with condition (i) of this lemma in the case of "N.

Applying condition (ii) of definition 4.12 here, we get that for any two elements z,y €
M, there is z € M and natural numbers m,n such that t =m-z and y =n-z. If m > n,
we get that = (m —n)-n -z = (m —n) -y and similarly we get y = (n —m) - x.

Now suppose that n -z = n-y. Then by condition (ii) of this lemma, there is k with
x=k-yory=Fk-x. Without loss of generality we assume the latter. Thenn-x =n-k-x,
ie. n-x = (n+k) x. By condition (iii) of definition 4.12, there is element z and natural
number [ such that x =[1-zand n-l = (n+k)-[,ie. n+1=n+k+ 1. This implies
k=0,ie xz=uy.

Finally condition (iv) follows immediately by writing = 0- 2. Then by evoking again
condition (iii) of definition 4.12, if n-x = x = 0 - x, there is k with n + k = 0 + k, which
gives n = 0.

Conversely, conditions (i) and (ii) of this lemma yield conditions (i) and (ii) of definition
4.12 immediately. Now assume that n-x = m-z. Without loss of generality suppose that
n > m. Then the assumption can be written m - (n —m) - x = m - z. Condition (iii) of
this lemma guarantees that (n —m) -z = z and then condition (iv) forces n —m = 0 or

n=m. |
Corollary 7.3 The topos™N is coherent and hence strongly compact.

Proof. "N classifies a geometric whose models in Sets are given by lemma 7.2. We observe
that this geometric theory does not have infinite disjunctions of formulae which implies
that "N is coherent?. Also, any coherent topos is strongly compact (c.f. example 1.22 in

section 1.5), therefore "N is strongly compact. m
Lemma 7.4 Classically, "N has only the following two points (up to isomorphism,).

e N, i.e. the set of natural numbers acted on by addition.

3There must be an even more obvious reason why “N is coherent! Are all topoi”C with C a category
with finite objects coherent?
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e 7, i.e. the set of integers acted on by addition.

Proof. First assume that there is an element x¢ € M, such that for any y € M, xg # 1-y.
We show that in this case M is isomorphic to .

The assumption implies that if xo = n -y then n = 0. For if xg = n -y and n # 0,
then we get x9 = 1- (n — 1) - y which contradicts the assumption. Now define a function
f: N — M, by n— n-xg. This is obviously a presheaf homomorphism and is also 1-1
by condition (iii) in lemma 7.2. To prove it also onto, consider y € M. Then, by condition
(ii) of lemma 7.2, there is n such that either y = n - xzy or xg = n-y. The former case
means that y = f(n) and the latter case means that n = 0, by our assumption, and so
y=0=0-z9= f(0).

Therefore we have proved that M = N.

Now assume that there is no element xg € M, such that for any y € M, z9 # 1 -y, i.e.
for any x there is y such that x = 1-y. This by induction implies that, for a any n and
any x, there is a unique y such that z = n - y. We fix an arbitrary zg € M. We define a
map g: Z — M, by

Z - Z0 if2z>0
Z =
the unique y s.t. zg = (—2) -y if 2 <0
First we show that g is a presheaf homomorphism, i.e. it is natural with respect to actions

of N, or more specifically g(z+n) = n-(g(z)). If z > 0, then g(n+z) = (n+2)-29 = n-(z-x9).

If z <0, we further distinguish two cases

(i) n+2>0. Theng(n+2)=Mn+z2)-20=MN+2)-(—2)-y=n-y=n-g(z).

(ii) n+2z < 0. Then (—n—=z)n-y = (—2)-y = xo. So by the definition of g, n-y = g(n+=z).
Next we prove that g is 1-1. Assume that g(z) = g(2’). We distinguish three cases.

(i) If z,2" > 0, then we get 2z - 9 = 2’ - kg and so z = 2’ by the fact that M is filtered.

/

(i) If 2/ < 0 < z, then by the definition of g, g(z’) = ' with zp = (=2') - y'. So
9V =g9()=>y =2-20=2-(—2)-y =(2—7') -y/. Therefore z — 2z

" = 0 because

of condition (iv) of lemma 7.2.

(iii) If z, 2’ <0, then the assumption gives g(z) = y = g(2’) with 2o = (=2)-y = (=2') -y.
Therefore z = 2’ again by the fact that M is filtered.
Finally we show that g is onto. Let y € M. By condition (ii) of lemma 7.2, there is natural

number n such that either y =n-xg or xg = n-y. In the former case y = g(n) and in the

latter case y = g(—n).
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Therefore we have proved that M = Z. =

Remark 7.5 The point Z can be regarded as colimit of the filtered diagram below in the

category of monoids

N_ToN S N - N —

<\

where by, e.g. —n, above we denote the colimit injection that embeds N into Z in such a

way that 0 is sent to —n.

In our context, the topos”N seems to be a good example of a stably compact topos. What
we do next is write "N as a localic groupoid.
A groupoid is a category in which each arrow is an isomorphism. Most generally, it is

given by a set GG of arrows, a set X of objects and the structure maps below

GxxG -5

in (7.2)

G

Here s denotes the source, t the target, id the map that assigns the identity arrow to each
x € X, c the composition of two composable arrows and ¢n the map that gives the inverse
arrow. A groupoid is called localic when G and X are locales and all the structure maps
are continuous functions. Given such a localic groupoid, a GG-sheaf is a sheaf over the locale
X which is also equipped with a continuous G-action. We denote by SgX the category of
G-sheaves over X. It is a topos and we follow Moerdijk in calling it the classifying topos of
the groupoid G = X. We refer primarily to two sources: [JT84] and [Moe88]. For further
study, see [Moe90] and [BM98]. In [JT84], Joyal and Tierney prove the following result

that places localic groupoids in the centre of topos theory.

Theorem 7.6 For every topos E, there is a localic groupoid G = X such that there is an
equivalence

SE ~ SG'X
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We return now to the topos "N. It is not hard to demonstrate the following.

Lemma 7.7 "N is the classifying topos of the localic groupoid
$+2=39

where 2 is the discrete space with two points. The $ component of the arrows set contains
the identities and the 2 component provides an isomorphism L = T between the points T
and L of §.

Proof. We argue with the stalks of the G-sheaves over $. Recall that taking stalks is
functorial. A sheaf over $ basically amounts to a function between two sets s : M| — M.
An object of the topos Sg,2$ is a sheaf over S$ that also allows for the non trivial action
of 2, it is therefore a function s : M| — M+ with M| =2 M+ := M. So the category
Ss. 2% is obviously isomorphic to the category Sets). m The next step is an attempt
to write the topos ? as the classifying topos of a localic groupoid. Consider the localic
groupoid
Go+Gi1+G1 =2 X

Here X and G are each the disjoint union of three copies of m, the closed interval [0, 3]
with the upper topology. G; and G_; are each the disjoint union of three copies of m
(Note that X = Gy = G1 =_1, but we use different interval lengths for easier description.)

The component Gg contains the identities for each point of X, i.e. the source and
target maps Gy — X are both the identity maps. To describe the structure maps

s,t: G — X, we put indices to the connected components of X and G:

X = [0,3]1 + [0,3]2 + [0,3]3

and

Gp:= [0, 1]1 + [O, 1]2 + [0, 1]3

We define the source and target maps by

s:10,1]; — [0, 3]s T T+ 2
t:[0,1]; — [0, 3]2 T T
s:10,1]a — [0, 3]2 x—x+2
t:[0,1]2 — [0,3]3 T -
s:10,1]3 — [0, 3]3 x—x+2
t:[0,1]3 — [0, 3]s T
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Finally, the component G_; contains the inverses of the arrows in Gq, i.e. the structure
maps G_1 = X are as G; = X but with source and target maps swapped. Note that all
the structure maps are perfect and e.g. s,t: G; — X are not proper.

Although the details of such a construction are not worked out, we anticipate that
points of the classifying topos SgX of the above groupoid G = X, together with their
specialisation morphisms constitute a category equivalent to S*. Moreover, even classically
and as in the case of "N, there must be an extra point or points of S X that come into

existence as colimits of filtered subcategories of § .

Definition 7.8 A localic groupoid G = X is stably compact iff G and X are both stably

compact and all its structure maps are perfect.

Now the general question is: what conditions must a localic groupoid G = X obey
so that the category of points of its classifying topos is equivalent with a compact local
pospace. The beginning of a conjecture is that G = X must be a stably compact lo-
calic groupoid. We expect that additional restrictions must also be imposed, probably of
algebraic topological nature.

Let us iterate that by the term “stably compact topos” we understand a topos whose
category of points and specialisation morphisms is equivalent to a compact local pospace.
Suppose also that a “local compact regular poset” is the localic analogue of a compact

local pospace. Then we have the following half-finished correspondence.

Priestley duality

Ordered Stone locales Coherent locales
& &
monotone continuous maps perfect maps

Generalised Priestley duality

Compact regular posets Stably compact locales
& &
monotone continuous maps perfect maps

Topos generalised Priestley duality (conjectured)

Local compact regular posets | Stably compact localic groupoids (plus further conditions?)
& &

dimaps relatively tidy maps
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A further question concerns the patch construction. We saw (theorem 2.3) that the
functor Patch : StKLoc — KRegLoc is a right adjoint and so it preserves limits.

Therefore it preserves the localic groupoid structure.

Patch(s)
Patch(G) Patch(X)
Patch(t)
[l EX
s
G X
t

If the bottom localic groupoid is classified by a stably compact topos, we would like the
top localic groupoid to be classified by a compact regular locale. For example, if G = X is
the groupoid in the example with the locally ordered circle above, is the classifying topos
SpatchcPatchX equivalent to SS1?
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